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AHHOTanusi: MHoOrue 3ajaud aHaJUTHUYECKONM TEOpPHH YHCENl CBOJATCS K
PaBHOMEPHOCTU paCIpeIe]ICHUs TOW WM WHOM MOCIE0BATEIbHOCTH YUCEN HIIH, B
YaCTHOCTH, JAPOOHBIX J1oJied HekoTopor ¢yHkiuu f(X) mpu HETpIX 3HAUYCHUSIX
aprymenta. llpu paBHOMEpPHOCTH pacmpeleieHus KOJIMYeCTBA  3HAYCHHUU

IMOCJICAOBATCIbHOCT B OINPCACICHHOM MHTCPBAJIC, HAXOMATCA 4YCPC3 HMHTCrpall

IUIOTHOCTHA PACIIPEAEIIEHUSA C TOYHOCTHIO 10 O(N%J’E). IIpu 5TOM 3HAYEHUA UMEIOT
XapaKkTep CIy4ailHOM BETMYHMHBI, HECMOTPS Ha TO, YTO OHU MOTYT OBITh MOJTYYECHBI
COTJIaCHO IpocTOoMy 3akoHy. J[lamee yrouHsercs »3t10 mnoHstHe. K Teopum
PAaBHOMEPHOCTH TMPUBOJIAT W MHOTME NOpukiIagHele 3amauu. Cama Teopus
BEPOSITHOCTA MOXKET ObITh CchOpMYyJIHpOBaHA B TEPMUHAX PABHOMEPHOCTH.
OHTponusi, BcTpeuaeMas Kak B MHGOpMATHUKE, TaKk U B (PU3UKE, TaK K€ MOXKET
UHTEPIPETUPOBATLCA KAK MEpa OTKIIOHEHUS OT PAaBHOMEPHOCTHU PACIpPEICIICHUS B
(ha30BOM IIPOCTPAHCTRE.

KuarwueBble ci10Ba: paBHOMEPHOCTb, TPUTOHOMETPUUYECKUE CYMMBbI, Z-CYyMMBI.

Abstract: Many problems of analytical number theory are reduced to the
uniformity of the distribution of a sequence of numbers or, in particular, fractional
fractions of a function f(x) for integer values of the argument. With their uniform

distribution of the number of sequence values in a certain interval, they are found



through the integral of the distribution density with an accuracy of O(N%J’E). In this
case, the values have the character of a random variable, despite the fact that they can
be obtained according to a simple law. Further this concept is specified. Many
applied problems also lead to the theory of uniformity. The probability theory itself
can be formulated in terms of uniformity. Entropy, found in both computer science
and physics, can also be interpreted as a measure of deviation from the uniformity of
distribution in phase space.

Key words: uniformity, trigonometric sums, g-sums.

PaBHOMEpPHOCTH MOCJI€10BATEIbHOCTH.

[TonsiTHE PABHOMEPHOCTH TIOCIICIOBATEIIBHOCTH X, IOApPa3yMeBacT, dTO
KOJIMYECTBO WICHOB X,,n = 1,2,...,N momaBmux B uHtepBan [A,B) — m(A,B,N)
pacTeT MPOMOPIUMOHAIBHO JJuHE uHTepBaia B — A. EcrecTBeHHO, 4TO B Takom
cilydae IOCJIeI0OBAaTEIbHOCTh JOJKHA OBITh OrpaHM4YeHHOW. YacTo moj Takoi
MIOCJIEIOBATEIbHOCTRIO BBICTYIIAET IOCIEAOBATEABHOCTE X, = {f(n)} apobHBIX
70JIel HEKOTOpO# (PYHKITMH, BCE YJIEHBI KOTOpOW IpuHaaiexaT uarepsany [0, 1). B
TAaKOM CJly4ae JOCTaTOYHO HCCIEIOBaTh Ha MPOMOPIHOHATBHOCTh KOJIMYECTBA
uyieHoB B uatepBaie [0, ), a € (0,1) mmmue unrepsana. Ilycts m(a, N) o3Hagaer
KOJIMYECTBO YJICHOB TOCJIEAOBATEIBHOCTH X,,n = 1,2,..., N, nOpuHaIIEKAILINX
uaTepBaiy [0, a). Takue mocienoBaTeIbHOCTH (B YaCTHOCTH, JJISL APOOHBIX TOJICH
(GYHKIIMM) Ha30BEeM paBHOMEPHBIMH, €CJTH I Jro6oro € > 0 cymectyer C(g) > 0,

yro A modoro a € (0,1) BeinonHsAeTCS:

1
(a,N) = aN + R,|R| < C(e)Nz**. (1)

PaBHoMepHOCTh MO Beiimo ompemensieTcs MeHee CTPOro, a MMeHHO |R| =
o(N). Kak Oyner BUAHO HIKe, 00JIee CTPOTOE OMpPENETICHUE SBIISICTCS TUITUIHBIM.
Eme Oosiee cTporum SIBISETCS TPOMOPIIMOHATBHOCTh KOJUYECTBA YJICHOB JTMHE

uHTepBana (@, ) ¥ A1 MaJbIX UHTEPBAJIOB, KOT/Ia OCTATOYHBIN YJICH OIEHUBACTCS

kak |R| < C(e)((B — a)N)%Jrg s e Bwiote 10 (S — a)N = O(N¢). U3



ONpEeNeNeHUs] BUAHO, YTO IOHITHE PABHOMEPHOCTH WHBAPUAHTHO OTHOCHUTEIIBHO
CIBMTa, T.e. OTHOCHTEIBHO 3aMEHBI IIOCIENOBATENbHOCTH X,HA Y, = {x, + c}.
PaBHOMEPHOCTh COXpaHHTCA M TpPH MacCIITaOUPOBAaHWHU, T.€. NMPH 3aMEHE X, Ha

Yo ={qx,},q € Z.

JIe¥ICTBUTENBHO,

q-1 . .

i+a i 1.

n(a,N,y,) = Z(n (—,N,xn> — n(—,N,xn>) =aN+ 0 (NZ )

. q q

-0
TUNMYHBIM  [OPUMEPOM HA  HCCICAOBAHHE PABHOMEPHOCTH  SIBJISICTCS

MOCJIEI0BATEIBHOCTh JAPOOBHBIX Josiell MuHelHol ¢yukiuun x, = {f(n)}, f(n) =

P
ax + b. Eciin HakJIOH (1)YHKI_II/II/I a = 5 pPalrOHAJIBHOC YUCJIO, ITOCIICAOBATCIIbBHOCTD

Xn OEpHUOIHMYCCKasd € IICPHUOAOM Q JIro6as IMCPHUOANYICCKAad IMOCICAOBATCIIBHOCTL C

1
nepuogoM @ oOnamaeT mpobOesaMu B 3HAYEHUSX JJTMHBI g » COOTBETCTBEHHO JUIs

N
HCKOTOPBIX & OTKIOHCHHC R B (1) HC MCHBIIC [5], T.C. IIOCJIICOAOBATCIBHOCTb HC

SBJISIETCSL PABHOMEPHOM Jaxke 1o Beinto. B ciydae nppanmoHaIbHOCTH HAKIIOHA 4
3a/la4a Ha PABHOMEPHOCTh CBOJAUTCA K HWCCIEHOBAHUIO HEIMOJHBIX YAaCTHBIX () B
Pa3NIOKEHUH HA HETIPEPBIBHYIO IPOOD:

(-D* _ P N (D

~ L = ~ 2
WO O L0 D

a=P0+

1 = P0+
q: t N 1 k=0
qZ q3 + cee

3nech Py MOXET ObITh U OTPULATENbHBIM 1EJIbIM. Tak Kak J0OaBJIEHHUE LIEJI0r0
YyHclia K HaKJIOHY HUYETO HE MEHSET, MOKeM cuuTath, 4To 0 < a <1, P, = 0. Ilo
HETIOJIHBIM YaCTHBIM (; CTPOSITCS MOIXOISIINE IPOOH IO PEeKYpPEHTHOU Gopmyie:
Po=0,00=1P =1,01 =41, Pra1 = Qes1Prc + Pr—1, Q41 = qr+1Qk + Q-1

B »Tom ci1y4dac IOCJIICAOBATCIbHOCTh X, IIOYTH IICPpHUOAMYHAA C IIOYTH

P
nepuoaamMu Q. OTKJIOHEHHE OT pPalMOHAJIBLHOTO B (2) HE MPEBOCXOJUT |a — Q—l| <
l

1
?, TOYHCC BBIITOJHACTCA CICAYIOIICC:
l



PO PZ P4- PZk P2k+1 P3 Pl

— <l — <Ll < L —< g <K —X —<<—
Q Q2 0, Q2k Q2k+1 Q3 Q1
COOTBETCTBEHHO
Py P, 1
|a——<( 1)k(k+1——k>=—.
Qk Qr+1 Ok Qi Qk+1

Jlerko mokaszatb, 4TO B CIydae, Korja oomiee KoaudecTBo Touek N = (J;, paBHO
MOYTHU NIEPUOY, TO
IT(a, Qr) — aQil < 1. 3)
Iycts Q) < N < Qy41- IIlpencraBum N B Buze:
N =n,Qr + ny—1Qx—1 + =+ + 10 Q0,

N
rac BHa4daJIc BBIACIIACTCCAN ), = [Q_] , n3 OCTaBLICTOCA KOJIM4YCCTBA
k

N_
ONPENETACTCA Ny_q = [—ka] u 1.1. IIpnu atom n; < q;44. Y3 (3) nomyyaercs, 4to

OTKJIOHEHHE OT PaBHOMEPHOCTH B (1) HE MPEBOCXOAUT BEIUYUHBI g + 1q + -+ + N.

qi+1
[Tocne n; = LT ommrOKa yObIBaeT, MOATOMY BEpHA OlLIEHKA MOTOYHEE:

JInst uppalliOHANIBHBIX @ 33 UCKJIFOYeHHEeM Mepbl 0 3TOT OCTAaTOK OLICHUBAETCS
O(In (N)1*9).

TeM He MeHee, MMEIOTCA MHOXECTBO JIMYBMIUIEBBIX 4YHCEN, y KOTOPBIX
MOSIBJISIIOTCST  HEMOJIHBIE YacCTHBIE (; CYIIECTBEHHO Oombiie Q;_;. Jns HHX He
BBITIOJTHSIETCS PAaBHOMEPHOCTh B YKa3aHHOM cMbiciie. OJJHAaKO paBHOMEPHOCThH IIO
Beiinto umeeT mecto aJist Jit0O0OTro UPPaMOHAIBHOTO HAKJIOHA.

OmHO W3 OCHOBHBIX CBOMCTB PaBHOMEPHBIX TOCJIEAOBATEIBLHOCTEH SBISCTCS
UX CIy4YalHbIA XapakKTep U BO3MOXHOCTb UX HCIOJIb30BaHUS B MHTETPUPOBAHUU IO

meronxy Monte-Kapmo. [Tycts ¢ynkius Y (x) nepuoandeckas ¢ nepuoaom 1. Torma
1/)( f (x)) =yY({f(x)}). Hac wuuTepecyer OTKIOHEHHWE HHTEIPAIBHONH CYMMBI OT

UHTErpaja no nepuosay:



= jl/)(x)dx —%jlp(x)dn(x,N) = jlp(x)dx ——Z Y(x;). (4)
0 0 0

OrneHUM WHTETPaIbHYI0 CyMMY TPH TPEIIOJIOXKEHUH, YTO X, PaBHOMEpHAas.
KonuduecTBo Tex m, s KOTOpsIX ApobHas dacth {f(n)} € (a, a + da) npumepHo

paBHO Nda. 3anuiieM HHTETPAIbHYIO CyMMY OOBEAWHSS B TPYNIbl TOYKH X; €
. . [i i+1\ .
(a,a +da). IlomenuB wunTepBan 3HaueHuit [0,1) Ha n yacrei [;,—),l =

n

0,1,...,n — 1 BIIENIPUBEAECHHYIO CYMMY MOYHO 3aIIMCaTh B BUAE:

Zmpl ZNw( st

i+1
3nech N; KOIU4ecTBO TouekK K, 11 KOTOPBIX Xj, € [ ) u

wi= Y () - (S

K|x ke[l l+1)

st nenipepoiBHOM QyHkIiuu B (0, 1), yaosneTBopsitoieit yciaosuto Jlumnmuia,

2i+1

KKl WIEH TMEepBOMl CyMMBbI oOlleHHBaeTcs kak C |xk | <— . B3iB n=

O(VN) u3 paBHOMEPHOCTH TIOCIIEIOBATEIHHOCTH TMOIY4YaeM OIEHKY MEepPBOM 4acTH

O(V/N). BTopyIo 4acTh pa3ieinM elie Ha JBe YacTu:

ZN”/’ (2i2: 1) - gg v (Ziz-:l 1) + Z(Ni - %)uv(”z: b,

[lepBas coctammstomas, nenennas Ha N , maet uHTErpai ¢ ommOKON mopsiika

O(W) /N. Brtopyto uyacTh oleHuBaeM, cymmupys 1o AOento. YuuThiBas

PaBHOMEPHOCTh, YACTHUHBIE CYMMBI S = Yieg (N; — ) OLICHUBAETCS KaK O(N 29).

2i+1

) MOJIy4aeM  OIICHKY

YuuteiBag  TO, 4YTO Y44 — lﬁl—O()lPl 1,0(

1
~+
norpemHoctd R (oTauyue cymMmbl OoT UHTerpana) kak O (N 2 8) /N. B dgactHOCTH,
1 .
€CJIM UHTETpA | o Y(x)dx = 0, To Ay1s1 pPABHOMEPHOI [IOCIIEIOBATENBHOCTH X

1
BEITIONHAETCA: Y v, P(x;) = (N 5+£).



WuTerpanbHble CyMMBl YKa3aHHOTO BHUAA TOSBISIIOTCS TIPH  TOJCYETE
KOJIMYeCTBa IEJbIX TO4YeK B obsactu. IlycTh 3amana oOnacTb Ha TMJIOCKOCTH,
OrpaHWYEHHAs TIaJIKUMH KPUBBIMU:

P (x") <y < 1(x"),a <y < b, y(a) = @1(a), p,(b) = ¢,(b).

Pazo6rem 001acTh Ha MPSIMOYTOJIBHUKH C IIATOM 4 10 OCH a0IUCC H C IIAaroM

yr

x!
h, mo ocu opauHaT. Y370BbIe TOUKH ceTKU (x',y'), VIS KOTOPBIX X = Y=

IIeJIbIC YKCIa, HA30BEM IIeIbIMU ToukaMu. Hac mHTepecyeT KOJUYeCTBO TaKUX LEJbIX
TOYEK B 3aJaHHOW obOmactu. B koopaumHaTax x,y Hama o00JacTh 3a7aeTcs

HEpPaBEHCTBAMMU:

f2(x) =y < fi(x"), o A<x<-—=B,

1
filx) = §01(Xh1) fo(x) = ‘PZ(Xhz)

YIIO6HCG CHHUTATh LCJIBIC TOYKHW HA I'PAHUIC IIPHUHAMICKAITNMU B o01acTh Ha

nonoBuHy. Torna Ha cronbuke x =i B obmactu 0 < y < f; (x) KOMMUYECTBO LEIBIX
To4eK paBHO f; (i) — g(fl(i)), e

1
{X} — E, X &Z

0,x € Z.

®dynkuusa g(X) HeueTHas U nmepuoaudeckas ¢ nepuogaom 1. [Tostomy, B mosoce

gx) =

(i) <y < f1(i) KOMMYECTBO LEBIX TOYCK BRIpAXKACTCS (HOPMYJION:
L@ = £,@) = g(L®) + g 0).
DTO COOTBETCTBYET TOMY, UTO JIBE MOJIOBUHKH BECOB IEJIbIX TOYEK HA MPSIMOI
y = 0 garor Bec 1. AHanoruyHo B KpallHUX Toukax X = A,x = B 3Ta BenuuuHa
yUHUTBIBaeTCA ¢ BecoM 1/2, ecnu 3Hauenus A, B niensie. B gqanpHelmem ais yao0cTBa
BBeZieM 0003HAUEHHUE [T CYMM TI0 IIeJIbIM TOYKaM 13 uHTepBaia [A, B]:

Z F(x) = 6(A)F(A) + 6(B)F(B) + Z F(x).

A<x<B A<x<B



3nmech s rpaHudHbIX Touek Beca O(A), 0(B) paBubl 1/2 ecm A, B nenebie,
nHaue 0. Torna KOJIUYECTBO MENBIX TOYEK B 00JIACTH MOKHO 3alucaTh B BUAE TAKOM
cymmsl ¢ F(x) = f,(x) = f,(x) — g(fi(x)) + g(f2(x)).

®ynkius g(X) paspeiBHA B IICNIBIX TOYKax, rie 3HaueHue ( coBmagaer ¢
MIOJTyCYMMOM TIpeJIeNioB ciieBa U cripaBa. COOTBETCTBEHHO, OHA COBMAAAeT C CyMMOM

cBoero psana Oypee:

sin 2mwkx
g0 =y 2k

mk
k=1
B kadectBe mpuMepa paccMOTPUM (— CyMMy, I[IOJIYYalolIylocs IIpU
k m o
BBIYUCJICHUU LEJNBIX TOYEK (;,;) nox mapabonoit 0 < x < 1,0 <y < x? mocne

JICJICHUS Ha N 4acTe! IO KaXKJI0M OCH

n
2 xz
) )
x=0
MoxHO CYMMHPOBATL I10 JIIO6OMy MHOX>KCCTBY BBIYCTOB II0 MOJJYJIIO N, B

. n
YacTHOCTH TpU n = [[;n;,n; = p;*i MOXHO cyMMmpoBaTh Mo X = Zin—xi, Korja
i

KaXJ0€ W3 X; MpoOeraeT MoJHYI0 CUCTEMY BBIYETOB IO MOJYJIIO N; MPHU BCeX [, X
npoOeraer MOJHYI0 CHCTEMY BBIYETOB MO MOAYJI0 N. DTO MNPUBOAUT K
TIPOU3BEICHHIO CYMM IS clydaeB n; = p;*i. Ilocieqaue cBOAATCS K CAydaro, KOT/Ia
guciio N = p npocroe. Eciu p = 1 mod 4, To —1 sABnseTcs KBaJpaTHUHBIM BBIYECTOM H
C K&XJIbIM BBIYETOM Y B CYMMY BXOJUT U BBIYET p — Y M 00Il1asg CyMMa paBHa HYJIIO.

Berancnum cymmy B citydae p = 3 mod 4:

oo p

-1 -1 w (k
. x? 1 [ 2mkx? \/}; (5)
2.9(5) = 2w ) = LR
= \P == p k=1

x= x=

= @m 1) = {fﬂ l(g) = 0(/pIn(p).
q¥p 1P/

e

Ha camom Jee oleHKa mojydniiach HECKOJIBKO 3aBbiiieHHas. [Ipu p = 1 mod

4 yucno —1 sBISIETCA KBAaJPATUYHBIM BBIUETOM, YTO MPUBOJIUT paBeHCTBY 0 3TOi



cymmel. [Ipu p = 3 mod 4 sta cymma oTpuiaTelibHa ¥ PaBHO CO 3HAKOM MHUHYC

HEUCTHOMY IIEJIOMY YHCIY, paBHOMY uyuciie kinaccoB ot Q[/—p] [1].

2
X
OtMmeTuM, uTo it QyHKIwH f(x) = — CIBUTH MHTEPBATa CyMMHPOBAHHS HE

urpatoT pomu, T.e. S;(A.A +n,f) He 3aBucuT oT A (korza A 1eNoe TPAHUYHOE
3HAYEHUS BXOSAT C BECOM 72).
Panee mokasanu, 4To eciii MHTErpall OT nepuoanueckont pynknun P(X) paBen

0, To mma 000 paBHOMEpPHOHM TMociegoBareabHocTd X;, 0 = 1,2,...,N cymma

N ¥(x;) orpanudena senuuunoit C(&)N %J’g. DTO BEpHO W ISl JTHOOOTO CIIBHTA,
moJTyJaromerocss mpu 3ameHe Xx; — {x; + }. Bos3Hukaer Bompoc, I KaKoM
HenpepbiBHON B nHTepBaie (0, 1) HenynaeBor ¢yHkiuu V(X) U3 Takol OIEHKH IS
cymm Y,; Y (x;) A BCEX CABUTOB CIIEIYEeT PABHOMEPHOCTH MOCIEAOBATEILHOCTH X;.

Mo’HO TOKa3aTh, 4TO Takoi (yHKIMeH sBasercs ¢(X). Mbl IpOBEpUM TOJBKO, YTO

1
M3 Takoi omeHKH g— cymM Y; g(x;) = O(N2*%) npu mo6six ciapurax x; — {x; + £}
CJIelyeT PaBHOMEPHOCTH IMOCJEN0BAaTEIbHOCTH X;. CpaBHUM i 3TOrO JBE (—
cymmbl Sy = Sg(x;) = X;9(x) u S; =Sg(vi) = X9, yi = {xi + B} Jlerko

BBIYHCIIACTCS
Sp =S =pn(1=B,N)— (1 =B)(N-n(1—-N))=n(1l-BN)—(1-p)N.
1
Ilo ycnoBmio S,,S; M ux pasmuua S, —S; = O(Nz'°) mnpu moGom f3,

cienosatenbho (1 —fB,N) — (1 — f)N = O(N %+S) pu JIF0OOM f3. 3TO U O3HAYaeT
PaBHOMEPHOCTH MOCJIEA0BATEILHOCTH X;.

B Teopuu urcen 00bIYHO NCHIONB3YIOT GyHKIMIO P (x) = e(x), e(x) = e?™ y
OIICHUBAIOT TPUTOHOMETPUYECKHUE CyMMBI [2; 3; 4], Ha3bIBaeMbIe B JaJTbHEHIIIEM IS
KpaTKocTH e— cymMmmamu. OHM yIOBJICTBOPSIIOT YCIOBUIO MYJIbTHILIMKATUBHOCTH (X

+ y) = YX)P(y) u ymobusl Bo MHOrux 3amadax. Dymkmusa P(X) = e(x)

YIOBJIETBOPSIET CBOKUCTBY:

zn: Y(x + E) = 0.
k=1 n



C OIHOH CTOPOHBI, 3TO CBOMCTBO MOJE3HOE IMPU BBIPAKEHUU KOJIMYECTBA
penieHnii AMo(paHTOBBIX YPABHEHHI, a C IPYrOil CTOPOHBI JIJIs1 HEPABHOMEPHBIX JAXKE
no Beiiro mocnenoBarenbHOCTeH X; CyMMbI ); (X;) MOTYT OBITh MaJbIMH IO
MOJYJIIO (JaXke PaBHBIMHU HYJIO) MPHU JIFOOBIX CIBUTaxX. JTO 3HAYUT, YTO MAJOCTh
OLICHKH €— CyMM .; e(X;) IUIs MOCIeIOBATEIbHOCTH X; M €r0 CABHUIOB, HE TIO3BOJISICT
JIeaTh BBIBOJ O PABHOMEPHOCTH IMOCJIEI0BATEILHOCTH X;.

Haubonee nmpuMeyaTeNbHBIM SBIISETCSA OTIIMYME €— U J— CyMM JUIsl JTMHEHHBIX
byuknuii: x,, = {an + b} = {f(n)}. nst e~ cymm™m caBur mocjaeaoBaTeabHOCTH Ha b

HC BJIMACT HA MOAYJIb CYMMBI:

N sinmtNa 1,A¢Z
Se(AB)=e||{A+5—g(A)|a+Db |——"0, 9_{cos(na),AEZ.}

Korga HakiaoH @ menoe 4Yuciao, 3HAaYCHHE CYMMBI, ONPENEIIEMOE TOJIBKO
ApoOHOM yacThio {a}, HaxomuTcs Kak mpenen mpu a — 0 u nomydaercs e(b)N
MoAyJb Kotopoid N pacTeT NMHEHMHO OT JIMHBI CYMMHpOBaHudA. B npyrux ciydasx
cymMma orpanuyeHa. Ecnu Na € Z,a € Z, To e— cymMma paBHa Hymt0. IMeHHO u3-3a
OTOTO OLEHKa €— CyYMM CO CIBUTAaMH HE MOAXOAAT [JIsi YCTAHOBJICHMS
PaBHOMEPHOCTH JAPOOHBIX J0Jield. B TO ke BpeMs, UMEHHO 3TO CBOMCTBO JeiaeT
yIOOHBIM TIOJICUET 4YHCIa pelmeHuid auo(aHToBbIX ypaBHeHHH. KommdecTtBo

petieHuid cpaBHeHus: @ (x4, ..., X;) = 0 mod N Beipaxkaercst popmyIioit:

15 S o),

X1,.mXf A=1

B kadecTBe Takoro INPUMEHEHHS €— CyMM pPACCMOTPUM KOJUYECTBO 2
pa3psAOHBIX CUYACTIMBBIX OWJIETOB B N- HMPUYECKOM CUCTEME HCUMCIEHUs, T.€.
KOJIMYECTBO PEIICHUI MpocTeiiiero 1nodaHToBa ypaBHEHHUS:

X1+ X, =Xpy X, 05 x; <1

Bssig uncio N > (n — 1)r, momyyaem, uto |@(X)| < N, toe ¢(x) = x; + -+

Xp — Xppq — - — X O(X) =X 1+ .+ Xr—Xr+l —...—X2r.

CoOOTBETCTBEHHO, KOJIMYECTBO PEIICHUN PaBHO:



o) (V=1 sin nan 2r
sz( ) NZ:‘) Sm ’

Kotopoe ne 3aBucut ot N, ecmtu N > (n — 1)r. Yerpemisis N — oo mosrydaem

HN3BCCTHYIO HHTCI'PAJIBHYIO (1)OpMy.TIy JJI KOJTMYCCTBA CHACTIIMBBIX OMJICTOB:

n 2r

2 sinnx\ %"

— J ( . ) dx =

w), \sinx fr(nz —Dr
3

Or1ieHIM BBEICHHYIO HOBYIO BeuunHy @(r, n):

sin x B o x| By 4!
( ) 21“ (1_k2 2 Zl 21{(20 T L 2D

=1

. r(n2-1) T [r(n?-1)
COOTBETCTBEHHO, MEPEXO/IA K EPEMEHHON Y = X [——— MpU € = = [———

HOIy4aeM:

®(r,n).

) ZJ .o (% = 1)y?'124 By
BN A U A ]

YuuTeiBas, 4TO BKJIAJ B WHTETpaJl NalOT TOJIHKO 3HAUCHUS Y, mMpeHeOperas
nn 21
WHTErpajoM B HWHTEpBaje [Z’E]’ pasnaras B psag exp (—Y;aq;y°") mnomyuaem

ACUMIITOTHYICCKOC PA3JIOKCHUC JJIA KOJINYCCTBA pCHleHI/Iﬁi

T
2r

2 sin nx\ 2"
f ( . ) dx =
mJ, \sinx [r(n? — Dn
3

3(n?+1) 13(n* + 1) — 134n?
40(n? —1)  4480(r + 3)2(n? — 1)2

d(r,n),

®d(r,n)=1-— +0(r™3).

31ech HEMHOI'O MOJINPABUIM IOCIEAHWI YIEH, MOJCTABUB B 3HAMEHATENE
(r +3)? BMmecro r? (He Hapymas aCHMMITOTHKY), YYUTBIBAs, YTO CICAYIOIIMH 3a
HUM YJIEH MOJIOKUTEIbHBIA. PaccMoTpuMm kiaccuueckuit ciydad 1 = 3, n = 10 u

HaxoJuM OJmkaiiiee 1menoe 4ucio 55252, 4To COOTBETCTBYET TOYHOMY 3HAUYEHUIO



KOJIMYECTBA CYACTIMBBIX 4Hcesl. IDIOTHOCTh CUYACTIMBBIX YHCEI Y6BIBaeT KakK

1 1 1
0 (—) =0 ( ) MCIAJICHHCC, YCM IINIOTHOCTb IIPOCTBIX YHCCIT —

Vr VIn (x) In (x)’
CoOTBETCTBEHHO TIpH OONBIIMX I OHM BCTPEYAIOTCS dalle, YeM IPOCThIC YHUCIIa
(cyacTiMBBIE 1JI aBTOPA).

BbruncneHne  TPUTOHOMETPUYECKMX  CyMM  YOpOIIaeTcss B Ciydae
CYMMHUPOBaHHMSI 10 OJHOMY Tepuoay. B cymmax 'aycca ynaercs BBIYUCTUTH TOYHOE
3HaYEHUE MOAYJISI CYMMBI.

PaccMoTpuMm Temeph JWHEHHBIE (— CYMMBI, HaANpsSIMYIO CBSI3aHHBIC C

PaBHOMEPHOCTBIO TIOCIIEA0BATEABHOCTH X, = {an + b}. 3mech b urpaer poiss ciBura

P
K IIOCIICOAOBAaTCIBbHOCTH {an}. B ciIyda€ paluoOHAJIbHOCTHM HaKJIOHa d = a

MOCJIEOBATEIBLHOCTD MEPHUOJIMYHA U CYMMA IO MOJHOMY NEPUOIY OMPENCIISIETCS U3
CJICIYIOILIEH JIEMMBIL:

Lemma 1. Ilycmo A, B € Z u onuna uumepsana cymmuposanus L =B — A =
NQ derumcs na nepuod nociedosamenvrocmu X, = {f(x)}, f(x) = gx + b. Toeoa
g— cymma S;(A, B, ) onpedensemcs no gpopmyne:
A B
Sg(A B, f) = ng(Q4) = n LD — ng(Qp).  (6)

Hokazamenvcmeo. Tak kak Q(f (X)) mepmomgmuno g(f (X + Q)) = g(f (x),

JOCTaTOYHO CYUTATh CyMMY T0 ogHoMmy mepuomy. O6o3naumm uepe3 b; = {Qb}.

i+b; .
Torma Bce nmpuUHUMAaeMble 3HAYEHUS X, €CTh Ql,l =0,..,0—1. Ilpu b; =0

nonyyaem S;(4,B) = g(0) + Z?:_ll(é — %) = 0. Korma b; > 0 g(X) Oosbliie Ha %
COOTBETCTBYIOIIETO 3HAYCHUs 3a uckitodeHueM cayyas | = 0 raoe g(i) = 0, a pasnuia

3HAYCHUU % — % 3ametum, uro g(Qf (X)) = g(Qb) = g(b,). CooTBeTCTBEHHO, CyMMa

Sg(4,B) = Q2 — 2 =g(Qf(x))=g(Qf(A).
N Q+1
CnenoBaresbHO, 00mIast §— cymma juinHbel N paBHa [5] g(@Qb) + R, |R| < —

910 CHIC pa3 IIOKAa3bIBACT HC PABHOMCPHOCTD IIOCIICIOBATCIBHOCTH AAXKE II0 Beiimo

B CJIydac pallMOHAJIbHOT'O HAKJIOHA.



PaccmoTrpum Temepp ciiydall MppanMOHAIbHOIO HakiIoHAa. B 3Tom ciydae
CYIIECTBCHHBIMU CTAHOBSITCSl MOYTH TMEPUOIBI U ONIMKAWIINE K IEJbIM 3HAYCHUSL.
[Tycth HakioH nuHelHoM GyHKImu T (X) = aX + b pasnokeH B HEMPEPHIBHYIO APOOb
cornacHo (2). IlpuBenpem mNpocTOl anropuT™M ISl HAXOXACHUS ONUXKAWUIIEro K

1ejaomMy 3HadueHue B uHTepBasie (A, B). Jlnsg storo Haxoaum Onmxaiiiee K 1eJIOMY

A+B
3HaueHUe CHU3y M cBepxy. Haunem c¢ HyneBoro mpubnmwxenus C, = [T] [Ipn

mare @ ApoOHas 4acTh (PYHKIIMU U3MEHUTCS Ha

ax = Qra — Py, |ay| < ,sign(a,) = (—1*,

k+1

bynem uckarh Onumxkaiiiiiee K 1eJoMy cBepxy. bimxkaiiiied k 1eiomMy CHU3Y
HAXOJUTCS aHAJIOru4YHO. B Touke €, umeem npobHyto yacth &, = {f(Cy)}. Haxomum

caeayroIiee NpuoImKeHue

o)
C1 = Cy —noQo, 61 = {f(C1)} = 6y — npag,ng = a_((),]'

Jlanee IOBTOPSIEM 3Ty MPOLEAYPY C YIETOM 3HAKA ;'
] . O;
Civ1 = C — (—1)'n;Q;,6i41 = {f (Ciy1)} = 6; — (=D)'myay,n; = [a_L]
L

[IponomkaeM mpoueaypy MOKa HE BBIMAEM 3a mpeaensl uHrepBana. Ecimu 310
Obu10 Ha k— M miare, To mpoBepsieM TOYKY HE BBIIICIAIIYIO W3 MHTEPBaJIa 3a CYET
YMEHBUIEHHUSI M), C TOYKOM C APYroro KOHIA MHTEpPBaja, MOJYYEHHOI'O BHAYAJIE
IaroM B JIPYTYIO CTOPOHY Ha (Q,q W maramMu no (; BbIOpaTh MHUHUMAIBLHOE
3HaueHue Oy.,. Korga npubmmkaeMcsi CHU3y alrOpUTM TOT K€, TOJIBKO PACCTOSHHE
1o uenoro onpezaemsieM mo dopmyie §; = 1 — {f(C;)} ecu f(C;) He nenoe, nHaue
6; = 0. Ecnu maiimercs 1nenouucieHHas TOYKa B WHTEpBaje, TO o0a anropurMma
OCTaHABJIMBAIOTCS JOCTUTHYB 3Ty TOouky. Ha camoMm nene Haiias Ommkaiinyro K
[IeJIOMY TOYKY CHU3Y Ha K— M mare npu capure Ha @ B OJHY CTOPOHY IOJYYHUM
OJIMKalITyl0 CBEpXy TOUKY, JIBUTAsCh B JPYTyI0 CTOPOHY miaramMu Q)  Apyrue

OJKalIme K 1eJI0My TOUKY CHHU3Y OTAAISSICh Ha |ay | OT 1emnoro.



+1 +1
< dk+1 dr+1

Boiuncium ¢— cymmy IIMHON N Qh, xoraa n;, < S Cnyuaii <

Ny < (y+1 BBITOJTHEEC OLICHUTH KaK PA3HUILY J— CYMMBbI JIUHOU (J 11 YU OCTaBIIECHCA

YacTH.
Lemma 2. Ilycmo A, B € Z u onuna unmepsana cymmuposanusa L = B — A =
+1 <
N Qr, Ny < q"% odenumcs Ha noumu nepuod Qy 0151 HAKIOHA & TUHEUHOU PYHKYUU

f (xX) =ax + b. Tozoa g— cymma S,(A, B) onpedensemcs no gpomyne:

S,(A,B) = g(Qkf(A))‘;g(Qkf(B)) —(=Dkm. (D)

30ecb M koauwecmeo mouek 6 obracmu X, < x <B 20e  [Qf(x)]

omauuaemcsi om [Qyf(A)] u [f(x) —g—';(x — A)] omauuaemces om [t (A)]. 30ecw

X, = A+ |aL' Koeoa k uemnoe a;, > 0 u Qi f (x) — Pyx pacmem, a pacmosinue 00
k|

yenoco ecmv L = 1 — {Qy f (A)}.. Ilpu neuemmnom K smo evipasicenue yovisaem u L =
{Q k f (A)}. I[Ipu evinonenuu smux ycioutl Ha cpanuye eec

mouku 6 noocueme uucia M ymenvuwiaemcs eoeoe. Eciu sma epanuya
cosnadaem c A unu B, mo sec ymenvuaemes ewe 608oe.

Hoxazamenvcmeo. Onpenenum [, (x) = Qi f (x) — Ppx = agpx + by, rae
a, = Qka - Pki bk = ka Haxkion a, = (—1)k|ak|, |ak| < Q; MajJl (HO
k+1

[f2(A)]+[f2(B)]

abcomoTHOM BenuunHe). Beengem uncno D = .

" IIPCACTaBUM

Pyx +D + 6(x)

fx) = 0 ,6(x) =Qf(x) —Pix—D
= {Qkf (D} + ar(x — A). (8)
Tak xak |f,(B)—f,(A)| = Inga, Qx| < g’;{Qk <1 yKa3aHHbIC 4YHCJIA HWJIH

paBuel wm [f5(B)] — [f>(A)] = (—1)*. Paccmorpum BHauane ciyuaii, Koraa OHHU
paBHbI, cooTBeTcTBeHHO D 1emoe uucio. B atom ciyuae 0 < 6(X) < 1. Ecau Bce 8(X)

>0, To



S,(AD, f) = Z ({Px+D+5(x)}_l)

A<x<B Q 2
Qr—1 | 1 0
l N Yk

= Ny —+— §(x) —

; Qr Ok A;SB 2
o Q—1 6(A)+6(B) niQy
= Nng > + ng 5 — 2
_ 9(Qf @) + g(Qef(B))
= Nng 5 .

31ech UCIoIb30BaIH, 4TO O(X) IMHEHHAss (QYHKIUS, COOTBETCTBEHHO HX CyMMa
paBHa IMOJIyCyMMeE 3HaUCHWH, YMHOKCHHOW Ha 4uciio wieHoB. Eciu nipu atom 6(X) =

0, To X sBIISIETCSL KpaliHUM 3HaueHueM X = A wiu X = B. [Ipu aTom cymma ocraercs
. 1
takoii ke, eciu T (X) He 1enm0e, nHaYye 100aBUTCS "

PaccMoTpuM Temeps ciyyaif, koraa nensie yactu [f,(B)] — [f2(4)] = (—1)*

(-
2

He paBHbL. B aToM ciydae D monynenoe uncio u 6 (A) = {Qkf(4)} — + ai(x —
A). Jna onpenenennoctu Oynem cuutaTh K dyetHeim. Citydaid, korna K HedetHoe
paccMaTpUBAETCs aHAIOTMYHO WJIM CBOJMTCS K ATOMY 3a cueT u3MeHeHus 3Haka f (X)
1 yuera HeueTHOCTH pyHKImu g(X). Torma o(X) Oymet MHEHHO pacTyiei QyHKIueH
u nepexoaut u3 obiactu O6(A) < d(X) < 1/2 B obmacte o6(B) > 1/2 . Koopaunara

TOYKH IIEPEX0Ja X, HAXOJUTCA U3 JIMHEHHOT'O YPaBHCHUA:

1-26(4) _ 1= {Qf ()

2ay ay

1
6(x)<§<—>x<x*=A+

Hycts i, = (1 + [f(A)]P; *mod Qi, Co = A — i,. 3nech P, ' obpatHOE K Py
o Monyio Qy . Ompenenum To4ku Cy, ..., Gy, €; = Co + 1Qy. IlycTs M KOMMYECTBO
Touek C; = x,.  Ecmm okaxercs, uro HekoTopoe u3 C; = x,, To 3HaueHue f(C;)
I1€JI0€ U ATO TOYKA BXOJUT B YUCJIO M ¢ Becom 1/2.

Beraucianm



Px+ D + §(x) (Px + D) mod Q.Q, 6(x)
g(f(x))=g< >= ek y == 0.
Qk Qk Qk
3necb 0 = 1, ecnu OJHOBPEMEHHO BhIMoONHsAETCS Px + D —% = Q) —

1mod Qpyu x =x, (B ciayyae paBeHCTBA TOYKa YYHUTHIBaeTCs ¢ BecoMm 1/2.

AHAJIOTHYHO BBIYUCIISIEM J— CYMMY U IOJIy4aeM
S5(A)+6(B) ny

Sg(A,B,f)=nk > —7—m

B namem ciyyae §(A) = g(Qkf(A)), 6(B) =1+ g(Qkf(B)).

Takum oOpazom:

9(Qf ) +9(Qf(B) mi
2 2

Sy(A, B, f) =y

4YTO AOKA3BIBACT JICMMY.

Lemma 3 Ilycmo Onuna unmepsana cymmuposamus

L=B—-A=n,Q +Ny_10Qk_1, M1 < Gy, Nk < qg41-

C 1
Toeoa maxcumym Q— cymmol 0ns aunennou gynxyuu f (X) = ax+c, a = T

+—
d1 q2+.

oocmuzaemcsi, Ko20d

k k
1+ (=11 1+ (—1)
A=x*— z lel—,Bzx*+ Z lelT'

2
I=k-1 I=k-1
- [CIl+1 + 1]
l 2
u{f(x,)} = 1". Ilpu smom Q— cymma ne npesviuiaem
k+1
1 ( N 1 )
3 = qi+1

Jlokazamenscmso. Beramemum 3nak sign(a;) = (—1)%, tme a; = Q;a — P;.
Cymma Oyner makcuManbHOU, korma {f(x,)} Oyner mMakcuManbHO Onu3KoW K 1 u
npyrue Haubosee Oym3kue K 1 ApoOHBIC YacTH 3HAUYCHUN OBLIIM ClieBa HA HECKOJIBKO
maroB Q; npu vetHoMm |, u cnpaBa mpu HedetHOM | (yumteiBas 3Hak sign(a;) =

(=14 a; = Q;a — P;). Jlnst onpeneneHHocTy mocunuTaeM K uetHbiM. Torma 3HaueHus



ApoOHBIX yacTedl B Toukax A; = x, —iQ, pasusl {f(A4;)} = {f(x;,)} —iay, tme

. CornacHo nemme 2:

0<ak=Qka_PkS
k+1

S; = Z glax +¢) = 9(Qk(ad; + o)) +2g(Qk(aAi_1 +0))

Ajsx<Ai_q

1 (2i— DQkay
- . _

CJ'ICI[OBaTeJ'IBHO, CyMMa CJI€Ba JOCTUIaCT MaKCHUMa, KOTaa My BBI6I/IpaCTC$I KakK

b+1
MaKCHMalbHOE HaTypanbHoe u3 ycioBus (2n, —1)Qra; <1 - ny = [ kz ],bk =

1 1 .
=0,9k+1,1 <0, <1 +——— Ilpu >TOM cCcymMMa cjeBa HE MPEB30OHICT
Qrak Ak+19k+2

7" (1 — b—") = Tk (1 + %) W3 ycnoBus mud ny NOoaydaeMm Ny = [qk+21 ]
k k

PaccmarpuBast 1o OTAEIBHOCTH CIlydau YETHOTO (41, KOTAA My = qz—k Y HEYETHOTO

Q +1
ciiydasd, Kormga n, = IH-TI OLOCHKAa BO3MOKHOTO MAKCHMMAJIbHOI'O 3HAYCHUA CYMMBbI

CI€BAa TOJIYYaeTCsd OTPAHWUYECHHBIM BEIMYHHOU %+ 1/8qy 2. HelicTBUTENBHO,

€CITM MMEETCS Ny, JUIMH CYMMHPOBAHUS MO Q) AJIEMEHTOM, YTO B TOYKaX X; = X, +
Q * 1,1 < ny npodusie momu {Qf(x;)} MOHOTOHO pacTyT WM yOBIBalOT, TO Q-
CyMMa B 3TOM MHTEpBaJie Oy/IeT paBHa IJIOMIAIU TPAMeInu, 00pa30BaHHOU MPSIMBIMU
X =x9+ Qp *xi,i <ng, u npsamoit Y =1/2. [lpudeM 1mIomaae BHIIIE 3TONH TPSIMOM
NPUHUMAETCS B PacyeT CO 3HAKOM +, a IUIONIaJh HUKE ITOTO YPOBHS CO 3HAKOM —.
[Ipu 3TOM O4YEBWAHO, YTO IUIOMIA[h HE MPEBBIIIAET TUIOMIAJU MPSIMOYTOJIBHOTO
TPEYroJIbHUKa C OJHHM KareToM 1/2 W Cc TaHTeHCOM yriia HakioHa |Qpa — Pyl.

[iomanb 3TOro TpEyroJibHUKa paBHa

1 11

1 1
— == |Qpa — Pyl < = .
2*2*2|Qka | <8<qk+1+qk+2>

OTtcroa noJiy4aeTcsi yTBEPKIACHUE JIEMMBL.
Ceiluac o1leHMM MaKCUMallbHOE BO3MOYKHOE 3HAYE€HUE J—CYMMBbI, KOT/Ia JJIMHA
CyMMHUpOBaHUsI MeHbllle @ ,;. Wcnonmb3ys nemmbr (2), (3) nerko mnomydaercs

clenyolee:



Lemma 4. Ilycmo onuna unmepsana cymmuposanusi L = B — A < Qy41. Tocoa

C 1
makcumym Q— cymmol Ons aunetinou ¢gyukyuu f (X) = ax+c, a = ———

+—
11 qz+.

oocmuzaemcs, Ko2od
H =

A=x,— znleZbB =X, + z No141Q2141, My
1=0

=0

[QL+1 + 1]

u{f(x,)} = 17. Ilpu smom g-cymma no mooyuio ne menviue, Hem

k+1
<2 (a+ ). ;
max 38 Z (ql Qi1 ( )

MOJICHO cHumamsv paeHviM 1.

Tlocneonuit unen
dk+2

,ZZOKCZS’CZme]ZbCWlSO. HOK&B&TGHBCTBO MoJay4acTCsa HCIIOCPCACTBCHHO H3 JICMMEI
(3).

OTkJ0HEHUE J— CyMMBlI OT HYyId IIpAd HpPpalMOHAJIBHOM HAKJIOHE
XapaKTCPU3yCT ACHMMMCTPHUIO HPPANHOHAIIBHOI'O YHCJIA. chna, HJIs1 KOTOPBIX IIPpHU

T000M C€>2 HMMEETCS TOJBKO KOHEYHOE YHCIO PpalMOHANbHBIX MNPHOIMKEHUN C
P 1
yCHOBHEM  |a — & < gc HasoBEM HOPMANbHBIMH. N3BecTHO, YTO MOYTH BCE

UppalMoHalIbHbIE YKCia (32 UCKIOUeHHEM Mepbl () HOpMalibHBL. /(711 HOpMaJIbHBIX
HAKJIOHOB 13 (9) mosrydaercs, 4To
1Sg(4,B)| = 0((B — A)°)

npu odom & > 0.

PaBHOMEpPHOCTH LEJIBIX YHCeJ U APOOHBIX J0J1eH

B Teopun yumcen 4acTo BO3HUKAET BOIMPOC PABHOMEPHOCTH paclpeiesICHUs
ONpPENICICHHOTO  BUAA  MOCJIEAOBAaTEIbHOCTH  IEJNbIX  YHCEN,  Halmpumep
MOCJIEIOBATEILHOCTH TPOCTBIX YHceNl. B 3TOM ciydae TpPUBEICHHOE B IEPBOM
naparpade onpeneneHue He paboTaer.

[TycTh mociie10BaTeIbHOCTE X, 00JaaeT CICAYIOIUM CBOMCTBOM - B KaXJ0M
KOHEUYHOM uHTepBajie (A, B) uucio 4wieHoB X,,, IPUHAIEKAIUX ITOMY UHTEpPBAIY -

(A, B) xoHeuHo. Torma MOXHO TOBOPUTh O CpEIHEWU JJIMHE MEXKIY YJICHAMHU



n(A,B)

IIoCIacaA0BaTCIIbHOCTHU HJIK TNIOTHOCTHU HUX PACHPCACIICHUA HAa CAWMHUIY JJIMHBI

n(A,B)
B-A"

©(A,B) =

IMOCJICAOBATCILHOCT B HWHTCPBAJIC. Ham HCO6XOI[I/IMO TOYCHHOC PaCIPCACICHHUC,

OI[HE[KO ) TakK IMOJIy4acTCs CpCaHAA IIJIOTHOCTD

B - A = oB PUB) 1= o(1). £UB) 4 = ,
Korzaa o(B) BemoanseTcs @) o(1) @) 1=0(1). Dro

xp!(x)
p(x)

OONBIINX X. Torma KOJIMYECTBO YJICHOB MOCJICOBATECILHOCTU C 0O0IBIION

03HAYaeT, 9T0 (PYHKITUS IIOTHOCTU P(X) MEHSETCS IJIABHO, T.C. = 0(1) npu

OTHOCHUTEIHHON TOUHOCTBIO BBIPAKAETCS UHTETPATIOM:
n(A,B)=M+R,M = ffp(a)da,% =0(1),M - oo.

Beline mnpumepHO Tak M ONPENEIWI PABHOMEPHOCTH PACIPEACICHUS
nocjeAoBaTeabHOCTH. He  Hapymas  HUYEro Mbl  MOXKEM  YIOPSAOYUTH
(mepeHymepoBaTh) 4JIEHBI MOCIEAOBATEIBLHOCTU MO POCTY: Xg < X7 < X, ... B35IB B
KauecTBe X, HamOoJee Onm3kuid Kk 0 1 He oOpaiasi BHUMAHMS, YTO MPU ITOM MOTYT
MOSIBUTCS. © HOMEpPA C OTPULIATEIIbHBIMU WHJIEKCAMHU. J[OIyCTUM, YTO OTHOCHTEIBHOE
OTKJIOHEHHE JJIMHBI HMHTEpBaJa MEXIYy coceqHUMHU uiieHaMu pP(Xp,)(Xpe1 — Xp)
BeJIeT ce0s Kak cllydaiiHas BeluuyuHa ¢ aucnepcuei menbiine 1. Torma otkinoneHue R
npu Oonbimux M Beno Obl ce0s Kak CpEeIHEKBaIpaTHYHOE OTKJIOHEHHE, T.€. Kak
O(W ),M — 00, [Tonpaxas ATOMY, ONPENEIINM PaBHOMEPHOCTH

IIOCICAOBATCIIBHOCTH X, KaK CYIICCTBOBAHHMEC IIJIOTHOCTH  PaCHpCACICHUA

xp’ (x)
p(x)

p(x), — 0,x — oo, yro npu JodoM € > 0 cymectByer C = C(€), 4TO

B
n(A,B) =M+ R,M =f p(a)da,
A

IR| < C(e&)In(1+ |B]) (1+ M)%”. (10)

B  uwactHOCTHM, THMTOTE3a PumaHa  OSKBUBaJ€HTHAa  PaBHOMEPHOCTH
pacmpesiesieHust IPOCTHIX uncen ¢ IoTHOCThI0 1/1n (a) mist GoNbIIMX WHTEPBAJIOB,
korga B — A = O(B). BeinosiHeHre 3TOr0 COOTHOIICHUS U JIJII MaJIbIX WHTEPBAJIOB
BIEYET Piy1 — Pr = O(In?py). JlokazaTs BeimonHeHue cooTHomenus (10) u s

MaJIbIX MHTEpBaIOB Ooiiee TpyAHas 3amada. IIpu paccMOTpeHUM TOJIBKO OOJIBLIMX



MHTEPBAJIOB HIDKHIOW rpaHuily A B (10) MOXHO cuuTaTh (PUKCUPOBAHHBIM YHCIIOM.
[Ipu pacnpeneneHny NOJ0KUTEIbHBIX LEIbIX YUCEN JIJIS yI00CTBA MOKEM IOJIOKUTh
A = 2. Ecmu Bemmuumny p(x,)(Xp+1 — X,) PaCCMOTPETh KaK CIIYYalHYIO

MOJIOKUTENIBHYI0 BENWYMHY (11ar) co cpeanuMm 3HadenueM 1, to R B (10)

TIpe/ICTaBIsAeT MPUMEpPHOE OTKIOHEH!e 32 M maros. OTkioHerne Gonbire, yem CvVM
ctaHoBuTcsi ManioBeposiTHo, uro mpu C = O(In B) BooOIIEe HEBO3ZMOXKHOM.
[IpumepHO HSTH MOTHBBI CIIyXaT ONPABIAHHEM OTMPEIACICHUS PABHOMEPHOCTU
nocieaoBaTeabHOCTH B (10).

YacTo BOIpOCH paBHOMEPHOCTH HEKOTOPOM MOCIEAOBATEIILHOCTH CBOMISITCS K

PaBHOMEPHOCTH paclpeiesIieHUs IPOOHBIX J0JIeH (QyHKIINU:

Xy = {hizf(hln)},n =12,...N=0 (hll) (11)

npu  MajbiX hy, h,. 31ech YeHBl TOCIEIOBATEIPHOCTH OTPAaHUYCHBI B
uaTepBaie [0, 1) ¥ POCT KOJMYECTBA UYJICHOB ITOCIICIOBATEIBHOCTH B 3aJaHHOM

HHTCPBAJIC oOecrieynBaeTcsl 3a CYET YMCHBIICHHUA IIapaMCTpa IIara hl: a Hux

. h
Clly4ailHO€ IIOBEJIEHHE 3a CYeT h—1 — oo, Hanpumep, B TEOpUHM 4YHUCEN BOIPOC
2

PAaBHOMEPHOCTH pPacCHpeAesiCHUs] TMPOCThIX YHCEI CBOJIUTCS K PaBHOMEPHOCTH
npobHeix poneit x, = {tin(p,)},n =1,2,...,N,t > N2. JIpoGHble 101U OOBLIYHO
MOJTY4YarOTCs KaK OCTaTKM TIOCJI€ BbIYETA LEJIOr0 M TOSBISIOTCS PABHOMEPHO
pacnpeneneHHbIMU. COOTBETCTBEHHO, BbipakeHue (10) o3HayaeT, 4TO KOJIUYECTBO

TeX X, M <N s kotopeix 0 <x,<a <1 3amaercs kak aN + R,|R| <

1
24
C(e t)Nz"°,
B TakoM cilydae PaBHOMEPHOCTb O3HAYAET, YTO OCTATOYHBINA UJIEH B OLEHKE

nensix Touek (hqi, h,j),i,j € Z B obnacTu yepe3 HHTETPal, OIICHUBACTCS BETUIHHON

Zie
O(Nz""). Kak yBuauM HIXe, K Takod (opMe pPaBHOMEPHOCTU CBOMISTCS MHOTHE
3aJ1a4y TCOPUHU YHCEIL.
!/ !/ !/
Ilycts B miockocTH 3anana HekoTopas obmacte f',(x) <y’ < f' (x), a <
x' < b. Hanecem ceTky ¢ marom h; 1mo ocu abIMCC ¢ marom h, 1Mo ocu OpAMHAT

3amuIlleM HEPABEHCTBA OMpPEACIAIoNe 00J1acTh B 0Oe3pa3MEepHBIX TEPEMEHHBIX



b
xX=—,y= Z—Z,A = h—l,B = Touku ¢ koopauHaTamu (X, y) =(n, m),n€ Z, me€ Z

HA30BE€M IEJIbIMUA TOYKaMU. B nanbHeWIleM JAOTOBOPUMCS CUUTATh IEJIbIE TOYKH,
HaxXOJIAIINECs Ha TJIAIKON TpaHulle, 3a 1/2 TOYKH, MmomaBmielics B 00J1acTh, YTIOBBIC

ToukH 3a 1/4 Touku. [TycTh 061aCTh 3a/1aHa C TOMOIIBIO HEPABEHCTB:
1
A<x<B,0<y<f(x) =h—f’(xh1).
2

JIOrOBOpUMCST TaK e, YTO CYMMa ), 4<,<p @(X) O3Ha4aeT CymMMy IO BCEM

LEJIBIM X:
D 000 =00 +0,0B) + ) o)
AsxsB A<x<B
BKJIIOYAsl KpalHWE 3HA4eHUs ¢ BecoMm 6O = %, ifA€EZ, 0, = %, if BEZ.

[Ipeanonoxkum Tak ke, uro Bcerna B — A €Z, t.e. 8; = 0,. Torga 6e3pa3zmepHas

wiomanp obmactu (B eauHunax hq h,) BbIpaxaeTcs depe3 MHTETPAIbHYI0 CYMMY

s= ) fw-r,

A<x<B

Cumricona GopMyIioi:

rae I’ ommbka MHTErpagbHOM CyMMBI, paCCUMTAHHOM MO (opMysie Tpamenuu
(c nuHeHON ammpokcumared (YHKIMU MEXIY IEeJIOYUCICHHBIMUA 3HAYCHUSMU
apryMeHTa), KoTopas 4YacTO HE€ IMPEBOCXOAUT HEKOTOPOM  KOHCTAHTHI.
JlelicTBUTENBHO, CyMMa

> 9 = Y (Serlh ke + 1) = Nk e + 1),

A<k<B k

rae Si-(k, k + 1)- miomanp Tpanenuud Mexay npsMeiMd X =k u x =k + 1 ¢
HxkHed rpanunei y = 0 u ¢ Bepxueit y = f (k) + (f (k + 1) — £ (k))(x — k), uncno N (k,
k + 1) — o3HayaeT KOJHMYECTBO IICJIBIX TOYEK B JTOM Tpamenuu. BHyTpu Takoii
Tpaneury LEJIbIX TOUYEeK HEeT, TPaHUYHbIE LIeJble TOUKU CUMTAIOTCS ¢ BecoM 1/2 , a
BepIIMHBI (YIJIOBbIE TOYKH, €CJIM OHM Iienbie) ¢ BecoMm 1/4 . Ilpu mpucoenmueHuu
JIBYX Tpaneuuid Beca OOIIMX TPAaHUYHBIX IEJbIX TOYEK CYMMHUPYIOTCS M OHHU

nmpuoOpeTaroT Bec 1, a 1enpie TOYKY Ha BEpIIMHAX MpruoOpeTaroT Bec 1/2.



1
Nk k+1) = E([f(k)] +0(k) + [f(k+ D]+ 0(k + 1)),

rne
0, f(k)&Z
o) = {% f(k) e Z.)

Tak kak Mexmy TrpadukoM W TpamenusMd HET IMENbIX TOYEK, KOJUYECTBO
LeIbIX TOYeK 1o rpaduxom ompenensercs kKak N = Y Sy — S;(A,B) =S +1' —
Sg(A, B). 3necw uepes Sg(A,B) - 0003HAaYCHO g— CyMMa, 4epe3 S IIomaab MO
KpUBOM, yepe3 |’ miomaas Mexay TparneuusMu U KpUBOW, KOTOpasi OLIEHUBAETCS Kak

fri(e+3)
12

Lk

U SIBJIICTCS OIITMOKOM TIpH TojcYeTe ruiomaau mo merony Cumrcona. J{ns

. 2V2
BBIMTYKJIBIX 00JIacTel 3Ta BEJIMYMHA TPUMEPHO paBHa | = —~ (1 4+ O(max(hq, hy)).
KoyinyecTBO I1eNbIX TOYEK B O0JIACTH C YYETOM MPEJIOKEHHOIO MOJACYETa C
BECaMH JJIs TPAaHMYHBIX IEJIBIX TOYCK, BRIpaXKaeTcs Mo hopmysie:

No=S—S,(AB)+I'  S,(A.B)= z a(f (). (12)

A<x<B

VYuutbiBass HEYETHOCTh (PYHKLIMM g TMOJIydaeM, YTO Il CHUMMETPUYHOU
obnactu —f (x) <y <f (x) npu BbrurcieHnn Ny TOCTATOYHO BBECTU KOIPPULIUEHT 2
nepen Sy;(A.B). B uactHoctu jns kpyra pagmyca 1 (hy = hy, = h,R =1/h),

KOJIMYECTBO IIEJIBIX TOYEK C YIETOM CUMMETPHH BhIpakaeTcs (PopMyIIou:

2

Osti

1
Noan2—8( z g( R2—x2)+1’\| ' < =.
e /

OTMeTUM elle OJHO Ba)XHOE CBOMCTBO £— CYMM, CBSI3BIBAIOIIEE Z— CYMMBI

camoii pynkuun S, (f) ¢ g— cymmoit ooparnoit Gpynkuuu S,(@), y = f (e(y)). dus
MOHOTOHHO PACTYIIMX BBITYKIIBIX (DYHKIIHI
Sg(f) +Sg((P) = I,f + I,(p;
JIJI1 MOHOTOHHO YOBIBAIOIIINX

Sg(f) _Sg((P) = I’f - I,(p'



o I /
3amerum, u9ro @' = -5 COOTBETCTBEHHO B [MEPBOM  Cilyuae r,

OTpHUIaTeNbHAS BEIMYMHA N7 BBINYKIBIX (QyHknuii. [loaTomy cmpaBa B 00emnx

Cllydasix CTOUT IUIOIIAb MEXIy ABYMS JIMHEHHBIMH amlMpOKCHUMAalUsAMH Trpaduka
KpUBOM. OTa IUIOMIAAbL JIETKO OLEHMBAETCS HWHTETpajaMd M JIaeT BO3MOXKHOCTH
OLICHUTH OJIHY CYMMY 4epe3 JIPYTYIO.

Jlisi BbIUMCIEHUS OOIMX g— CyMM YIOOHO ammpoOKCHMHUPOBaTh OCHOBHYIO
¢yakmuio f (X) nuHelHBIMH QYHKUMSMH (pa3Hble B pa3HBIX HMHTEpBajax) C
palMOHANIBHBIMU HAKJIOHaMHU f,(x) = ax + b Tak, 4TOObI MEXIy UX rpaduKkamMu He
ObBUIO TENBIX TOYEK WIM [enbix Touek mox rpadpukom f(X), HO BbIme
anmMpOKCUMUPYIOMIEH (QYHKIHEH OBLIO MPUMEPHO TaKOe K€ KOJIUYECTBO IIEINIBIX
TOYEK, CKOJIbKO U BbIIlIE TpadrKa, HO HWXKE anmnpokcumupyroueil pynkuuu. Torna
OJIHY g— CyMMY MO>KHO BBIPa3uTh UYepe3 APYTYIo:

Lemma 5. Ilycts f (x), f 2 (X) ABe pyHKUMU onpeneneHHble B uHTEpBaie (A,
B), A€ Z B € Z. Torna g cymmsr S; = Sg(A, B,f),S, = Sg(A, B, f,) ornuuarorcs Ha
MHTETPAIBHYIO CYMMY OT Pa3HUIIBI

1 1
=2 () — L) +1B) ~ @) + Y (16— £60) =5 (N, = Ny).

A<x<B

I'ne N; KomMyecTBO HeIOYHMCIeHHBIX Todek (i, j), uto f,(i) <j < f(i), a N,
KOJIMYECTBO IeI0YHCIeHHbBIX (1, j), uto f(i) < j < f,(i). [Ipu 3TOM KpaitHue Touku A,
B B cioydae UEIOYMCIEHHOCTH 3HAYEHMM YYMTHIBAIOTCS C BecoMm  1/2.
[lemouncnenusie Touku Ha rpanute (1, j = f (1)) npu noacuetre N; cuuTaroTcsi ¢ BeCoM
¥, a Toukn (i, j = f,(i)) ¢ Becom —1. AHaAIOrHYHO MCHSIOTCS 3HAKH BECOB IPHU
noacuere Ny.

Hokaszamenvcmeo.  JlokazaTenbCTBO ~ HEMOCPEACTBEHHO  CIEAyeT U3
onpeneneHus g— QyHKIUU.

Korna Beruucngem g cymmy s @yHkuuu f (X), MBI MOXeM MOA00OpaTh
COOTBETCTBYIOIIYK) KYCOYHO JIMHEHHYIO (YHKIUIO C PAalMOHAIBHBIM HAKIOHOM
f>(x) Tak, uToObI ObUTa pasHuna [ = 0 uau Tak, 4T006I g cymma oT f,(x) Oblia paBHA

Hymo. B mocnennem ciydae, 3a f,(x) MOXHO B3STh KYCOYHO JIMHEHHYIO (DYHKITHIO,



KOTOpasi HEMpepbIBHA U MEHSIET CBOU HAKJIOH BCErJa B IEJOYMCICHHBIX (OMOPHBIX)

P
TOYKax. COOTBGTCTBGHHO, B OTOM CJIyda€ TaHI'CHC yIJla HAKJIOHa a4 = 5

Korna Ha rpadgukax nosiBIsSIFOTCS HEIOYHCICHHBIE TOYKH, TO HAaJI0 UX BBIUECTh
oT pasHuilbl | ¢ BecoM 1/2 |, ecnu OHM MOSIBISIIOTCA MEXKIY IBYMs rpadukamu, TO €
pasHunbl | Hago BBIUECTh HMX C IOJHOLEHHBIM BecoM 1. OTH CcoOOpakeHus
ITO3BOJIIOT XOPOILIO OLIEHUTh g— CYyMMBI U JI0Ka3aThb PABHOMEPHOCTD PACIPEIEIICHHS
JTPOOHBIX JOJIEW TWIaaKkuX (YHKIMHA C Majoil BTOpOMl MpOM3BOJHON. B kauecTBe
WCIIOJIBb30BaHUs 3TOrO MOJAXO0AA YKaXXEM Ha IOCTPOEHUE ONOPHBIX XOpA. JlomycTum,
uyro rpaduk ¢yskuuu f (X) Bemyksiit (f''(x) > 0). ITogHuMeM KacaTelabHYIO C
palMOHAIBHBIM HAKJIOHOM MapajuIeNIbHO TaK, YTOObI OHA Mpolia XOTs Obl yepes
OJIHY LIEJIOYMCIICHHYIO TOYKY BbIlE Tpaduka. Eciiv Ha MOIHATON NpSIMON OKa)KeTcs
o KpailHel Mepe [Be IEJIOUYMUCICHHBIE TOYKU BbIINIE (TOYHEE HE HUXKE,
LEJIOYUCIICHHBIE TOYKM HA KPUBOM CUHTAIOTCA BBIIMIE M SBIKOTCS OIIOPHBIMU
TOYKAMM) KPUBOW, TO OHU 00pa3yloT ONMOPHYIO XOpy. YBEIUUYUBasl HAKJIOH Jiyya OT
IIOJIyYEHHOM LIEJIOYMCIICHHON TOYKH 110 TE€X 0P, II0KA OHA HE MPOMIET Yepes3 IpYyryro
LEJIOYUCIIEHHYI0 TOYKY BBIIIE KPHUBOW, MOJYyYMM ONOPHYIO XOpAYy CHpaBa 3TOMU
Toukd. CreBa OMOpHasl XOpJa MOJydyaeTcs C yMEHbIIEHHWEM HakJioHa. Ecnmu Ol
rpaduK COBIAJ C ONMOPHBIMU XOpJaMHu g— cymMa Oblia Obl paBHa 0. U3 gemMmsl (5)
ITOJTY4YaeTCsl CIEAYIOIIEE CIEICTBUE:

Caeacreue. g— cyMMa paBHAa IOJIOBHMHE LEJOYHCJICHHBIX TOYEeK HAa
ONOPHBIX XOPAAaX CTPOro BbilIe rpaguka MHUHYC IUIOIIAAb MEKAY OINOPHBIMH
xopaaMu u rpagukoM KpuBoii ¢ TouHocThio A0 O(Lf'), rme L pmimna
CYMMMPOBAHUS.

[TocTpoeHne onopHBIX XOPJ] BCEr/1a BO3MOXKHA CBEpXY rpaduka JJisi BEITYKIIBIX
(GYHKIUNA U CHU3Y JUJISl BITYKJIBIX, T.€. C BHYTPEHHEW CTOPOHBI BHITTyKJION (urypsl. B
ciiy4ae, Korja rpaduk siBjseTcs MpsSMOM, TO MOXHO MOCTPOUTh Kak CHHU3Y, Tak U
cBepxy. OrmnopHble  XOpabl  CTposATcid  OfAHO3HAyHO. OHM  ONpEeAeNsItoTCS
IIOCJIEA0BATEIBHOCTBIO TAKUX LIEJIOYUCIIEHHBIX TOYEK, COCAMHEHHBIX MPSIMBIMHU, YTO
MEXAY rpauKoM U XOpJaMU OTCYTCTBYIOT LEIOYUCIEHHbIE TOUKU. [Ipu oTcyTCcTBUM

BBIITYKJIOCTH WJIA BIYKJIIOCTH JICTKO IIPHUBCCTHU IMPHUMCPHBI, KOTZa TAKOC ITOCTPOCHUC



HEBO3MOXHO. OJTHAKO, IMEETCS BO3MOXKHOCTD CX0XKETO IMOCTPOCHUSI, KOT/Ia OTIOPHBIE
LEJbI€ TOYKH PAaCIIONIOKEHBI HE 00s3aTENbHO C OJHOM CTOpPOHBL. B 3TOM ciyuae
TUIOIAAb MEX/y KPUBOI M OMIOPHBIMH XOPJIaMHU HAJ0 CYMTATh C YUETOM 3HaKa ILIIOC,
MOKa XOp/ia MPOXOIUT BhIIIE TpaduKa ¥ CO 3HAKOM MHUHYC, KOTJIa HIKe rpaduka.

OmnopHble XopAbl 00pa3yIOT KYCOYHO JIMHEHHYIO HEMpPEpBIBHYIO (YHKIIHIO,
yrojl HAaKJIOHAa KOTOPBIX MEHSETCS TOJNBKO B IIENBIX TOYKAaX IUIOCKOCTH. OHH
OCTAIOTCSl OMOPHBIMU XOpAAMU U JiIst 00paTHON ¢yHKmu. [Ipu oneHKe g— CyMMBI OT
f (x) moxno orpammuurcs obmacteio, rae 0 < f'(x) <1, Tak kak S,(f) =
Sq(f — kx),k € Z u naxe obnacteio 0 < f'(x) < 1/2 wu3-3a neuernoctu f S,(f) =
—54(x — f). Ilepexons x 0OpaTHOM QYHKLIMU M BBIYMTBIBAS IMHEHHYIO (QYHKIHMIO C
IeJIBIM HAaKJIOHOM IOIy4uM (DYHKIHIO ¢ Tipon3BogHON B uHTepBaie [0, 1]. [lepexons
OMATh K OOpaTHOM M BHIYUTHIBAS LEIOYHUCICHHYI0 MOXHO MPOJOJIKUTH STOT
nporecc. B pe3ynprare Mpl MPUXOAUM K MEPEMEHHBIM, CBS3aHHBIMH MOJYJISIPHBIM
peoOpa3oBaHUEM OT UCXOIAHBIX:

z=Qy—Px+As=Q'y—P'x+B, (13)
¢ oOpaTHBIM MpeoOpa3OBaHUEM
x =sign*x(Qs—Q'z)+C,y =sign* (Ps—P'z) + D,
sign = PQ' — QP' = +1. (14)

P P
3nech o’ g, NOCIEN0BATENbHbIE HpUOJIMKEHHsT HAKJIOHA f', TOJydaeMble IpU

Pa3NIOKEHUH B HEMpepbiBHYIO ApoOb. Korma cymma paccmaTpuBaeTcsi TOIBKO B
OTPAaHUYCHHOU 00JIACTM MO>XHO TOBOPUTH TOJIBKO O MOYTH WHBAPUAHTHOCTU g—
CYMMBbI OTHOCHUTEJILHO TaKUX NpeoOpazoBaHuid. Jlaxe, Korma peub UIET 0 CyMME 10
BCcel 007acTH, HET TOJIHOW WHBAapPUAHTHOCTH H3-3a POCTAa OIIMOKU TMOjcYeTa
IUTOIA/IM B TAKUX MEPEMEHHBIX Ipu Oobiux Q, Q.

Takue mnpeoOpa3oBaHMs B3aWMMHO OJHO3HAYHO TMEPEBOAST IIENbIE TOYKH B
IIEJIbIC TOYKU U COXPAHSIOT 1tomaau. COOTBETCTBEHHO, IIPH TAKOM MPeoOpa30BaHUU
COXPAHSIIOTCS TUIOIIA/IU, MPSAMbBIC TIEPEXOAT B IPSMbIE U KPUBBIE BTOPOTO MOPSJIKA B
KpPHUBBIE BTOPOTO MOPAJIKA. g— CyMMa, MPEACTaBIisieMasl Kak MHTeTpajibHasi CyMMa Ipu

BBIYHMCJICHHUHN ILIOIIaau IIO KpHBOﬁ, OTJIMYAEeTCd OT DTOM miomaau TOJIBKO Ha



omMOKy HHTEerpupoBanuss 1o CumncoHy u  "moytu" coxpaHsercs Mpu
npeoOpa3zoBanusx. CiioBo "mouTu" 37eCh ymoTpeOssieTcsl u3-3a TOTO, YTO OIIMOKa
UHTErpaabHON cyMMbl S’ He coxpansiercst. OnHako, oHa Maina, ecii |[PQ' + QP'| ne
Oonpmoe. B pmampHeimeM 3TOT npuHUMN OynerT yTouHsAThCsA. Waes Takoro
peoOpazoBaHus 3aKIIFOYAETCS B TOM, YTOOBI TPAaHUILY OKPBITh MapajielorpaMMaMu
(mmomanpio 1) pacTAHYTHIMU BIOJIb HANpaBICHUS TPAHULIBI C MPUMEPHOM IIMHOMN

3/4

nuaronany nopsiaka h~/4. Tlorpatus Tem cambiM mopsiaka h~3/4 mapannenorpamm.

C mnoMOLIBI0 KJIACCHYECKHUX COOOpaKEHUH OIleHKa MOTPEUIHOCTH MOJy4YHUTCs

(h_%) 2/3 = p=1/2 ¢ porapudMHUEeCKMMH MHOXHTENAMH. JIIs g— CyMM Jerde
PEaNn30BaTh Ty UIEK HEMOCPEACTBEHHO. I €~ CyMM TaKHe OIIEHKH IOJTy4aroTCs
OIIOCPEICTBEHHO, YEPE3 OLEHKY PABHOMEPHOCTH PACIIPENEIEHHS TPOOHBIX JOJIEH.
Ha e— u g— CyMMBI MOXHO CMOTpPETH C TOYKH 3pE€HHUS bBpOyHOBCKOIO
IBIKEHHs. B IIepBOM ciydae [BHKeHHE (KaXIbli IIar CyMMHPOBaHHS IO X
paccMaTpuMBaeTCs Kak ClydaliHoe OpOYHOBCKOE HEPEIBHKEHHE) IIPOMCXOIUT B

IINTIOCKOCTH Ha IIar €I[HHH‘IHblﬁ JJIUHBI CO CJ'Iy‘-I&ﬁHBIM HaIrpaBJICHHUEM, BO BTOPOM

. . 1
cIydae 1o MpsAMOH CO CITydaHHBIM, PaBHOMEPHO PACTIPE/IENICHHBIM IaroMm — - <

h < 1/2. EcTeCTBEHHO OMJIaTh, YTO CyMMapHOe ABMkeHue nact sennunny O(vVN)
3a N maroB. MmMeercss TecHass CBsI3b MOHSATUS PAaBHOMEPHOCTH C TOJyYE€HHUEM
OCPETHEHHBIX YpaBHCHUN B MEXaHUKE CIUIONIHBIX CpeJ W C YYEeTOM BKJaJa
OpOYHOBCKOTO JBWIKEHHS B JAWCCHMANMK. B nanpHEimem OyaeM yTOYHATH H

000CHOBBIBaTh OTAAJICHUE CYyMMbI OT HYJIEBOTO (Ha4yaJIbHOTO) TOJIOKEHHS PUMEPHO

npornopuroHanbHo VN Kak M GpPOYHOBCKAas YACTHI[A OT CBOELO HAYATIBHOTO
MOJIOXKEHHUS.

CoOOTBETCTBEHHO, MEPBHIC (€—) CYMMBI YJI00HEE HCIIOIh30BaATh MPHU MOJCUYETE
KOJIMYECTBA PEIICHUN AMO(PaHTOBBIX yYpaBHEHUM, BTOpPHIE MPH OIEHKE KOJUYECTBa
LIEJIBIX TOYEK B 3aJaHHOU 00JIaCTH.

3akJjo4yeHue

3nech BBOAMUTCS TMOHITHE PaBHOMEPHOCTH, Oojiee cTporoe, yem y Beiins.

Onn HCIIOCPCACTBCHHO CBiA3aHbl C BBCACHHBIMHU g'CYMMaMI/I. OHGHKa IMOCICAHUX



IIOPOI0 MPOILE, YEM OLEHKA TPUTOHOMETPUUECKHMX CYMM BCIEACTBHUE HMX IOYTH
MHBAPUAHTHOCTH OTHOCUTEIBHO MOJIYJIAPHBIX MPeoOpa3oBaHUM. 371€Ch H3JI0KEHBI
TOJIBKO OLICHKHM JIMHEWHBIX (J-CYMM U CaMbl€ NEpBble METOAbl UX OlLieHKH. Pabota

OyZeT MpooJKeHa B JaTbHEHIIIEM.
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