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Abstract. This survey-type paper deals with the symmetries related to quaternionic
analysis. The main goal is to formulate an SU(2) invariant version of the theory. First,
we consider the classical Lie groups related to the algebra of quaternions. After that, we
recall the classical Spin(4) invariant case, that is Cauchy—Riemann operators, and recall
their basic properties. We define the SU(2) invariant operators called the Coifman—
Weiss operators. Then we study their relations with the classical Cauchy—Riemann
operators and consider the factorization of the Laplace operator. Using SU(2) invari-
ant harmonic polynomials, we obtain the Fourier series representations for quaternionic
valued functions studying in detail the matrix coefficients.
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1. Introduction

The roots of quaternionic analysis come from the works of Moisil and Théodo-
resco (see [1]), and Fueter (see [2,3]). Deavours published the first survey [4] of
Fueter’s works at the beginning of 70s. The idea is to found a well-defined and
explicit counter-part for complex function theory on the plane. A function class in
quaternionic analysis corresponding to complex holomorphic functions, called reg-
ular functions, is characterized by so-called Cauchy—Riemann operators. It seems
that Sudbery’s survey paper [5] was one of the starting points for modern research of
the area, making the theory again visible. Around the same time in Gent, Richard
Delangle and his students Fred Brackx and Frank Sommen started to study func-
tion theory on Clifford numbers, called Clifford analysis (see [6]). The quaternionic
analysis is a natural special case for this theory still having its own special features.
See [7] as a modern introduction to the topic.

Cauchy—Riemann operators are well-studied and known. Their counter-part in
Clifford analysis is the so-called Dirac operator, whose kernel is used to define a
higher dimensional analogy for complex holomorphic functions, called monogenic
functions. The theory of monogenic functions is well-known and offers a nice ap-
proach for function theory in higher dimensions. The symmetry of the Dirac operator
is also well-studied (see, e.g., [8,9]).

Quaternionic analysis symmetries are not so well eloborated, although the start-
ing point is fascinating. Many classical Lie groups are associated with quaternions,
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indeed SU(2), Spin(3), Spin(4), SO(3) and SO(4). In the spirit of Clifford analy-
sis, Cauchy—Riemann operators are Spin(4) invariant under L and H actions (see
Section 3). However, they are not invariant under canonical actions

Rlulf(z) = f(uz) and Slulf(z) = f(zu), (1)

where v € SU(2). This action is mentioned and studied in the book by Coifman
and Weiss [10]. In this survey-type paper, our aim is to complete their studies and
give a modern representation of their theory using quaternions instead of matrices.
The fundamental tools are SU(2) invariant operators under the preceding actions.
We are call them Coifman—Weiss operators. Coifman—Weiss operators give also a
decomposition for the Laplacian, such as the Cauchy—Riemann operator and its
conjugate. The results given in this paper offer a new way to look at quaternionic
analysis via symmmetry and many possibilities to continue research in this direction.

The structure of the paper is the following. Section 2 is completely algebraic:
we recall all needed tools and more as a starting point for further needs. In Section
3, we recall the Cauchy—Riemann operators and their classical actions. In Section
4, we define the Coifman—Weiss operators by SU(2) invariant differential operators
and represent them by the Cauchy—Riemann operators and derive some fundamental
formulas. In Section 5, we find the Fourier series representation for a quaternion
valued functions using SU(2) invariant harmonic polynomials.

2. Quaternions

In this section, we recall Quanternions and classical Lie groups related to them.
All theory is completely known, and we use references [11,12]. This section is the
starting point for the following ones, and for this reason we want to give a detailed
representation.

2.1. Algebra of Quaternions. The associative division algebra of quater-
nions is generated in R* with the basis {eg, €1, €2, e3} putting

el =e3 =e5 = ejegey = —1.

The algebra is denoted by H. In the above, we denote the identity by eg = 1. We
also denote basis quaternions by

7;:617 j:€27 k:€3'

A general quaternion is
r=x9+

where the zq is the scalar part of x and the vector part is respectively
T = x1€e1 + Toeo + T3e€3.

The conjugate is defined by
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The conjugation is an anti-involution, that is

Y=y

for all x,y € H. A quaternion and its conjugate satisfies the relation

3
Z ejre; = —2T. (2)
j=0

The real and vector part of a quaternion x may be computed by

Re(z) =29 = 1(:10 +T), Vec(x):=z= %(w —T).

The norm in H is defined by
|z|? = Tx = 2T = 2 + a7 + 23 + 23
and it is multiplicative, that is, for all x,y € H we have
lzy| = |zl[yl.
This means, that the unit sphere
S} —{recH:|z| =1}

admits the group structure. The definition of the norm gives us the explicit formulas
for inverse elements

-1 T
I

for non-zero quaternions. For an element of the unit sphere z € S3, the inverse is

1

just z7" =1

The inner product of quaternions z,y € H may be computed by

(x,y) = Re(Ty) = xoyo + x1y1 + Tay2 + T3Ys.

If a € H, we have
{az,y) = (z,ay). 3)
The real part satisfies Re(zy) = Re(yz) and

Re(zyz) = Re(zzy) = Re(yzz) (4)

for all z,y,z € H.
In this paper, we often use so-called complex or polar representations for quater-
nions, defined by
z = X1+ Xoj,

where X7 = x¢+x1¢ and X9 = x9 + x3¢ are complex numbers. Then the conjugation
is
T=X1—Xoj (5)
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and the multiplication
xy = (X1Y1 — XoY2) + (X1Ya + XoY1)j. (6)
This gives
j2|* = X1 ? + X .
2.2. SU(2) = S3. The special unitar group SU(2) is defined by

SU(2) {(_"%2 %) € CX2 . |Xy[2 + |X,f? = 1}.

Since

<)& {2)( Y1 Zz) < X1 — XoYs X1Y2+X2?1>
-Xo Xy =Yy Yy —(X1Ys + XoY,) XiY1—XoY, )’

we observe comparing this with the formula (6), that
SU(2) = S3.
Let us define the mapping
pu(T) = uzl
where u € S? and x € R® = Vec(H). Since T = —z, we have
1 S 1
Re(uzm) = g(ugﬂ + uzu) = §(ugﬂ —uzw) =0,
and observe that for all u € S® we have
pu i R — R3.
Since |uzl| = |z|, we obtain p, € O(3) for any u € S3. Since
1 _ 1, _
pulz X y) = ulzy — yz)u = o (uguyt — uytugd) = pu(z) x pu(y)
i.e., the mapping p, preserves the orientation, so we have p, € SO(3), or more
precisely,
us py; 82— SO(3)
is a group homomorphims. We know, that any rotation in R® is the composite of
two plane reflections. Let u € S N R? and decompose = \u + v, where v L u.
Since py(u) = u and py(v) = —v, we have
pu(z) = Au—2v
i.e., p, is the reflection of the plane Span(u)t. Then for each rotation, we may
find reflections i.e., vectors u; and u,, such that py ., is the wanted rotation. We
conclude that
us py; 82— SO(3)
is surjection. Since the mapping is 2 — 1, we observe that S2 is a two fold cover
group of SO(3), i.e., S% = Spin(3).
2.3. Rotations in R* If u,v € S3, then our first observation is that the
mappings
UL @ T UL, VR:T TV

are orthogonal mappings.
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Proposition 2.1 [11,12]. The preceding mappings belongs to SO(4).
PROOF. We need to prove that their determinant is one. Let now u € S and
z € R3 such that u L z. Then
ugzuongM:uongyxgeRg.

Since |uz| = |z|, by the preceding section, there exists v € S® such that

ux = py(z) = V.

1

Then v = vzvx~" and

det(ur,) = det(vy) det(z, ) det(vr,) det(z; ")
= det(vy) det(z; ) det(vy) tdet(z,) ' = 1. O

Let us now define the mapping p, ,(z) = ua®, where u,v € S3. Obviously
Puw € SO(4).

Lemma 2.2 [11,12]. The mapping
p:S®x 8% = S0(4)

is surjection.

PROOF. For the sake of completeness, we recall the proof. Let @ € SO(4) be an
arbitrary rotation and let u = Q(1). Then |u| = 1 and x — TwQ(z) belongs to SO(4)
leaving the xp-axis invariant, indeed wQ(1) = wu = 1. Hence uQ(z) is a rotation in
R3 and there exists v € S? satisfying

uQ(z) = pu(z) = vav.
We compute
Q(z) = UQ(wo) + uQ(z) = o + VIV = vIT.

Hence Q(x) = uva® = pyy (), completing the proof. [
Since the kernel of the mapping p is {(1,1), (=1, —1)}, we have that

53 x 8% >~ Spin(4).

3. Cauchy—Riemann operators

In this section, we represent Cauchy—Riemann operators and recall their invari-
ance properties.
3.1. Definition and basic properties. The Cauchy—Riemann operator and
its conjugate is defined by
O = Ogy + Oz

and
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where 0, = €10y, + €204, + €30y, is called the Dirac operator. They factorize the
Laplacian by

0p05 = 050, = Ny = 02 + 02 + 02, +02,.
It is well-known (see, e.g., [13]) that the Laplacian is SO(4) invariant, that is, if we
define an action by T'[u,v]f(z) = f(uxv), where u,v € SU(2), then

[Ag, Tlu, v]] = 0.
As a special case of this, we have
[Aq, Rlul] = [Aq, S[ul] = 0,
that is, the Laplacian is also left and right SU(2) invariant under actions (1).

3.2. On the invariance of the Cauchy—Riemann operator. Let us now
study invariance of the Cauchy—Riemann operator. For this, we need the following
lemma.

Lemma 3.2. Ifu,v € S3, then

Ouzo = U0LV.

PROOF. A proof may be found in [8, p. 222] in the Clifford analysis level. But
for the sake of completeness and since the situation is a little bit different, we want
to give a detailed proof. Let us first consider @ € SO(4) and y = Q(x). Hence

3
ek) = ZijEj.
j=0

Consider the Cauchy—Riemann operators

3 3
0z = Zekamk and 0, = Zejayj
k=0 5=0
Since z = QT (y), we find
3
T = > Qiny;
5=0

and giy: = @Q;x. Then we compute using the chain rule
of dup o 0
Y-St
e B— k
Then we obtain

3 3 3
ISP S (z@m) Y 0
7=0 k=0

j,k=0 k=0
Now, choosing Q(z) = uzv, we obtain the result. 0O

Using the preceding lemma, we deduce that the Cauchy—Riemann operator is
not R or S invariant.
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Proposition 3.2. For the Cauchy—Riemann operator

(a) R[u|0, = ud,R|u],

(b) S[u]d, = 0zuS[ul.

REMARK 3.3. The preceding proposition may be found in the book by Coifman
and Weiss [10. p. 118], but they prove it only for differentiable functions f : H — R
using a different technique.

Although the Cauchy-Riemann operator is not SU(2) invariant under actions
R and S, we can make it invariant by defining actions

Llu]f () = uf(wzu)
and
Indeed, using Lemma 3.1, we compute
L{u)|0: f () = udgzy f (Wzu) = utudyuf(Gru) = 9, Llu] f(x)
and
Hlu|0y f(2) = uOgzo f (Taxu)u = utd,uf (wru)a = O, Llu] f(x),
since wu = 1.
Proposition 3.4. For each u € SU(2), we have
[0z, L{ull = [0z, L{ull = [0z, H[u]| = [0z, H[u]] = 0.

The L and H operators are defined and studied for the first time in context of
the Clifford Dirac operator by Frank Sommen in his paper [14-16], but of course the
formulas work also for the Cauchy—Riemann operator in quaternionic analysis.

4. Coifman—Weiss operators

The Lie algebra su(2) = H is generated by {eo, e1, e2,e3} and the exponential
mapping
et su(2) —» SU(2)
is defined via matrix exponentiation (see [10,17]). We define left SU(2) invariant
derivatives by
te;j\ _
PR f(z) = lim —f(:ve ’) f(x)
J t—0 t
Extending f outside of S?, we may write e’/ = 1 + te; + o(t?), that is,

DR f(z) — tim L8 1TE) = /(@)

t—0 t

= (zej, 0z) f(x).

Obviously ;' R, = R, .
Similarly, we define left SU(2) invariant derivatives by
tej ) —
i S8 1)

t—0 t

5 f(a)
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Extending f outside of S?, we may write e’/ = 1 + te; + o(t?), that is,
S ter) — (@)

t—0 t

5 fla) =

Obviously ﬁf’] Sy = Su@f’]
We define the left and right SU(2) invariant Coifman—Weiss operators and their
conjugations by

= (ejz, 0z) f ().

3 3
PE = e;p and pE=>"7;p.
0 i—0
and
3 3
PS = "e;p7 and P2 = ";pd
=0 =0

Let us first prove the following representation result. The first of them can be found
in [10].

Proposition 4.1. Left invariant Coifman—Weiss operators satisfy

Piif(x) = T0, f ()
and o
2 f(x) = Oz f ().

PRrROOF. In [10], the proof is based on matrix operators. We give here a direct
proof with quaternions. Let f be a differentiable function. Using (3), we have

¢9Rj = (zej,0z) = (€j,T0y).

x

Hence
3

PR (x) Zeg =" ejle;, 0. f () = T f ().

7=0
Using (4), we obtain
Py, = (wej, 0r) = Re(T€;0,) = Re(e;T0:) = Re(0z4;) = (€;, 0zx)

and
3

gf(;v):Ze];ﬁx] Zej €j, 0z) f(z) = Oz f(x) O

j=0
Proposition 4.2. Right invariant Coifman—Weiss operators satisfy
P f(x) = 0, f ()
and
P2 f(x) = 205 f (x)-
PROOF. Let f be a differentiable function. Using (4), we have

ﬁfj = (ejz,0y) = Re(€;70,) = Re(T €;0,) = Re(€;0,T) = (e;, 0,T).
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Hence .
Zejﬁzj Zej ej,ax ):axif
7=0
In the above, we have
P2, = Re(e;0,T) = (0,7, 2)) = (€, 20z).

Hence
3

S
Pz f(x) = Zejﬁw] 26] (€j,207) f () = 20z f. O
7=0
Using the preceding formulas, we can give direct proof for invariance.

Proposition 4.3. If u € SU(2), then
(92", Blul] = [95', Rlul] = [97, Slul] = [92, Slul] =
PROOF. Let u € S3. Using Lemma 3.1, we compute
Slul(p7 f(x)) = OpuTuf (vu) = puu Tf (vu) = 0, 7S[ul f(x) = P (S[ulf ().
Other formulas can be proved by a similar technique. [

REMARK 4.4. Coifman—Weiss operators obey the quaternionic conjugation law
if we allow that they act also from the right, that is, @Ef = f@F and 95f =
7&5 . Thus, Cauchy—Riemann and Coifman—Weiss operators behave algebraically

similarly.

Let us next prove the following decomposition formulas for the Laplacian. One
of these formulas can be found in [10]. Next, we formulate both and give a direct
proof using quaternions.

Proposition 4.5. §X(pF+2) = (P2 +2)PF = |x?A,, (95 +2)p3 = 95 (p5 +
2) = |z]2A,.
Proor. We compute
3
DI PEF) = ol?Ds + D esT o 0sf
j=0 J
Using (2), we compute
3
95 (PS1) = ol Buf + Y este;af = [of?Auf = 200sf — o Duf — 2031,
§=0
Similarly, we compute
PRPRS) = 2P Daf =203 F, DFPES) = |al*Aaf — 207,
PEDLS) = =P Auf — 207 .
The proof follows from these. [

These formulas indicate the commutativity of Coifman—Weiss operators and
their adjungated versions.

Corollary 4.6. PRAR — PR, pSps — pSps.
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5. Fourier series on SU(2)

In this section, we find the Fourier series expansion for quaternionic valued
functions L2?(SU(2)) and extend them to the whole space. This job is already mostly
done, e.g., in the book by Ruzhansky and Turunen [17]. Using the Fourier series,
it is easy to obtain a series representation for the quaternionic valued function on
spherical domains.

5.1. Homogeneous spherical harmonic polynomials. Let us consider
integrable functions f,g: S® — C. We define the innerproduct

(.9 L2(se) = wi / f(2)g(@) dS(z)
SS

and in the usual way this leads us to the space L?(SU(2)), square integrable complex
valued functions on S3. We define the left and right SU(2) action on L?(SU(2)) by
(1). The Lie group SU(2) = S® admits a natural biaxial nature, i.e., every point is
of the form y = Y7 + Yaj, where Y7 = yo + y1¢ and Y3 = ys + y3i.

We look for irreducible representations in the usual manner. We take a space
of 2¢-homogeneous complex valued polynomials V; with an orthonormal basis

Ylé—n}/V2€+n
V=)l +n)
forne{-4—¢+1,....0—1,4} and ¢ € %NO. The dimension of the space Vj is
20+ 1and ¢ —n,l+n € Z. See all details in [10,17].

The matrix elements {f¢! } and {°t ,}, with respect to the actions (1), are
defined by

pén(y) - p@n(yla }/2) -

Ropen(Y1,Y2) = Y Rth, (2)pen(Y1,Y2)
o

and

Supen(Y1,Y2) = > St (@)pen(Y1, Ya),
k

for x € SU(2). For the left action, we need to use conjugates in the second variable
to complete the calculations successfully.

Proposition 5.1. Matrix elements admits to representations

1 g_m!ngm!ﬁ_i —i0\e—n(, —i0 _ = _i0\l+n i2m
Rtfnn(x)%\/m/(zleeere DY (2167 — Zpe') T e2ml dp

-7

(L —n)l(£+ n)!

—T

— | ! 7 . ) ) ) )
St () = ! \/W /(21610 _326—19)4—71(216—19 + Z2610)6+nez2m0 do



98 H. Orelma

for x = z1 + 29j.

PROOF. The right invariant version of the formulas can be found in [10] in a
slightly different form.

LEFT INVARIANT CASE. Consider the homogeneous polynomials

Yg nYZJrn

Pen(y) = pen(Y1, Ya) = —mmery.

Using (5) and (6), we have

Repen(y) = pen(TY) = pen(Z1Y1+22Y 2,Z1Y2 — 22Y 1) = pen(Z1Y1+22Y 2, 21?2—52}/1)-'

Hence
—{+k
(Zlyl -+ ZQYQ)E n(21Y2 — 22}/1 Z Rt YZ kY;r '
(C—n)(C +n)! — N+ k)

To find an explicit formula for a matrix coefficient, we first substitute y = \/ii(ew +
e'?4), i.e., we obtain

Z1010 4 zpe~ )l (2710 — Zyei)lHn e—i2k0

(Z1€" + 207 (5 2 Z Ryt '
(€ —=n)l(l+ n)! — k(e +E)!

We multiply both sides by e??™? and use the fact

/eiQ(m—k)G g = { 2w, ifm =k,

0, other integers.

Then we obtain

—m)! L } .
Rtf;m(x) — i\/w /(31610 + 226—10)6—11(216—16 — Zae 9)€+n i2mé gg

2\ (£ —n)!I(f +n)!

—T

RIGHT INVARIANT CASE. Using (6), we have

Sepen(y) = pen(yz) = Pen (Y121 — YaZ2, Y120 + Yo7Z)).

Hence
(Yiz1 — Yo72) " (Y122 + Ya71)" Sy sy Yf by, h
(€ —n)!(€ +n)! p — B+ k)
We substitute y = \}( e + e75) and we have
(Zlew _ 226—19)2—77,(2261'0 + Ele—iG)EJrn B Z Stl (x) e—i2k0
(C—n)l(€ +n)! — " =N+ k)

Multiplying both sides by e??™?

1 t— '€+ !Tr 3 = —1 -n 0 | = _—1i n _i2m
Stﬁm(l’)%\/%/ (1" ~e ™) (a1 Zre ) e g D

—T

and integrating as in the above, we obtain
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REMARK 5.2. For example, in the left invariant case, the integral can be written
by standard change of variables

s
/(Elew + Zze—ie)l—n(zle—ie _ E2ei9)f+nei2m9 do

—T

s
_ /(Elei% 1 20)l (21 — Zaei) N E2m=00 g

—T

2
=2 /(Eleie —+ 22)2_”(21 — Ezeie)lJrnei(m—l)G do.
0

Thus, we may represent the matrix elements in a coordinate independent way by

Finn () = _i\/W / (1w + 22) " (21 — Zow) " dw

7\ (¢ —n)l(l+n) wh—m+l
Jw|=1
and
S0 7_1 (ﬁ—m)'(€+m)' / = \—n(3 L+n dw
tmn(x) - ﬂ_\/ (f — n)|(£ + TL)' (le 22) (Zl + ZQw) wl—m+1"
lw|=1

The preceding formulas allow us to extend the matrix coefficients ¢!  (z) and
Stf . (r) to the whole space, i.e., we may assume x € H. Let us recall that if
f: 5% = C is a restriction of a harmonic function F : H — C, it is called a spherical
harmonics.

Proposition 5.3. Matrix coefficients are 2¢-homogeneous spherical harmonics.

PROOF. Let © = 21 + 2z2j. In a left invariant matrix coeffient, the kernel is
given in the preceding remark by

ke(z) = ke(z1,22) = (Z1w + 22) 7" (21 — Zow) "

for |w| = 1. If © = 21 + 227, we put

0z = Oy + 10z, and 0, = Oy, + 104,
with their conjugations

Oz, = Ogy — 105, and Oz, = Oz, — 10,.
Hence 0,,2, = 0:,Z), = 0 and 05,2, = 0,,%, = 2 for p = 1,2. It is easy to see, that

Ay = 05,0z, + 05,0.,.

It is straightforward to compute

07,02, ke = 4L — n)(L + n)wke—1, 05,0.,ke = —4( — n) (L + n)wke_q,
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that is
Ayks = 0.

The right invariant case is similar. O
5.2. Fourier series representation. Let ¢/, be either the right or left

invariant matrix coefficient. Hence, any f € L?(SU(2)) admits the Fourier series
representation

F@)= D7 0+ 1) (frtim) pagoytom (@),

Le Ny m,n

where the summation is taken over m,n satisfying —¢ < m,n <fand {—m,{ —n €
Z (see details in [10,17]). If we define = ru, r = |z| and u = £ € S3, we
may represent any f : 0 — C, where 2 € H is a spherical neighborhood and
flss € L2(SU(2)) by the series

Fla) =" @1 (fithn) oo tn (1)-

éE%No

This allows us to find an explicit series expansion also for quaternion valued func-
tions.

Theorem 5.4. Let f = f; + foj be a quaternion valued function and fi and
f2 be complex valued functions defined on any spherical neighborhood 2 C H and
f1|53, f2|s3 S LQ(SU(2)) Then

f(!E) - Z (2£ + 1)71% Z ((flatfvin)Lz(ss) + (_1)m_n(f27té—m,—n)L2(S3)j)tfnn(u)7

Le LNy m,n

where x = ru, r = |z| and u = £ € S5.

PROOF. We consider the left invariant case. Our first observation is

R ) - \/M [

2\l (€ —n)!I(f +n)!

—T

X (217 | Zpet?) e 2ml g — Rté_my_n(zl, —22).

Recall the coordinate invariant form of the matrix coeflicient given in Remark 5.2

i [(—=m)(f+m)! dw
= T R e

lw|=1

We assume z12z2 # 0 and make the change of variables given by Coifman and Weiss
[10, p. 108]
Eﬁgw =1t — |22|2 + |Zl|2

and we have

t—|z)? _ |22]* — ¢
— and 2z — Zow = ——.

z2 Z1

Z1W + 29 =
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We define T' = {t = Z1Zow + |22|*> — |21/ : |w| = 1}. Hence the matrix coefficient
takes the form

Ryt (£ =m)!(¢+m)!
bn(21,22) = \/ @) n)
y /<t— |2’1|2>Z n<|z |2 >Z+n —é—m+1—€—m+1 dt
J (t— |,22|2 + |21|2)Z mHl 21 %o
v €+n) Zl 2
t
x [t =1zl - d

(t _ |22|2 + |Zl|2)é—m+1'

—

The path I' is the same if we choose +2z5. Hence the integral above is invariant
under substitution by —ze and we obtain Ft! (21, —z2) = (=1)" ™8t (21, 22).
Especially

Rtﬁnn(zlsz) - (_l)m_nRté—m,—n(Zlsz)'

The proof is similar for the right invariant matrix coefficients. Hence

and we obtain

f(LL') - fl(x) + fz(fE)] - Z (2£ + 1)T2é Z(f17tfnn)L2(53)tfyzn(u)

ZelNo

+ Z (20+1) ”Z P2 thn) L2 sy (W)

ée No
= Z (2[ + 1)7,% Z(fh tfnn)L2(s3)tfnn(U)
EG%NO m,n
+ Z (2€ + 1)7_25 Z(f27 tﬂﬂ,—m)LZ(SS)j(_l)m_ntmn (’LL)
ZE%NO m,n
- Z (2€+ I)TQE Z ((fh tﬁ@n)Lz(SS) + (_1)m—n(f2, tz—m,—n)L2(S3)j)tfnn(u)' U
ZG%NU m,n

Conclusions. In this paper, we recall the SU(2) invariant version of quater-
nionic analysis and write all proofs using modern tools. The fundamental objective is
to find an SU(2) invariant Dirac type operators, which are called Coifman—Weiss op-
erators, after the founders of the theory. In addition, we discuss the SU(2) invariant
Fourier series and recall nice and explicit formulas for matrix coefficients.

This paper allows us to continue studies with Coifman—Weiss operators in dif-
ferent directions.

There are still open questions in the basic theory. The connection of the rep-
resentation of the Coifman and Weiss matrix coefficients that we get in this paper,
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and the representation of Ruzhansky and Turunen [17], should be studied. Also,

the connection to Jacobi polynomials should be recorded explicitly for all cases. We

leave these to the interested reader as an exercise.

10.

11.

12.
13.

14.

15.

16.

17.
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