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Abstract

There are many applications of the theory of integral equations of Fredholm type. In the literature, applications of
Fredholm theory to the questions of boundary problems of ordinary differential or equations with partial derivatives are best
known. In this work, we consider the analogs of some problems of the theory of differential equations in Bohr spaces, solutions
of which could be found by application of the theory of limit Fredholm equations in Bohr spaces of almost periodic functions.
Differential equations are not solvable in the space of almost periodic functions, in general. By this reason, we modify posing
of the problems with the aim that the question could solvable in Bohr space. In the work, we state the equivalent variant of
boundary problems in the space of almost periodic functions.
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AHHOTaN M

CyliiecTByeT MHOXKECTBO TMPUMEHEHHI TeOpHM MHTerpanbHbIX ypaBHeHWH Buzia ®pearosbma. B nureparype Hambosee
M3BeCTHBbI C/lyuyad npuMeHeHus: Teopur DpearojbMa K BOMPOCAM KpaeBbIX 3ajilau OOBIKHOBEHHBIX Au(QepeHraabHbIX
yYPpaBHEHWII WM ypaBHEHWI C YaCTHBIMH MPOU3BOAHBIMU. B naHHONW paboTe MBI PaCCMOTPUM aHA/IOTH HEKOTODPBIX 3ajad
TeopUun I,II[I/I('l)('l)epE!HIJI/I{:I]H)HI:IX ypaBHEHI/Iﬁ B MMPOCTPAaHCTBAX Bopa, peleHuda KOTOPbIX MOT'YT OBITE HaﬁAEHbI nyTemM rnpruMeHeHusa
Teopuu Tpe/ie/IbHBIX ypaBHeHNH Ppezarosnbma B pocTpaHcTBax bopa moutn nepuognyeckux ¢yHkumi. JuddepenmnyansHbie
ypaBHeHMsI B TIPOCTPaHCTBe MOYTH IepuofuvecKuX (YHKLMHM, Kak MpaBuio, He paspelidMbl. [Io 3Tol NIpUUMHE MBI
MozupUIMpyeM ITOCTAHOBKY 3a/jad C TAKUM pacuyeToM, 4ToObl BOIIPOC MOT ObITh pa3pelliuM B IpocTpaHcTBe bopa. B pabore
M3/1araeTcst SKBUBaJIeHTHBIM BapUaHT KPaeBhIX 33/jau B POCTPAHCTBE MOYTU TTePUOANYeCKIX (QYHKIUH.

KimoueBble c/I0Ba: WHTeTpa/ibHble ypaBHeHHs, Teopuss PpeAronbma, MOUTH TepuoAndeckue (YHKIMM, TTPOCTPaHCTBA
bopa, kpaeBble 3asauu.

Introduction

There are many applications of the theory of integral equations of Fredholm type. In the literature, applications of
Fredholm theory to the questions of boundary problems of ordinary differential or equations with partial derivatives are best
known. In this work, we consider some problems of the theory of differential equations, solutions of which could be found by
application of the theory of limit Fredholm equations in Bohr spaces of almost periodic functions [3], [4], [5], [6]. In this paper,
we will consider the analogs of two boundary problems and solve them by the theory of limit Fredholm equations.

In general, differential equations are not solvable in the space of almost periodic functions. By this reason, we modify
posing of the problems with the aim that the question could solvable in Bohr space. In the work, we state the equivalent variant
of boundary problems in the space of almost periodic functions. The method of solution is based on the construction of the
analog of Green function corresponding to the boundary problem and leading the problem to the solution of limit integral
equations of Fredholm type.

It is best known that the integral equations of Fredholry ar; Elose;y connected with differential equations of first order

y = f(xy).

Many investigations were devoted to such equations in different classes of functions. In the Favard theory, for example, the
special cases of these equations were considered for the class of Bohr almost periodic functions which belong to the class of
continuous bounded functions. In some cases there are not almost periodic solutions for the equation

y' +Ax)y = f(x)

(see [8]) in which the functions f(x) and A(x) are almost periodic.

There are examples ([9]) showing existence of unbounded almost periodic functions in Besicovitch sense which cannot be
the solution to any differential equations of a view

Fy.y.....y™)=0
with continuous function F.
In this work, we consider some problem of the theory of differential equations, solutions of which could be found by
application of the theory of limit Fredholm equations in Bohr spaces of almost periodic functions [3], [4], [5], [6]. In the paper,
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we consider the analog of a boundary problem and solve it using the theory of limit Fredholm equations. Since differential
equations are not solvable in the space of almost periodic functions in general, we modify the posing of the problems with the
aim that the question was solvable in Bohr space.

Research methods and principles
Let K(x, y) be a bivariate almost periodic function, A is a complex number. In [4] the following analogs of Fredholm
functions are introduced:

D) =1+33, =

with
K(x,&) K(xi,&) -+ K(xi,&)
K , K , e K ,én
b, = (~1)" limy_.. %fOT/OT (x.2 &) (x.2 &) ; (x:2 &n) dEidey - dE
K(xn, &) K(xn,&) -+ K(xp, &)

We also denote: 1
Di(x,y:4) = AD()K (x1y) + L5 (1)1 L8y y e R,
in which we set:

0n(x,y) = ~lim7eo 2 7+ [T Py (6, & 61,y Enet) K(E Y)dEDE -+~ dEnor,

K(x, &) K(x,&) - K(x&-1)
K(&,8)  K(&,&) -+ K(&,&-1)

where

Py (x, &8, ..., 8nm1) = : : _ :
K (gn—l, g) K (gn—l’ §1) - K (gn—l’ gn—l)

the functions () and p(x, ¢ 1) are integral functions of the variable ) . Let us consider limit integral equation of
a view:

. T
¢ (x) = f(x) + Alimrseo 7 f K(x, E)p(§)dE M)
where the function f(x) Is an almost periodic function, and the kernel g (y, £) 1s a symmetric bivariate almost

periodic function.

In [4] it was established that every equation of this type is equivalent to some ordinary integral equation in unite cube. The
dimension of the cube is defined by the number of linearly independent Fourier exponents, if the set of them is finite (infinite
dimensional case reduces to the sequence of finite cases). On this base, we can prove the lemma below.

Lemma 1. Let ) be areal number such that p(}) £ (. Then the equation (1) has a unique solution which is defined

by the formula

p(x) = f(x) +limp_eo & [T f(5)2EN g, @

Main results
Let us consider some boundary problem in three-dimensional spaces. In the work [3], [7] it was considered the equation

uxx+uyy+uzz+2?“ux:0,()<2a<1,x>0. 3)

In that works it was constructed the theory of potentials. For applications to boundary problems, was got the integral
equation of Fredholm type. Using this method, we, as above, will introduce the boundary problem in Bohr space of almost
periodic functions and will solve it using the theory of limit integral equations.

Let us consider, in brief, the method of the work [3]. Let be a Lyapunov surface in the half space ,. 5 () bounded by

simple connected open domain X on the plane x=0. Denote by x = x(s, 1),y = y(s,t),z = z(s,t) the parametric equation
of t y he surface, and (5,0) €D, ®={(s,t)|0<s<1,0<t <1} Denote by y the common boundary of domains

X and. Suppose that:
1) The functions x = x(s, 1), y =y(s,t),z = z(s,t) have continuous partial derivatives which does not vanish

simultaneously;
2) when the points of I' tends to y , then the surfaces intersect under right angle.

Consider now the boundary problem of Dirichlet. It is required to find in D the solution of the equation (3), being
continuous in, and satisfying the boundary conditions:

ulp = ¢(s,0), (s,t) € D,u(0,s,t) = 71(y,2), (y.2) € X, (4)
where o(s, 1) and 71(s, ) are given functions for which (s, t)ly = 11(y, z)|y . On X we take (y,2) = (s, 1)

The  solution of  this equation is searched as a  potential,  with  unknown  density:

wa(%,y,2) = [[; 128, 9)B5 [q2(£ m, §3x, 9, 2)] d6d,
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where B¢ [qa(&En.Gx,y,2)] (v=1,2) isa fundamental solution of the equation (3). Using the fact that for the
satisfaction of the boundary condition it is required the equality y,(x,y,z) = ¢5(s,t), (x,y,z) € I, We arrive at the
integral equation for unknown density

/12(5’ t) -2 [A* ﬂ2(9> 19)K2(S, L 6’ ‘9)d9dl9 = _2‘.02(3: t) ®)
inwhich 0, (s,¢,0,9) = B [q2(£(6, 8),1(0,9), (0, 9); x(s, )y (s, t), (s, 1))] .

Using the method of the work [4], we can formulate the analog of Dirichlet boundary problem in Bohr spaces. We suffice
with posing and scheme of solution of the problem. For this, we take some triple of real (irrational) numbers (p,6,9)

independent over the field of rational numbers. We put on X
(s.1) = ({01}, {A1}),t €R

To every continuous function f(s ¢) from the Lebesgue class 1,((,1) we put in correspondence almost periodic
function  £({st}, {At}). The analog of integral equation (5) will be a limit integral equation

. T
(8, At) = 21imr e 3 [i p2(pt, At)Ka (8t, AL, Sp, Ap)dp = —2¢2(8t, At). (6)
Substituting found density into the equality ;
wy(x,y,2) = limr e 7 [ 12(8,A0)B% [q2(E, 1, {5 x,9,2)] dt,
we obtain the required solution, satisfying the boundary conditions  (for which we must

substitute x = x(s, 1),y = y(s, 1),z = z(s, 1), (s,t) = ({5}}, {At})) - We get the potential 4, (x, y,z) whichwill bea
solution of the equation 4 Uyy + Uz + 2ay, . =( With boundary conditions (5), written out in the limit form
X

ulp = im0 limy 00 @ (61,0, tinA) ; 7)

u(o: y, z) = limy, 00 limy, 00 71 (y (tm5s tmA), z (tm0, tmA)), 8)
where (; y is some sequences of real numbers tending to oo,

Note that in the work [7] it was proven that 2 is not an eigenvalue of the equation (6). So, the unique solution of the
equation (6) can be found by using of resolvent of the limit integral equation, applying the theorem 3.2 of the work [4].

Let us transform the given equation by such manner that to get a boundary problem in Bohr space of multivariate almost
periodic functions. We have

1
—Uyx.
pUx

1 —
Uy = pupt =
Analogically,
=1 =L =1
Ure = J3lxx Urr = prllyy, Utt = Hrlzz.

So, we can rewrite given equation as follows
2, p2 2 2ap . _
(p> + 0%+ 9%) uyy + =Lu, = 0. (9)

Resuming all of said above, we have proven the main result of the paper.
Theorem. Let be a Lyapunov surface in the half space . 5 () bounded by simple connected open domain X on the plane

x=0 and the surface. Denote by x = x(st),y=y(s,t),z=z(s,t) the parametric equation of the surface I
and (5 4) e d,d={(st)|0<s<1,0<t<1} -

Denote by y the common boundary of domains X and, satisfying conditions 1)-2) above. Then there exists a
function 4 (x, y,z) such that for every triple (5 g 9) of real numbers, linearly independent over the field of rational
numbers, the function 4 ({ pt},{0},{9t}) is an almost periodic solution of the equation (9), satisfying the boundary
conditions (7)-(8).

Conclusion

Note that the solutions of the equation (3) can be found as a limit value of obtained solution of the equation (9), due to
everywhere denseness of values of almost periodic functions. This gives another point of a view to the boundary problems,
because the equation (9) is simpler as the equation (3). This equation can be reduced to ordinary differential equations of first
order, which can be taken by integration.

Simplification of the equation (3) can be performed for other equations with partial derivatives and boundary conditions,
which are solvable by the construction of Green function.
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