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Îáîáùåííûé ìåòîä ìîìåíòîâ

Ìû ïðîäîëæàåì îáçîð íàèáîëåå çíà÷èòåëüíûõ äîñòèæåíèé â ýêîíîìåòðè÷åñêîé

íàóêå, åùå íå äîñòàòî÷íî ïîëíî îñâåùåííûõ â îòå÷åñòâåííîé ëèòåðàòóðå.

Îáîáùåííûé ìåòîä ìîìåíòîâ — ÎÌÌ (generalized method of moments — GMM) áûë

ââåäåí â ýêîíîìåòðèêó Ë. Õàíñåíîì [Hansen (1982)] è ÿâëÿåòñÿ îäíîâðåìåííî îáîáùåíè-

åì ìåòîäà ìîìåíòîâ (ÌÌ) è ìåòîäà íàèìåíüøèõ êâàäðàòîâ (ÌÍÊ) äëÿ îöåíêè ïàðà-

ìåòðîâ ìîäåëè. Â ñòàòüå ìû ðàññìîòðèì ïðèìåíåíèå ÎÌÌ äëÿ íàõîæäåíèÿ îöåíîê ïà-

ðàìåòðîâ ìîäåëè ëèíåéíîé ðåãðåññèè.

1. Метод моментов

Ì
û íàïîìíèì, ÷òî ìàòåìàòè÷åñêîå îæèäàíèå E(x) ñëó÷àéíîé âåëè÷èíû x íàçûâàåòñÿ åå
ìîìåíòîì (ïåðâîãî ïîðÿäêà) — m, à âûáîðî÷íûì ìîìåíòîì — åå âûáîðî÷íîå
ñðåäíåå:
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ãäå n — ÷èñëî íàáëþäåíèé, à x x n1 , . . . , — ñëó÷àéíàÿ âûáîðêà çíà÷åíèé x. Òåîðåìà Õèí÷èíà óò-
âåðæäàåò, ÷òî mn ñõîäèòñÿ ïî âåðîÿòíîñòè ê m, ò. å.
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Â äàëüíåéøåì ìû îòêàæåìñÿ îò òðåáîâàíèÿ, ÷òîáû ñëó÷àéíûå âåëè÷èíû x x n1 , . . . , áûëè íå-
çàâèñèìûìè è äàæå, ÷òîáû îíè èìåëè îäèíàêîâîå âåðîÿòíîñòíîå ðàñïðåäåëåíèå (íî, âñå
îíè äîëæíû èìåòü îäèíàêîâîå ìàòåìàòè÷åñêîå îæèäàíèå E x m ii( ) , , , . . .� � 1 2 ). Òåì íå ìåíåå,
àíàëîã òåîðåìû Õèí÷èíà — ôîðìóëà (1.2) îñòàåòñÿ âåðíîé ïðè íàëîæåíèè îïðåäåëåííûõ
óñëîâèé íà xi.

Ñîîòâåòñòâåííî äëÿ ôóíêöèè g(x) åå ìîìåíò1 :

m g x E g x( ( )) ( ( ))� ,

à åå âûáîðî÷íûé ìîìåíò:
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Â îòëè÷èå îò âûáîðî÷íîãî, ìîìåíò m(g(x)) ôóíêöèè g(x) íàçûâàþò åå òåîðåòè÷åñêèì ìî-

ìåíòîì.
Ìû çàìåòèì, ÷òî m g X( ( )) è m g Xn ( ( )) îïðåäåëåíû òàêæå äëÿ ñëó÷àÿ, êîãäà X — âåêòîð, ò. å.

X ïðåäñòàâëåí êîíå÷íûì íàáîðîì ñëó÷àéíûõ âåëè÷èí. Â ýòîì ñëó÷àå g(X) áóäåò ôóíêöèåé îò
ñîîòâåòñòâóþùåãî ÷èñëà ïåðåìåííûõ. Áîëåå òîãî, åñëè G(X) — âåêòîðíàÿ ôóíêöèÿ ðàçìåð-
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1 Ïðè g(x) = xr, ìû ïîëó÷èì íà÷àëüíûé ìîìåíò ïîðÿäêà r.



íîñòè r, òî ñ ïîìîùüþ ôîðìóë (1.1) è (1.3) ìû ïîëó÷èì âûáîðî÷íûå ìîìåíòû, êîòîðûå áóäóò
r-ìåðíûìè âåêòîðàìè.

Êàê ïðàâèëî, g(X) çàâèñèò îò âåêòîðà ïàðàìåòðîâ 5 5 5� � �( )1 � k
2. Ìû áóäåì çàïèñûâàòü

ýòîò ôàêò â âèäå g X g X k( ; ) ( ; )5 5 5� � �1 � . Ñîîòâåòñòâåííî, ìîìåíòûm g X( ( ; ))5 è m g Xn ( ( ; ))5 òàêæå
áóäóò çàâèñåòü îò ïàðàìåòðîâ 5 51� �� k .

Ïîñòàíîâêà çàäà÷è. Ïðåäïîëîæèì, ÷òî èìåþòñÿ r ôóíêöèé — g X g Xr1( ; ), . . . , ( ; )5 5 , è ìû íà-
áëþäàåì çíà÷åíèÿ X1,…,Xn, ñîîòâåòñòâóþùèå âåêòîðó 5 5 50 1

0 0� � �� k , äëÿ êîòîðîãî òåîðåòè-
÷åñêèå ìîìåíòû m g X m g Xr( ( ; )), . . . , ( ( ; ))1 0 05 5 ðàâíû 03. Ìû òàêæå ïðåäïîëàãàåì, ÷òî 5 0 —
èäåíòèôèöèðóåì. Ýòî îçíà÷àåò, ÷òî, åñëè 5 51 0 , òî õîòÿ áû îäèí èç ìîìåíòîâ
m g X m g Xr( ( ; )), . . . , ( ( ; ))1 5 5 íå ðàâåí 0. Òðåáóåòñÿ îöåíèòü âåêòîð 5 0 .

Ìû çàïèøåì ñèñòåìó èç r óðàâíåíèé ìîìåíòîâ îòíîñèòåëüíî k íåèçâåñòíûõ 5 51� �� k :
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Äðóãèìè ñëîâàìè, ìû ïðèðàâíèâàåì âûáîðî÷íûå ìîìåíòû ôóíêöèé g gr1 , . . . , ê èõ òåîðå-
òè÷åñêèì ìîìåíòàì. Åñòåñòâåííî, ïðèíÿòü ðåøåíèå ñèñòåìû (1.4) � �5 51

0 0� �� k , ïðè óñëîâèè,
÷òî îíî ñóùåñòâóåò è åäèíñòâåííîå, çà îöåíêè ñîîòâåòñòâóþùèõ ïàðàìåòðîâ 5 51

0 0� �� k . Êàê
ïðàâèëî, äëÿ ýòîãî òðåáóåòñÿ, ÷òîáû ÷èñëî íåèçâåñòíûõ è óðàâíåíèé â (1.4) ñîâïàäàëî, òî
åñòü, ÷òîáû k r� . Íàõîæäåíèå îöåíîê � �5 51

0 0� �� k ïðè ðåøåíèè ñèñòåìû (1.4) íàçûâàåòñÿ ìåòî-

äîì ìîìåíòîâ (ÌÌ).

1.1. Îöåíêà êîýôôèöèåíòîâ ìîäåëè ëèíåéíîé ðåãðåññèè

Ðàññìîòðèì ìîäåëü ëèíåéíîé ðåãðåññèè:

y x x xi i i k i
k

i� � � � �	 	 	 �1
1

2
2( ) ( ) ( )

� , i n� 12, ,..., , (1.5)

ãäå ñëó÷àéíûå ÷ëåíû � �1� �� n — ïðîèçâîëüíûå (íå îáÿçàòåëüíî íîðìàëüíûå è, âîçìîæíî,
èìåþùèå ðàçëè÷íûå âåðîÿòíîñòíûå ðàñïðåäåëåíèÿ) ñëó÷àéíûå âåëè÷èíû ñ îäíèì è òåì æå
ìàòåìàòè÷åñêèì îæèäàíèåì, ðàâíûì 0. Ðåãðåññîðû x x x k( ) ( ) ( ), , . . . ,1 2 òàêæå, â îòëè÷èå îò êëàñ-
ñè÷åñêîé ìîäåëè ëèíåéíîé ðåãðåññèè, íå ïðåäïîëàãàþòñÿ äåòåðìèíèðîâàííûìè4. Ìû ïîëó-
÷èì äîïîëíèòåëüíûå îãðàíè÷åíèÿ êàê äëÿ ñëó÷àéíûõ ÷ëåíîâ, òàê è äëÿ ðåãðåññîðîâ, ïðè
èçó÷åíèè îöåíîê ïàðàìåòðîâ ìîäåëè 	 	 	1 2, , . . . , k . Òåì ñàìûì íàø ïîäõîä ïðèíöèïèàëüíî
îòëè÷àåòñÿ îò ïðèíÿòîãî â êóðñàõ ýêîíîìåòðèêè, êîãäà àïðèîðè îïðåäåëÿþòñÿ âñå õàðàêòå-
ðèñòèêè ìîäåëè, à çàòåì, íà èõ îñíîâå, âûâîäÿòñÿ åå ñâîéñòâà.

Ïîëîæèì, ÷òî

g x xj
j j( , )( ) ( )� �� , j k� 1 2, , ..., . (1.6)
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2 Âåðîÿòíîñòíîå ðàñïðåäåëåíèå X òàêæå ìîæåò çàâèñåòü îò5.
3 Åñëè m g X c( ( )) � 1 0, òî ìû ðàññìîòðèì g X g X c1( ) ( )� � .
4 Äëÿ îäíîãî è òîãî æå ðåãðåññîðà x , xj

i
j( ) ( )

1
è x i ii

j
2 1 2

( ) , 1 , ìîãóò èìåòü ðàçëè÷íûå âåðîÿòíîñòíûå ðàñïðåäåëåíèÿ,

â òîì ÷èñëå áûòü ðàçëè÷íûìè êîíñòàíòàìè.



Äëÿ i-ãî íàáëþäåíèÿ

g x xj
j

i
j

i( , )( ) ( )� �� . (1.7)

Çàìåòèì, ÷òî â ïðàâîé ÷àñòè (1.7) ïðè ðàçëè÷íûõ i ìû áóäåì èìåòü â îáùåì ðàçëè÷íûå ñëó-
÷àéíûå âåëè÷èíû.

Òàê êàê ìû ñîáèðàåìñÿ ïðèìåíèòü ìåòîä ìîìåíòîâ, ïîòðåáóåì, ÷òîáû äëÿ êàæäîãî
j k� 1 2, , . . . , âûïîëíÿëîñü ñëåäóþùåå óñëîâèå îðòîãîíàëüíîñòè:

E x
i

j
i( ) 0( ) � � , i n� 1,2,..., . (1.8)

Èç (1.5) ñëåäóåò, ÷òî ôîðìóëó (1.6) ìîæíî çàïèñàòü â âèäå ôóíêöèè îò k �1ïåðåìåííûõ
y x x k, , . . . ,( ) ( )1 è k ïàðàìåòðîâ 	 	1 , . . . , k

g y x x x y xj
k

k
j

k( , , ..., ; ,..., ) ( ...( ) ( ) ( ) ( )1
1 1

1	 	 	 	� � � � x k( ) ), j k� 1 2, , ..., . (1.9)

Äëÿ îïðåäåëåíèÿ ïàðàìåòðîâ 	 	1 , . . . , k , ìû âîñïîëüçóåìñÿ ìåòîäîì ìîìåíòîâ (1.4), è ïî-
ëó÷èì ñëåäóþùóþ ñèñòåìó èç k óðàâíåíèé ìîìåíòîâ c k íåèçâåñòíûìè:
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j
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�
� 	 	 	1
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2

1

0� , j k� 1 2, , ..., . (1.10)

Ñèñòåìó (1.10) ìîæíî çàïèñàòü êàê îäíî óðàâíåíèå ìîìåíòîâ â âåêòîðíîì âèäå:

X Y XT ( )� �	 0, (1.11)

ãäå X X n� — ìàòðèöà, ñîñòàâëåííàÿ èç çíà÷åíèé ðåãðåññîðîâ ìîäåëè (1.5). Ìû ïðåäïîëàãà-
åì, êàê îáû÷íî, ÷òî ðàíã X ðàâåí k.
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âåêòîðà Y y y n� ( , . . . , )1 , 	 	 	� � �( )1 � k , è T — ñèìâîë òðàíñïîíèðîâàíèÿ.

Ïîñêîëüêó rank( )X k� , ìàòðèöà X XT — íåâûðîæäåííàÿ. Òàêèì îáðàçîì, ðåøåíèå óðàâíå-
íèÿ (1.11) ñóùåñòâóåò, åäèíñòâåííîå, è åãî ìîæíî çàïèñàòü â âèäå:

� ( )	 � �X X X YT T1 . (1.13)

Èç (1.11) ñëåäóåò, ÷òî âåêòîð îñòàòêîâe e e n� ( , . . . , )1 , ñîîòâåòñòâóþùèé �	, îðòîãîíàëåí êàæ-
äîìó èç ñòîëáöîâ X (âåêòîðó X j( ) , îáðàçîâàííîìó çíà÷åíèÿìè ðåãðåññîðà x j kj( ) , , . . . ,� 1 ):

x e j ki
j
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, ,..., , (1.14)

ãäå e y x x xi i i i i
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Ïîëó÷åííàÿ ìåòîäîì ìîìåíòîâ îöåíêà (1.13), ñîâïàäàåò ñ ÌÍÊ-îöåíêîé äëÿ 	 — ïðè íà-
õîæäåíèè ìèíèìóìà êâàäðàòè÷íîé ôîðìû (ïî 	 	1� �� k ):

Q e y x xi i i k i
k

i

n

i

n

� � � � �
��
�� 2

1
1 2

11

( ) ,( ) ( )	 	� (1.15)

èëè â âåêòîðíîé ôîðìå:

Q Y X Y XT� � �( ) ( )	 	 . (1.15')

Ðàññìîòðèì ñëåäóþùèå ñâîéñòâà îöåíêè (1.13).

1. Íåñìåùåííîñòü, E( � )	 	� .
Èç (1.13) èìååì:

� ( ) ( ) ( ) ( ) ,	 	 � 	 �� � � � �� � �X X X Y X X X X X X XT T T T T T1 1 1 (1.16)

ãäå � � ( , . . . , )� �1 n . Îòñþäà ïîëó÷àåì:

E E X X XT T( � ) (( ) ).	 	 �� � �1

Òàêèì îáðàçîì, îöåíêà �	 áóäåò íåñìåùåííîé òîãäà è òîëüêî òîãäà, êîãäà

E X X XT T(( ) )� �1 0� . (1.17)

Äëÿ âûïîëíåíèÿ (1.17) äîñòàòî÷íî ïîòðåáîâàòü5 âûïîëíåíèÿ ñëåäóþùåãî óñëîâèÿ ýêçî-

ãåííîñòè6:
E X i ni( | ) 0, 1, 2, ...,� � � . (1.18)

Î÷åâèäíî, ÷òî óñëîâèå îðòîãîíàëüíîñòè (1.8) ñëåäóåò èç (1.18).

2. Ñîñòîÿòåëüíîñòü, plim
n4�

��	 	.

Ïðè áîëüøèõ çíà÷åíèÿõ ÷èñëà íàáëþäåíèé n, çíà÷åíèÿ �	 ñ áîëüøîé âåðîÿòíîñòüþ áó-
äóò áëèçêè �. Ñîãëàñíî (1.16), äëÿ ñîñòîÿòåëüíîñòè �	 íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

plim
n

T TX X X
4�

� �( ) 1 0� . (1.19)

Åñëè çàïèñàòü
( ) ) ( ) ( )X X X n X X n XT T T T� � � ��1 1 1 1� � , (1.20)

òî äîñòàòî÷íûìè óñëîâèÿìè äëÿ âûïîëíåíèÿ (1.19) áóäóò:

à)
plim

n

Tn X X S
4�

� �1 , (1.21)

ãäå S — íåâûðîæäåííàÿ ìàòðèöà ïîðÿäêà k.
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5 Äëÿ äîêàçàòåëüñòâà äîñòàòî÷íîñòè ìîæíî âîñïîëüçîâàòüñÿ ôîðìóëîé èç òåîðèè âåðîÿòíîñòåé

E x E E x| x( ) ( ( ))� �� .
6 Îáû÷íî ïîä ýêçîãåííîñòüþ ðåãðåññîðîâ ïîíèìàåòñÿ áîëåå îáùåå óñëîâèå íåçàâèñèìîñòè �i îò X i n., , , . . . ,�1 2

×òî ýòî íå îäíî è òî æå, âèäíî íà ïðèìåðå ãåòåðîñêåäàñòè÷íîñòè ñëó÷àéíûõ ÷ëåíîâ â òîì ñëó÷àå, êîãäà äèñïåðñèÿ

�i ÿâëÿåòñÿ ôóíêöèåé îò X.



Ïðèìå÷àíèå.
1. Â ñëó÷àå, êîãäà ðåãðåññîðû x x x k( ) ( ) ( ), , . . . ,1 2 — íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû,

à ñòîëáöû X ïðåäñòàâëÿþò ñîáîé ñëó÷àéíûå âûáîðêè çíà÷åíèé ðåãðåññîðîâ, s E x xi j
i j

,
( ) ( )( )� .

2. Óñëîâèå (1.21) ÷àñòî íå âûïîëíÿåòñÿ äëÿ íåñòàöèîíàðíûõ ðÿäîâ7. Òåì íå ìåíåå, ñóùåñò-
âóþò áîëåå ñëàáûå óñëîâèÿ Ãðåíàíäåðà [Greene (2003)] íà X, èìåþùèå äîñòàòî÷íî óíèâåð-
ñàëüíûé õàðàêòåð, ïðè êîòîðûõ âûïîëíÿåòñÿ 2.

á)
plim

n

Tn X
4�

� �1 0� . (1.22)

Ïðèìå÷àíèå. Óñëîâèå á) ïðåäñòàâëÿåò ñîáîé íå ÷òî èíîå, êàê àíàëîã òåîðåìû Õèí÷èíà
(1.2). Åñëè îíî âûïîëíÿåòñÿ, òî ãîâîðÿò, ÷òî ñëó÷àéíûå ÷ëåíû àñèìïòîòè÷åñêè íå êîððåëè-

ðîâàíû ñ ðåãðåññîðàìè.

Ìû âèäèì, ÷òî îöåíêà ìîæåò áûòü ñîñòîÿòåëüíîé äàæå ïðè íåýêçîãåííûõ ðåãðåññîðàõ.
Íàïðèìåð, ïðè âûïîëíåíèè óñëîâèé à) è á), â êà÷åñòâå ðåãðåññîðîâ ìîãóò âûñòóïàòü ëàãèðî-
âàííûå çíà÷åíèÿ îáúÿñíÿåìîé ïåðåìåííîé y ( , )� � ��y y vi i v 0 .

3. Ýôôåêòèâíîñòü.

Ýôôåêòèâíîñòü îçíà÷àåò, ÷òî �	 i , i k� 1, . . . , , ÿâëÿþòñÿ íàèëó÷øèìè íåñìåùåííûìè îöåíêà-
ìè (òî åñòü, èìåþò íàèìåíüøåå çíà÷åíèå äèñïåðñèè) ñîîòâåòñòâóþùèõ ïàðàìåòðîâ bi â äàí-
íîì êëàññå îöåíîê. Òåîðåìà Ãàóññà-Ìàðêîâà óòâåðæäàåò, ÷òî â ñëó÷àå, åñëè êîâàðèàöèîííàÿ
ìàòðèöà äëÿ ñëó÷àéíûõ ÷ëåíîâ èìååò âèä:

L� � � �� �||cov( )||i j
2 I, (1.23)

ãäå I— åäèíè÷íàÿ ìàòðèöà ïîðÿäêà n, îöåíêà (1.13) ÿâëÿåòñÿ ýôôåêòèâíîé â êëàññå ëèíåéíûõ
îöåíîê ïî Y, ò. å. âèäà c Y, ãäå c — n-ìåðíûé âåêòîð.

Ïðèìå÷àíèå. Âåêòîð c â òåîðåìå Ãàóññà-Ìàðêîâà ìîæåò çàâèñåòü òîëüêî îò èñõîäíîé èí-
ôîðìàöèè (çíà÷åíèé ðåãðåññîðîâ), íî íå îò íåíàáëþäàåìûõ ïàðàìåòðîâ ìîäåëè.

Ðàññìîòðèì ñëó÷àé, êîãäà óñëîâèå (1.23) íå âûïîëíÿåòñÿ, áîëåå ïîäðîáíî. Ýòî îçíà÷àåò,
÷òî èëè èìåþòñÿ íåíóëåâûå êîððåëÿöèîííûå îòíîøåíèÿ ìåæäó ñëó÷àéíûìè ÷ëåíàìè, ñîîò-
âåòñòâóþùèìè ðàçëè÷íûì íàáëþäåíèÿì, èëè ïðèñóòñòâóåò ãåòåðîñêåäàñòè÷íîñòü. Òàê êàê
óñëîâèÿ íåñìåùåííîñòè è ñîñòîÿòåëüíîñòè íå çàâèñÿò îò âèäàL� , òî îíè âûïîëíÿþòñÿ (ïðè
òåõ æå óñëîâèÿõ) è çäåñü. Îäíàêî îöåíêà �	 óæå íå áóäåò áîëüøå ýôôåêòèâíîé. ×òîáû ïîêàçàòü
ýòî, íàéäåì ýôôåêòèâíóþ îöåíêó 	, êîòîðàÿ â îáùåì áóäåò îòëè÷íà îò �	.

Äëÿ ýòîãî ìû ïðåäñòàâèì ìàòðèöó L�M
� â âèäå ïðîèçâåäåíèÿ PPT, ãäå P — íåâûðîæäåííàÿ

ìàòðèöà ïîðÿäêà n. Â òàêîì ñëó÷àå ïîñëå ïðåîáðàçîâàíèÿ ïåðåìåííûõ PTY, PTX, ìû ïîëó÷èì
ìîäåëü ëèíåéíîé ðåãðåññèè:

TY P XT� � �	 � . (1.24)

ãäå � �� �PT . Ëåãêî ïðîâåðÿåòñÿ, ÷òîL � �� � 2 I. Â òàêîì ñëó÷àå, åñëè ìû âîçüìåì îöåíêó, îïðåäå-
ëÿåìóþ ôîðìóëîé (1.13) äëÿ óðàâíåíèÿ (1.24), òî ïîëó÷èì ýôôåêòèâíóþ îöåíêó 	:
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7 Ìîæíî ëåãêî ïðîâåðèòü, ÷òî (1.21) íå âûïîëíÿåòñÿ â ñëó÷àå, êîãäà îäèí èç ðåãðåññîðîâ — âðåìÿ ( , , . . . ).t �1 2



� * ( )	 � �X PP X X PP YT T T T1 .

Îòñþäà ñëåäóåò, ÷òî
� * ( ) .	 � �� � � �X X X YT TL L1 1 1 (1.25)

Çàìåòèì, ÷òî îöåíêà (1.25) â îòëè÷èå îò (1.13) áóäåò íåäîñòóïíîé (unfeasible), òàê êàê êîâà-
ðèàöèîííàÿ ìàòðèöà L� — íåíàáëþäàåìàÿ.

Îöåíêó � *	 ìîæíî òàêæå ïîëó÷èòü èç ìîäåëè (1.24) ëèáî ìåòîäîì ìîìåíòîâ, ëèáî, ìèíè-
ìèçèðóÿ ñîîòâåòñòâóþùóþ êâàäðàòè÷íóþ ôîðìó. Â ïåðâîì ñëó÷àå ìû ïîëó÷èì:

X P P Y P XT T T( )� �	 0.

Îòñþäà:
X Y XTL� 	� � �1 0( ) . (1.11')

Ìîæíî çàìåòèòü, ÷òî (1.11') îòëè÷àåòñÿ îò ñîîòâåòñòâóþùåé ôîðìóëû (1.11) äîáàâëåíèåì
ìàòðèöûL�M

� , ÷òî ñîîòâåòñòâóåò îðòîãîíàëüíîñòè êàæäîãî èç âåêòîðîâ X j kj( ) , , . . . ,� 1 , âåêòîðó
îñòàòêîâ e â n-ìåðíîì ïðîñòðàíñòâå, â êîòîðîì ñêàëÿðíîå ïðîèçâåäåíèå çàäàíî ìàòðèöåé
L�M

� . Ôîðìóëà (1.25) ñëåäóåò èç (1.11') .
Êâàäðàòè÷íàÿ ôîðìà äëÿ ìîäåëè (1.24) áóäåò:

Q P Y P X P Y P XT T T T T� � �( ) ( )	 	 ,

îòêóäà ïîëó÷àåì, ÷òî
Q Y X Y XT� � ��( ) ( )	 	�L 1 . (1.15'')

Íàõîæäåíèå � *	 ïðè ìèíèìèçàöèè ïðàâîé ÷àñòè ôîðìóëû (1.15'') íàçûâàåòñÿ îáîáùåííûì
ìåòîäîì íàèìåíüøèõ êâàäðàòîâ (ÎÌÍÊ). Åñëè ìû ñðàâíèì ôîðìóëû (1.15') è (1.15''), òî çàìå-
òèì, ÷òî ðàçëè÷íûå ïðîèçâåäåíèÿ êîìïîíåíò âåêòîðà Y X� 	 âçÿòû â (1.15'') ñ ìíîæèòåëÿìè
(âåñàìè), ÿâëÿþùèìèñÿ ýëåìåíòàìè ìàòðèöû L�M

� . Â òî æå âðåìÿ â (1.15') ìû èìååì òîëüêî
êâàäðàòû ýòèõ êîìïîíåíò.

1.2. Èíñòðóìåíòàëüíûå ïåðåìåííûå

Ïðè ýíäîãåííûõ (êîððåëèðîâàííûõ ñî ñëó÷àéíûìè ÷ëåíàìè) ïåðåìåííûõ ñâîéñòâà îöå-
íîê, êîòîðûå ìû ïîëó÷èëè ðàíåå, ìîãóò íå âûïîëíÿòüñÿ. Òàêîé ïðèìåð íàì äàþò ñèñòåìû
ðåãðåññèîííûõ óðàâíåíèé. Â ýòîì ñëó÷àå äëÿ ýíäîãåííûõ ðåãðåññîðîâ íàõîäÿò ñîîòâåòñò-
âóþùèå èíñòðóìåíòû èëè èíñòðóìåíòàëüíûå ïåðåìåííûå. Îò èíñòðóìåíòîâ óæå òðåáó-
åòñÿ, ÷òîáû îíè áûëè ýêçîãåííûìè.

Ïðèìåð 1. (Ýêîíîìåòðèêà [2006]). Ìîäåëü äèíàìèêè öåí è çàðàáîòíîé ïëàòû.

y a x b y e1 11 1 12 2 1� � � ,

y a x a x b y e2 22 2 23 2 21 1 2� � � � ,

ãäå y1 — òåìïû èçìåíåíèÿ ìåñÿ÷íîé çàðàáîòíîé ïëàòû; y2 — òåìïû èçìåíåíèÿ öåí; x1 — ïðî-
öåíò áåçðàáîòíûõ; x2 — òåìïû èçìåíåíèÿ ïîñòîÿííîãî êàïèòàëà; x3— òåìïû èçìåíåíèÿ öåí íà
èìïîðò ñûðüÿ.

Â äàííîì ïðèìåðå ïåðåìåííûå y1, y2 — ýíäîãåííûå, à x1, x2, x3 — ýêçîãåííûå ïåðåìåííûå
ìîäåëè. Äëÿ îöåíêè êîýôôèöèåíòîâ ïåðâîãî óðàâíåíèÿ ñèñòåìû ìîæíî â êà÷åñòâå èíñòðó-
ìåíòà äëÿ y2 âçÿòü îäíó èç ýêçîãåííûõ ïåðåìåííûõ x2 èëè x3 èç âòîðîãî óðàâíåíèÿ.
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Ðàññìîòðèì ìîäåëü:

y x x x i ni i i k i
k

i� � � � � �	 	 	 �1
1

2
2 1 2( ) ( ) ( ). .. , , , ..., , (1.26)

â êîòîðîé ïåðâûå r, r k� , ðåãðåññîðîâ x x x r( ) ( ) ( ), , . . . ,1 2 — ýêçîãåííûå, à îñòàëüíûå — ýíäîãåí-
íûå. Ïðåäïîëîæèì, ÷òî äëÿ ýíäîãåííûõ ïåðåìåííûõ x x xr r k( ) ( ) ( ), , . . . ,� �1 2 ìû ñìîãëè íàéòè èí-
ñòðóìåíòàëüíûå ïåðåìåííûå z z zr r k( ) ( ) ( ), , . . . ,� �1 2 . Îáîçíà÷èì ìàòðèöó, ñîñòàâëåííóþ èç íîâûõ
è ñòàðûõ ðåãðåññîðîâ:

W X Zr k r� �[ ; ], (1.27)

ãäå Xr — ìàòðèöà ïîðÿäêà n rN , ñîîòâåòñòâóþùàÿ ñòàðûì ðåãðåññîðàì, à Z k r� — ìàòðèöà ïî-
ðÿäêà n k rN �( ), ñîîòâåòñòâóþùàÿ èíñòðóìåíòàì. Òîãäà óðàâíåíèå ìîìåíòîâ (1.11) ìîæíî çà-
ïèñàòü â âèäå:

W Y XT ( )� �	 0. (1.28)

Åñëè ìàòðèöà WTX — íåâûðîæäåííàÿ, ìû ïîëó÷èì îöåíêó äëÿ �:

� ( ) ,	 IV � �W X W YT T1 (1.29)

íàçûâàåìîé ïðîñòîé IV îöåíêîé. Åñëè W X� , ò. å. êàæäàÿ ýêçîãåííàÿ ïåðåìåííàÿ ÿâëÿåòñÿ
èíñòðóìåíòîì äëÿ ñàìîé ñåáÿ, òî ìû ïîëó÷èì ôîðìóëó (1.13). Èç (1.28) ñëåäóåò, ÷òî âåêòîð îñ-
òàòêîâ e, ñîîòâåòñòâóþùèé �	, îðòîãîíàëåí êàæäîìó èç ñòîëáöîâ W.

Îöåíêà �	 IV ìèíèìèçèðóåò êâàäðàòè÷íóþ ôîðìó8:

Q Y X WW Y XT T� � �( ) ( )	 	 . (1.30)

Ïîäñòàâèâ X	 �� âìåñòî Y â (1.29), ïîëó÷èì:

� ( ) .	 	 �IV � � �W X WT T1 (1.31)

Òàê êàê ýëåìåíòû ìàòðèöû ( )W X WT T�1 ìîãóò áûòü êîððåëèðîâàííû ñî ñëó÷àéíûìè ÷ëåíà-
ìè, òî â îòëè÷èå îò (1.16) �	 IV , êàê ïðàâèëî, áîëüøå íå áóäåò íåñìåùåííîé îöåíêîé 	. Òàêæå
ñëåäóåò, ÷òî �	 IV — ñîñòîÿòåëüíàÿ îöåíêà	, òîãäà è òîëüêî òîãäà, êîãäà âûðàæåíèå â ïðàâîé
÷àñòè (1.31) àñèìïòîòè÷åñêè ñòðåìèòñÿ ê 0. Íàïðèìåð, �	 IV áóäåò ñîñòîÿòåëüíîé îöåíêîé,
åñëè âûïîëíÿþòñÿ äâà óñëîâèÿ àíàëîãè÷íî (1.21) è (1.22).

à)
plim

n

Tn W X S
4�

� �1 , (1.21')

ãäå S — íåâûðîæäåííàÿ ìàòðèöà ïîðÿäêà k.

á)
plim

n

Tn W
4�

� �1 0� . (1.22').

Êàê ìû óæå îòìå÷àëè, ïðè îáñóæäåíèè ôîðìóëû (1.22), äëÿ âûïîëíåíèÿ (1.22') íå îáÿçà-
òåëüíî òðåáîâàòü, ÷òîáû ñòîëáöû W áûëè ýêçîãåííû ïî îòíîøåíèþ ê ñëó÷àéíûì ÷ëåíàì. Äëÿ
ýòîãî ÷àñòî äîñòàòî÷íî, ÷òîáû âûïîëíÿëîñü ñëåäóþùåå óñëîâèå ïðåäîïðåäåëåííîñòè

(predeterminedness condition):

w(j)
i è �i —íåçàâèñèìû ïðè ëþáûõ i è j, i = 1, 2, …, n; j = 1, 2, …, k.
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8 Äîêàçàòåëüñòâî ýòîãî ôàêòà â áîëåå îáùåì ñëó÷àå áóäåò ïðèâåäåíî â ñëåäóþùåì ðàçäåëå.



Çàìåòüòå, ÷òî ñëó÷àéíûé ÷ëåí äîëæåí áûòü íåçàâèñèì òîëüêî îò çíà÷åíèé èíñòðóìåíòîâ
òîãî æå ñàìîãî íàáëþäåíèÿ. Î÷åâèäíî, ÷òî óñëîâèå îðòîãîíàëüíîñòè (1.8) ñëåäóåò èç ïðåäî-
ïðåäåëåííîñòè.

Ðåçóëüòàòû ýòîãî ðàçäåëà ðåçþìèðóåì ñëåäóþùèì îáðàçîì. Â êàæäîì èç ðàññìîòðåííûõ
ñëó÷àåâ, îöåíêè ïàðàìåòðîâ ìîäåëè ëèíåéíîé ðåãðåññèè ìîãóò áûòü ïîëó÷åíû îäíèì èç
äâóõ ñïîñîáîâ:

� ìåòîä ìîìåíòîâ. Íàõîæäåíèå ðåøåíèÿ ñèñòåìû óðàâíåíèé, ïîëó÷åííûõ èç óñëîâèÿ
îðòîãîíàëüíîñòè (ñ ðàçëè÷íûìè âåñàìè, êàê â ñëó÷àå (1.11');

� ìèíèìèçàöèÿ êâàäðàòè÷íîé ôîðìû. Q Y X Y XT� � �( ) ( )	 	� , ãäå � — ñèììåòðè÷íàÿ
ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà (� � I â (1.15'), � L� �

�
1 â (1.15''), � �WW T â (1.30).

2. Обобщенный метод моментов

Ïðîèçâîëüíàÿ ñèììåòðè÷íàÿ ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà Dn ïîðÿäêà n çàäàåò
â n-ìåðíîì ïðîñòðàíñòâå Rn äëèíó âåêòîðà A a an( , . . . , )1 � ôîðìóëîé:

| | ( , ..., ) ( , ..., )[ ]A a a a an n n nD D� �
1 1

1 2 . (2.1)

Ôîðìóëà (2.1) ÿâëÿåòñÿ îáîáùåíèåì ôîðìóëû äëÿ äëèíû âåêòîðà:

| | ( , ..., )A a a n� 1
2 2 1 2 , (2.2)

â ñëó÷àå, êîãäà Dn — åäèíè÷íàÿ ìàòðèöà In . Â äåéñòâèòåëüíîñòè [Ãåëüôàíä (1998)], â íåêîòî-
ðîì áàçèñå â R An

n
| |D áóäåò èìåòü âèä (2.2). Ýëåìåíòû Dn ìîæíî ïîíèìàòü, êàê íåêîòîðûå âå-

ñà, ñ êîòîðûìè ïîïàðíûå ïðîèçâåäåíèÿ a ai j âõîäÿò â ôîðìóëó äëÿ | |A
nD .

Òåïåðü, ñíîâà âåðíåìñÿ ê ïðèìåðó 1. Â êà÷åñòâå èíñòðóìåíòà äëÿ y2 ìû ìîæåì âçÿòü ëþ-
áóþ èç ïåðåìåííûõ x2, x3. Âîçìîæíî, ñóùåñòâóþò è äðóãèå ýêçîãåííûå ïåðåìåííûå, êîòîðûå
òàêæå ìîæíî áûëî áû èñïîëüçîâàòü â ýòîì æå êà÷åñòâå. Íî, åñëè ìû âêëþ÷èì â W áîëåå îä-
íîé ïåðåìåííîé, òî ñèñòåìà (1.28) ñòàíåò ñâåðõèäåíòèôèöèðóåìîé, ò. å. â íåé áóäåò áîëü-
øå óðàâíåíèé, ÷åì ïåðåìåííûõ, è, êàê ïðàâèëî, òàêàÿ ñèñòåìà íå èìååò ðåøåíèé. Ñëåäîâà-
òåëüíî, ìû äîëæíû âûáðàòü ðîâíî îäèí èíñòðóìåíò äëÿ y2. Íî, èñêëþ÷èâ èç ðàññìîòðåíèÿ
äðóãèå ýêçîãåííûå ïåðåìåííûå, ìû, òåì ñàìûì, ñóæàåì ïîëåçíóþ èíôîðìàöèþ î ìîäåëè.
Â òàêîì ñëó÷àå ïîñòóïàþò ñëåäóþùèì îáðàçîì. Îáðàòèìñÿ ñíîâà ê ìîäåëè:

y x x x i ni i i k i
k

i� � � � � �	 	 	 �1
1

2
2 1 2( ) ( ) ( ). .. , , , ..., . (2.3)

Ðàññìîòðèì ìàòðèöó Wn, ñòîëáöû êîòîðîé îáðàçîâàíû çíà÷åíèÿìè ýêçîãåííûõ (ïðåäî-
ïðåäåëåííûõ) ïåðåìåííûõ (èíñòðóìåíòîâ) z z z r( ) ( ) ( ), , . . . ,1 2 . Ìû áóäåì ñ÷èòàòü, ÷òî r k� , è

rank( )W X kn
T

n � . Çàïèøåì óðàâíåíèå ìîìåíòîâ:

W Y Xn
T

n n( )� �	 0. (2.4)

Òàê êàê ñèñòåìà (2.4), â îáùåì ñëó÷àå, íå áóäåò èìåòü ðåøåíèé, òî ìû â êà÷åñòâå îöåíêè	
âîçüìåì âåêòîð, ïðè êîòîðîì ëåâàÿ ÷àñòü (2.4) íàèáîëåå áëèçêà ê 0, ò. å. èìååò íàèìåíüøóþ
äëèíó (çàäàííîé íåêîòîðîé ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöåé Dn ) â Rn.

Îïðåäåëåíèå. Åñëè Dn — ñèììåòðè÷íàÿ ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà ïîðÿäêà
r (ìàòðèöà âåñîâ), òî k-ìåðíûé âåêòîð:
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� ( ) min[ ( )] [ (	 	 	
	 	

ÎÌÌ argO On n
T

n n
T

n n
T

n n

k

W Y X W Y X� � �
� �1 �

)],

èëè, â áîëåå êîìïàêòíîé ôîðìå:

� ( ) min( ) ( )	 	 	
	 	

ÎÌÌ argO On n n
T

n n n
T

n n

k

Y X W W Y X� � �
� �1 �

, (2.5)

íàçûâàåòñÿ îöåíêîé � (ñîîòâåòñòâóþùåé �n), ïîëó÷åííîé îáîáùåííûì ìåòîä ìîìåí-

òîâ.

Ïðèìå÷àíèå. Â îïðåäåëåíèè � ( )	 ÎÌÌ On , ìàòðèöà Dn ìîæåò çàâèñåòü îò èñõîäíîé èíôîðìà-
öèè, ïðåäñòàâëåííîé ìàòðèöàìè Xn è Wn òàêæå, êàê è îò ðàçìåðà âûáîðêè n.

Èç óñëîâèÿ äëÿ îïòèìèçàöèè êâàäðàòè÷íîé ôîðìû9 [Ìàãíóñ, Íåéäåêêåð (2002)], ïîëó÷àåì:

� ( ) ( )	 ÎÌÌ O O On n
T

n n n
T

n n
T

n n n
T

nX W W X X W W Y� �1 . (2.6)

Â ïðèíöèïå, ìû ìîãëè áû âçÿòü çà îïðåäåëåíèå � ( )	 ÎÌÌ On ôîðìóëó (2.6). Íî â òàêîì ñëó÷àå,
áûëî áû íåïîíÿòíî, îòêóäà îíà ïîÿâèëàñü.

Ïðèìåð 2.
à) Ðàññìîòðèì ñëó÷àé r k� , òî åñòü, ÷èñëî èíñòðóìåíòîâ ðàâíî ÷èñëó ðåãðåññîðîâ. Â òà-

êîì ñëó÷àå, åñëè W Xn
T

n — íåâûðîæäåííàÿ ìàòðèöà ïîðÿäêà r, òî ôîðìóëà (2.6), ïðè ëþáîé
Dn , äàñò íàì ïðîñòóþ IV îöåíêó (1.29). Ñîîòâåòñòâåííî, êâàäðàòè÷íàÿ ôîðìà â (2.5) ñîâïàäàåò
ñ Q â (1.30) ïðè Dn r� I .

á) Åñëè r k� , òî ìû ïîëó÷èì îáîáùåííóþ IV îöåíêó ïðè Dn n
T

nW W� �( ) 1. À ñîîòâåòñòâóþ-
ùóþ êâàäðàòè÷íóþ ôîðìó ëåãêî ìîæíî ïîëó÷èòü èç (2.5).

Ñåé÷àñ ìû çàéìåìñÿ èçó÷åíèåì âîïðîñà, ïðè êàêèõ óñëîâèÿõ îöåíêà � ( )	 ÎÌÌ On — ñîñòîÿ-
òåëüíà. Äëÿ ýòîãî íàì íàäî ñäåëàòü, âî-ïåðâûõ, ïðåäïîëîæåíèå îòíîñèòåëüíî Wn:

2-à. Ìàòðèöà Wn
TXn èìååò ïîëíûé ðàíã, ðàâíûé k òàê æå êàê è p lim

n
n
T

nn W X
4�

�1 .

Ìàòðèöû �n ìû áóäåì ïîäáèðàòü òàê, ÷òîáû âûïîëíÿëîñü óñëîâèå:

2-á. p lim
n

n
4�

O ñóùåñòâóåò è ðàâåí ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöå.10

Åñëè ìû ïîäñòàâèì Xn n	 � � , �n n� ( , . . . , )� �1 âìåñòî Yn â (2.6), òî ïîëó÷èì:

� ( ) ( )	 	ÎÌÌ O O On n
T

n n n
T

n n
T

n n n
Tn X W n W X n X W n W� � � � � � �1 1 1 1 1 � n . (2.7)

Èç 2-à,á ñëåäóåò, ÷òî p lim
n

n
T

n n n
T

nn X W n W X
4�

� �1 1O — íåâûðîæäåííàÿ ìàòðèöà ïîðÿäêà k, è

� Консультации
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9 Äëÿ ïîëíîòû èçëîæåíèÿ, ìû ïðèâåäåì äîêàçàòåëüñòâî. Íåîáõîäèìîå óñëîâèå äëÿ ìèíèìóìà â (2.5),
@ � �

@
� � �

[( ) ( )]
( )

Y X W W Y X
X W W Y Xn n n n n

T
n n

n
T

n n
T

n n

	 	

	
	

T

n

O
O2 � 0. Îòñþäà ñëåäóåò (2.6). Äîñòàòî÷íîñòü ñëåäóåò èç òîãî ôàê-

òà, ÷òî ãåññèàí êâàäðàòè÷íîé ôîðìû ( ) ( )Y X W W Y Xn n
T

n n
T

n n� �	 	On ðàâåí 2X W W Xn
T

n n n
T

nO — ïîëîæèòåëüíî îïðåäåëåí-

íàÿ êâàäðàòè÷íàÿ ôîðìà.
10 Íåîòðèöàòåëüíàÿ îïðåäåëåííîñòü ñëåäóåò èç ñóùåñòâîâàíèÿ p lim

n
n

4�
O .



p lim
n

n
T

n nn X W
4�

�1 O ñóùåñòâóåò. Òàêèì îáðàçîì, ñîñòîÿòåëüíîñòü � ( )	 ÎÌÌ On ñâîäèòñÿ ê àñèìïòî-

òè÷åñêîé íåêîððåëèðîâàííîñòè ñëó÷àéíûõ ÷ëåíîâ ñ èíñòðóìåíòàìè z z z r( ) ( ) ( ), , . . . ,1 2 :

2-â. p lim
n

n
T

nn W
4�

� �1 0� .

Äëÿ èçó÷åíèÿ äàëüíåéøèõ ñâîéñòâ � ( )	 ÎÌÌ On íàì ïîòðåáóåòñÿ âñïîìíèòü ñëåäóþùèå ïî-
íÿòèÿ èç òåîðèè âåðîÿòíîñòåé.

Îïðåäåëåíèå. Ñîñòîÿòåëüíàÿ îöåíêà �5 n âåêòîðíîãî ïàðàìåòðà5 ðàçìåðíîñòè k íàçûâà-
åòñÿ àñèìïòîòè÷åñêè íîðìàëüíîé, åñëè

n N Qn
pac( � ) ( , ),5 5� P 4P 0 (2.8)

ãäåN Q( , )0 — k-ìåðíîå íîðìàëüíîå ðàñïðåäåëåíèå ñ êîâàðèàöèîííîé ìàòðèöåé Q ïîðÿäêà k.

Ìû áóäåì çàïèñûâàòü (2.8) â âèäå — � ~ ( , )5 5n

a
N Q n . Ìàòðèöà Q n íàçûâàåòñÿ àñèìïòîòè÷å-

ñêîé êîâàðèàöèîííîé ìàòðèöåé äëÿ �5 n .

Â ñëó÷àå, êîãäà k � 1, ñîñòîÿòåëüíàÿ îöåíêà �5 n äåéñòâèòåëüíîãî ïàðàìåòðà — àñèìïòîòè-
÷åñêè íîðìàëüíà, åñëè

n Nn
pac( � ) ( , ),5 5 �� P 4P 0 2 (2.9)

ãäå N( , )0 2� — ñòàíäàðòíîå íîðìàëüíîå ðàñïðåäåëåíèå. Çàïèñûâàåòñÿ — � ~ ( , )5 5 �n

a
N n2 .

Ðàññìîòðèì r-ìåðíûé âåêòîð n Wn
T

n
�1 � . Ïî 2-â, åãî âåðîÿòíîñòíûé ïðåäåë ðàâåí 0.

Ìîæíî ïîêàçàòü [Hayashi (2000)], ÷òî ïðè îïðåäåëåííûõ, äîñòàòî÷íî îáùèõ óñëîâèÿõ11 íà Wn

è �n ,
n n W Nn

T
n

pac( ) ( , )� P 4P1 0� Q (2.10)

ñ íåêîòîðîé ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöåé Q, â îáùåì çàâèñÿùåé îò ìîäåëè (2.3)
è Wn.

Íèæå ïðèâåäåíû äâà îñíîâíûõ ñâîéñòâà � ( )	 ÎÌÌ On . Ìû ïðåäïîëàãàåì ñïðàâåäëèâîñòü 2-à,
á, â. Âåðîÿòíîñòíûå ïðåäåëû ìàòðèö n W Xn

T
n

�1 è Dn áóäåì îáîçíà÷àòü ÷åðåç SW XT è S� ñîîòâåò-
ñòâåííî.

1. Îöåíêà � ( )	 ÎÌÌ On — ñîñòîÿòåëüíà, ÷òî äîêàçàíî âûøå.

2. n N Q Sn
pac( � ( ) ) ( , ( )),	 	ÎÌÌ O O� P 4P 0 (2.11)

ãäå
Q S S S S S S S S S S S

W X
T

W X W X
T

W X W X
T

W XT T T T T T( ) ( ) ( )O O O O OQ� � �1 1, (2.12)

÷òî ñëåäóåò èç (2.7) äëÿ � ( )	 	ÎÌÌ On � 12.
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11 Òî÷íàÿ ôîðìóëèðîâêà ýòèõ óñëîâèé ïðåäïîëàãàåò çíàêîìñòâî ñ òåîðèåé ýðãîäè÷åñêèõ ñòàöèîíàðíûõ ïðî-

öåññîâ.
12 Ìû âîñïîëüçîâàëèñü ïðè äîêàçàòåëüñòâå ñëåäóþùèì ðåçóëüòàòîì èç òåîðèè âåðîÿòíîñòè: åñëè Xn —

r-ìåðíûé âåêòîð, An — ìàòðèöà ïîðÿäêà k rN , òàê ÷òî nX Nn
pacP 4P ( , )0 L è p lim

n4�
�A An , òî nA X N An n

pac TP 4P ( , ).0 LA



Îïðåäåëåíèå. Àñèìïòîòè÷åñêè íîðìàëüíàÿ îöåíêà �5 n íàçûâàåòñÿ àñèìïòîòè÷åñêè ýô-

ôåêòèâíîé â äàííîì êëàññå M àñèìïòîòè÷åñêè íîðìàëüíûõ îöåíîê, åñëè äëÿ ëþáîé îöåí-
êè � �5 n èç M, ìàòðèöà �Q — Q — íåîòðèöàòåëüíî îïðåäåëåíà.

Àñèìïòîòè÷åñêàÿ ýôôåêòèâíîñòü îçíà÷àåò, ÷òî ëþáàÿ ëèíåéíàÿ êîìáèíàöèÿ êîìïîíåíò
�5 n èìååò àñèìïòîòè÷åñêè íå áîëüøóþ äèñïåðñèþ, ÷åì òàêàÿ æå ëèíåéíàÿ êîìáèíàöèÿ êîì-
ïîíåíò � �5 n .

Åñòåñòâåííûì áûëî áû ïîïûòàòüñÿ óçíàòü, êîãäà � ( )	 ÎÌÌ On áóäåò àñèìïòîòè÷åñêè ýôôåê-
òèâíîé â êëàññ îöåíîê, èìåþùèõ ñâîéñòâî (2.12). Ðåçóëüòàò Õàíñåíà [Hansen (1982)], êîòîðûé
îòâå÷àåò íà ýòîò âîïðîñ, ÿâëÿåòñÿ öåíòðàëüíûì äëÿ îáîáùåííûõ ìåòîäîâ ìîìåíòîâ:

Îöåíêà �� �ÎÌÌ ( )n áóäåò àñèìïòîòè÷åñêè ýôôåêòèâíîé, åñëè S � �� �1.

Îáîçíà÷èì àñèìïòîòè÷åñêè ýôôåêòèâíóþ îöåíêó — � ( � )	 ÝÎÌM nQ�1 (p lim �

n
n

4�
�Q Q). Àñèìïòî-

òè÷åñêàÿ êîâàðèàöèîííàÿ ìàòðèöà äëÿ � ( � )	 ÝÎÌM Q n
�1 ëåãêî íàõîäèòñÿ èç ôîðìóëû (2.12):

n Q n S S
W X
T

W XT T
� � � � ��1 1 1 1 1( ) ( )Q Q . (2.13)

Àñèìïòîòè÷åñêàÿ êîâàðèàöèîííàÿ ìàòðèöà (2.13) îäíîçíà÷íî îïðåäåëÿåòñÿ ìàòðèöàìè
SW XT è W.

Èç ïðèìåðà 2-à ñëåäóåò, ÷òî â ñëó÷àå, êîãäà ÷èñëî èíñòðóìåíòîâ ðàâíî ÷èñëó ðåãðåññî-
ðîâ (r k� ), îöåíêà � ( )	 IV � �W X W YT T1 ÿâëÿåòñÿ àñèìïòîòè÷åñêè ýôôåêòèâíîé. Àñèìïòîòè÷å-
ñêàÿ êîâàðèàöèîííàÿ ìàòðèöà äëÿ �	 IV âû÷èñëÿåòñÿ ïî ôîðìóëå (2.13). Â îòñóòñòâèå íîâûõ èí-
ñòðóìåíòàëüíûõ ïåðåìåííûõ (W X� ), ìû ïîëó÷àåì, ÷òî � ( )	MHK � �X X X YT T1 — àñèìïòîòè÷å-
ñêè ýôôåêòèâíà. Ýòîò ðåçóëüòàò äîâîëüíî íåîæèäàííûé, òàê êàê ìû çíàåì, ÷òî äëÿ êîíå÷íûõ
âûáîðîê �	MHK — ýôôåêòèâíà â ñëó÷àå: L� �

n n� 2 I .

Èòàê, ïîäâåäåì èòîãè ïî äàííîìó ðàçäåëó.

1. Ñ êàæäîé ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöåé �n ïîðÿäêà n îäíîçíà÷íî àññî-
öèèðóåòñÿ îöåíêà � ( )	 ÎÌM On âåêòîðà ïàðàìåòðîâ ìîäåëè � (ïðè óñëîâèè íàëè÷èÿ n íàáëþäå-
íèé è ìàòðèöû Wn).

2. Åñëè p lim
n

n
4�

O — ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà, òî (ïðè âûïîëíåíèè ðÿäà óñ-

ëîâèé íà X, W è �), � ( )	 ÎÌÌ On — ñîñòîÿòåëüíàÿ àñèìïòîòè÷åñêè íîðìàëüíàÿ îöåíêà 	.

3. Åñëè p lim �

n
n

4�
�Q Q, òî � ( � )	 ÎÌÌ Q n

�1 — àñèìïòîòè÷åñêè ýôôåêòèâíà (� ( � )	 ÝÎÌÌ Q n
�1 ).

3. ГАС:оценка13

Äëÿ íàõîæäåíèÿ ýôôåêòèâíîé îöåíêè � ( � )	 ÝÎÌÌ Q n
�1 ìû ìîæåì âîñïîëüçîâàòüñÿ ôîðìóëîé

(2.6) (O Qn n� �� 1). Òàêèì îáðàçîì, ïîèñê � ( � )	 ÝÎÌÌ Q n
�1 ñâîäèòñÿ ê íàõîæäåíèþ �Q n .

Èç (2.10) ñëåäóåò, ÷òînQÿâëÿåòñÿ àñèìïòîòè÷åñêîé êîâàðèàöèîííîé ìàòðèöåé äëÿ âåêòî-
ðà Wn

T
n� . Êîâàðèàöèîííàÿ ìàòðèöà äëÿ Wn

T
n� âû÷èñëÿåòñÿ ïî ôîðìóëå:

E W W E E W W W E W Wn
T

n n
T

n n
T

n n
T

n n n
T

nn
( ) [ ( | )] ( ),� � � � �� � L (3.1)
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13 Â íàøåì èçëîæåíèè ìû ñëåäîâàëè [Hayashi (2000)] è [Davidson, MacKinnon (2004)].



ãäå L � n
— êîâàðèàöèîííàÿ ìàòðèöà äëÿ ñëó÷àéíûõ ÷ëåíîâ. Ïî ýòîé ïðè÷èíå, �Q n íîñèò íà-

çâàíèå ãåòåðîñêåäàñòè÷íîé àâòîêîððåëÿöèîííîé ñîñòîÿòåëüíîé (ÃÀÑ) îöåíêè Q14.

Ðàññìîòðèì ñíà÷àëà ñëó÷àé, ïðè êîòîðîì L� èìååò äèàãîíàëüíûé âèä (ãåòåðîñêåäàñòè÷-
íîñòü áåç àâòîêîððåëÿöèè). Òîãäà äëÿ íàõîæäåíèÿ ÃÀÑ-îöåíêè �Q n ïîñòóïàþò ñëåäóþùèì îá-
ðàçîì15:

1. Áåðåòñÿ ñîñòîÿòåëüíàÿ îöåíêà �	. Íàïðèìåð, ïðîñòàÿ èëè îáîáùåííàÿ IV îöåíêà.
2. Âû÷èñëÿåòñÿ âåêòîð îñòàòêîâ

e n n nY X� � �	. (3.2)

3. Ïîëàãàåì16

�Q Ln n
T

e nn W W
n

� �1 , (3.3)

ãäå L e n
— äèàãîíàëüíàÿ ìàòðèöà ñ ýëåìåíòàìè e e n1

2 2, . . . , íà ãëàâíîé äèàãîíàëè.

Â îáùåì ñëó÷àå ïðèñóòñòâèÿ êîððåëÿöèîííûõ ñâÿçåé ìåæäó ñëó÷àéíûìè îøèáêàìè çàïè-
øåì:

n E W W n E W Wn
T

n n
T

n t s t
T

s

s

n

t

n
� �

��

� ��1 1

11

( ) ( ),� � � � (3.4)

ãäå Wt — ñòðîêà W ñ íîìåðîì t. Èç (3.4) ñëåäóåò, ÷òî

n E W W j jn
T

n n
T

n
T

j

n
�

�

�

� � ��1

1

1

0( ) ( ) ( ( ) ( )),� � ? ? ? (3.5)

ãäå

?( ) ( ), .j n E W W jt

t j

n

t j t
T

t j� -�

� �

� ��1

1

0� � (3.6)

Èç (3.5) ñëåäóåò (ïðè òåõ æå óñëîâèÿõ, ÷òî è äëÿ (2.10):

Q ? ? ?� � �
4�

�

�

�( ) lim ( ( ) ( )).0
1

1

n

T

j

n

j j (3.7)

Â êà÷åñòâå îöåíêè äëÿ?( ),j j - 0, åñòåñòâåííî âçÿòü

�( ) ,? j n e e W Wt

t j

n

t j t
T

t j� �

� �

� ��1

1

(3.8)

ãäå et òî æå, ÷òî è â (3.2). Îöåíêè, êîòîðûå ìû ñåé÷àñ îáñóäèì, îòëè÷àþòñÿ òîëüêî òåì, êàê ðàç-
ëè÷íûå èññëåäîâàòåëè îáõîäÿò òðóäíîñòü ñ áåñêîíå÷íûì ÷èñëîì ñëàãàåìûõ â (3.7).

Îöåíêà Õàíñåíà-Óàéòà (Hansen-White estimator). Â ïðàâîé ÷àñòè (3.7) áåðåòñÿ êîíå÷-
íîå ÷èñëî ÷ëåíîâ, j p�1, . . . , , ãäå p — íåêîòîðûé ïîðîã (lag truncation parameter), çàâèñÿùèé
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14 Â àíãëîÿçû÷íîé ëèòåðàòóðå — heteroskedasticity autocorrelation consistent (HAC) estimator.
15 Ïðåäïîëàãàåòñÿ, ÷òî âñå èíñòðóìåíòû â W — ñòàöèîíàðíû.
16 Îöåíêè òèïà (3.3) áûëè âïåðâûå èññëåäîâàíû Óàéòîì [White (1980)].



îò n. Äðóãèìè ñëîâàìè, ñëàãàåìûå â (3.7) ïðîñòî óðåçàþòñÿ ïðè j p� . Òàêèì îáðàçîì, ìû
èìååì:

� ( ) ( ( ) ( )).Q ? ? ?HW
T

j

p

j j� � �
�
�0

1

(3.9)

Ãëàâíûé íåäîñòàòîê �Q HW , ÷òî îíà ìîæåò íå óäîâëåòâîðÿòü îäíîìó èç îñíîâíûõ òðåáîâà-
íèé ê ÃÀÑ-îöåíêàì — áûòü ïîëîæèòåëüíî îïðåäåëåííîé.

Îöåíêà Íüþýÿ-Óåñòà (Newey-West). Ýòà îöåíêà òàêæå êàê è ïðåäûäóùàÿ óðåçàåò âñå
ñëàãàåìûå â (3.7), êðîìå êîíå÷íîãî ÷èñëà. Îäíàêî â îòëè÷èå îò íåå, ïðèïèñûâàåò îñòàâøèì-
ñÿ ÷ëåíàì âåñà, óìåíüøàþùèåñÿ â ïðîöåññå èõ óäàëåíèÿ îò j=0.

� ( ) ( )( ( ) ( )).Q ? ? ?NW
T

j

p j

p
j j� � �

�
�

�
�0 1

11

(3.10)

Îöåíêà Íüþýÿ-Óåñòà, â îòëè÷èå îò Õàíñåíà-Óàéòà, ïîëîæèòåëüíî îïðåäåëåííàÿ. Âåñîâîé
êîýôôèöèåíò 1 1� �j p( ) â (3.10) íàçûâàåòñÿ ÿäðîì Áàðòëåòà (Bartlett kernel).

Äëÿ òîãî ÷òîáû áûòü ÃÀÑ-îöåíêàìè, â îáîèõ ñëó÷àÿõ òðåáóåòñÿ, ÷òîáû p ìîíîòîííî âîç-
ðàñòàëî ñ ðîñòîì n.

Íàêîíåö, ÷òî êàñàåòñÿ ïðàêòè÷åñêîãî âû÷èñëåíèÿ � ( � )	 ÝÎÌM Q n
�1 , òî â EViews ïðåäóñìîòðåí

öåëûé íàáîð ÃÀÑ-îöåíîê íà âñå ñëó÷àè æèçíè. Äëÿ ïðîñòðàíñòâåííûõ äàííûõ ïðåäëàãàåòñÿ
îöåíêà (3.3). Êðîìå Íüþýÿ-Óåñòà, èìååòñÿ òàêæå îöåíêà ñ êâàäðàòè÷íûì ñïåêòðàëüíûì ÿäðîì
(quadratic spectral — QS) [Hayashi (2000)], èìåþùàÿ ëó÷øèå àñèìïòîòè÷åñêèå ñâîéñòâà, ÷åì
ó Íüþýÿ-Óåñòà.

4. Тестирование модели

Ïîñëå òîãî, êàê îïðåäåëèëè ÃÀÑ-îöåíêó �Q n è íàøëè � ( � )	 ÝÎÌM Q n
�1 ïî ôîðìóëå (2.6), ìû ìî-

æåì ïðîòåñòèðîâàòü ìîäåëü. Òåñòèðîâàíèå â ÎÌÌ íîñèò àñèìïòîòè÷åñêèé õàðàêòåð è, ñëå-
äîâàòåëüíî, ïðèìåíèìî ê âûáîðêàì áîëüøîãî ðàçìåðà.

t-îòíîøåíèå (t-ratio). Ñîãëàñíî ôîðìóëàì (2.11) è (2.13),

n N Qn
ðàñ( � ( � ) ) ( , ( )),	 	ÝÎÌÌ Q Q� �� P 4P1 10 (4.1)

ãäå

Q S S
W X
T

W XT T( ) ( )Q Q� � ��1 1 1. (4.2)

Ïðîâåðÿåòñÿ íóëåâàÿ ãèïîòåçà H0, ÷òî 	 j � 0 (ïðîòèâ H1, ÷òî 	 j 1 0), 1� �j k . t-îòíîøåíèå
íàõîäèòñÿ ïî ôîðìóëå:

t
n

SE
j

j n

j j

j n

j

� �
� �� ( � ) � ( � )

,
,

,

,	

8

	ÝÎÌÌ ÝÎÌÌQ Q1 1

(4.3)

ãäå � ( � ),	 ÝÎÌÌ j nQ�1 — j-ÿ êîìïîíåíòà � ( � )	 ÝÎÌÌ Q n
�1 , 8 j j, — j-é äèàãîíàëüíûé ýëåìåíò ìàòðèöû

( � )X W W Xn
T

n n n
T

nQ� �1 1, êîòîðàÿ ïîëó÷àåòñÿ èç (4.2) çàìåíîé ïðåäåëüíûõ ìàòðèö íà èõ îöåíêè,
ñòàíäàðòíàÿ îøèáêà — SE nj j j� 8 , .
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Èç (4.1) ñëåäóåò, ÷òî t Nj
ðàñP 4P ( ; )0 117.

J-ñòàòèñòèêà Õàíñåíà. Ðàññìîòðèì ýêñòðåìàëüíîå (ìèíèìàëüíîå) çíà÷åíèå êâàäðàòè÷-
íîé ôîðìû (2.5), ñîîòâåòñòâóþùåå � ( � )	 ÝÎÌÌ Q n

�1 :

J Y X W W Y Xn n n
T

n n n
T

n n( � ) ( � ) � ( � )Q Q� �� � �1 1	 	ÝÎÌÌ ÝÎÌÌ , (4.4)

ãäå ìû äëÿ êðàòêîñòè îáîçíà÷èëè � ( � )	 ÝÎÌÌ Q n
�1 ÷åðåç �	 ÝÎÌÌ . Âòîðîé ôóíäàìåíòàëüíûé ðåçóëü-

òàò, ïîëó÷åííûé Õàíñåíîì [Hansen (1982)] óòâåðæäàåò, ÷òî

n J r kn
ðàñ� � P 4P �1 1 2( � ) ( )Q R (4.5)

ïðè r k� 18. Ïðè çíà÷åíèÿõ n J n
� �1 1( � )Q , ïðåâûøàþùèõ êðèòè÷åñêîå çíà÷åíèå (ïðè çàäàííîì

óðîâíå çíà÷èìîñòè) �2-ñòàòèñòèêè, óñëîâèå îðòîãîíàëüíîñòè (1.8) (ýêçîãåííîñòè, ïðåäîïðå-
äåëåííîñòè) èíñòðóìåíòîâ w w r( ) ( ), . . . ,1 ê ñëó÷àéíûì ÷ëåíàì îòâåðãàåòñÿ. Òóò íóæíî çàìåòèòü,
÷òî ïðè÷èíîé áîëüøèõ çíà÷åíèé �2-ñòàòèñòèêè ìîãóò áûòü íåïðàâèëüíàÿ ñïåöèôèêàöèÿ ìî-
äåëè, à òàêæå íåâûïîëíåíèå óñëîâèé, êîòîðûå íàì ïîòðåáîâàëèñü ïðè íàõîæäåíèè �Q n

�1.

Ïðèìåð 3 [Dahlberg, Johansson(2000)]. Ýòîò ïðèìåð òàêæå ïðèâåäåí â êíèãå Ãðèíà [Greene
(2003)]. Â ðàáîòå èññëåäîâàëèñü ñòàòüè ðàñõîäîâ íåñêîëüêèõ ñîò øâåäñêèõ ìóíèöèïàëèòåòîâ
çà ïåðèîä 1979–1987 ãã. Â êà÷åñòâå îáúÿñíÿþùèõ ðàññìàòðèâàëèñü ëàãèðîâàííûå ïåðåìåí-
íûå: ðàñõîäû (S — spending), äîõîäû (R — revenues) è ãðàíòû (G — grants), à òàêæå ôèêòèâ-
íûå ïåðåìåííûå ïî ãîäàì. Îòäåëüíûå ìîäåëè ñòðîèëèñü â çàâèñèìîñòè îò çíà÷åíèÿ ìàêñè-
ìàëüíîãî ëàãà m ( , , )m � 1 2 3 . Ïðè m � 3 îáùåå êîëè÷åñòâî îáúÿñíÿþùèõ ïåðåìåííûõ ðàâíÿ-
ëîñü 14. Óðàâíåíèå ìîäåëè âûãëÿäèò ñëåäóþùèì îáðàçîì:

� � � �S S R Gi t t j i t j

j

m

j i t j

j

m

j i t j

j

, , , ,� � � ��

�

�

�

�

�
� �8 	 � C

1 1 1

m

i tu� � , , (4.6)

ãäå � — îïåðàòîð âçÿòèÿ ðàçíîñòè, ui,t — ñëó÷àéíàÿ îøèáêà, ñîîòâåòñòâóþùàÿ i-ìó ìóíèöèïà-
ëèòåòó, i � 1 2 265, , . . . , , è t-ìó ãîäó (t � 1983 1987, . . . , ).

Â êà÷åñòâå èíñòðóìåíòàëüíûõ ïåðåìåííûõ èñïîëüçîâàëîñü äîïîëíèòåëüíî 16 ïåðåìåí-
íûõ. Èíñòðóìåíòàëüíûå ïåðåìåííûå ñòðîèëèñü êàê çíà÷åíèÿ ðàñõîäîâ çà îïðåäåëåííûé
ãîä. Ïðè÷åì, åñëè äàííûé ãîä ó÷àñòâîâàë â íàáëþäåíèè, òî ýòà èíñòðóìåíòàëüíàÿ ïåðåìåí-
íàÿ ïðèíèìàëàñü ðàâíîé 0. Àâòîðû îöåíèëè êîýôôèöèåíòû äëÿ êàæäîé èç ïåðåìåííîé,
ñòàíäàðòíûå îøèáêè è t-îòíîøåíèÿ. Ïðèâåäåì ÷àñòü äàííûõ â òàáë. 1.

Çíà÷åíèå �2-ñòàòèñòèêè ñ 16 ñòåïåíÿìè ñâîáîäû, ñîîòâåòñòâóþùåå 5% óðîâíþ çíà÷èìî-
ñòè —R 0 95

2 16 26 3, ( ) ,� . Òàêèì îáðàçîì, ìû âèäèì, ÷òî J � �22 83 26 3, , , è ìîäåëü ïðèíèìàåòñÿ.
Â òîì ÷èñëå äåëàåòñÿ âûâîä î íå ýíäîãåííîñòè èíñòðóìåíòîâ. Îäíàêî äëÿ ìîäåëè, ãäå â êà÷å-
ñòâå îáúÿñíÿåìîé ïåðåìåííîé ðàññìàòðèâàëèñü ðàñõîäû — R, J � 20 54, , ÷òî ñâèäåòåëüñòâî-
âàëî î íåâåðíîé ñïåöèôèêàöèè.
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17 tj íå ÿâëÿåòñÿ t-ñòàòèñòèêîé, òàê êàê ìû íå ïðåäïîëàãàåì, ÷òî ñëó÷àéíàÿ îøèáêà � íîðìàëüíî ðàñïðåäåëåíà.
18 Ïîýòîìó ýòîò òåñò òàêæå íàçûâàåòñÿ òåñòîì íà ñâåðõèäåíòèôèöèðóåìîñòü. Êàê ëåãêî âèäåòü, ïðè r k� ,

óðàâíåíèå ìîìåíòîâ (2.4) èìååò ðåøåíèå, è, ñëåäîâàòåëüíî, J G 0.



Òàáëèöà 1

Îöåíêà ïàðàìåòðîâ ìîäåëè ìåòîäîì ÎÌÌ, lag = 3

Ïåðåìåííàÿ ÎÌÌ-îöåíêà SE t-ratio

Year 1983 –0,00 0,00 –12,32*

………. ………. ………. ……….

Year 1987 0,00 0,00 5,87*

S t( )� 1 1,15 0,34 3,36*

S t( )� 2 –0,04 0,23 –0,17

S t( )� 3 –0,56 0,22 –2,59*

R t( )� 1 –1,24 0,36 –3,42*

R t( )� 2 0,08 0,27 0,28

R t( )� 3 0,65 0,27 2,41*

G t( )� 1 0,02 0,82 0,02

G t( )� 2 1,55 0,76 2,05*

G t( )� 3 1,79 0,69 2,58*

J � 22 83,

Ïðèìå÷àíèå. * — çíà÷èìîñòü íà óðîâíå 5%.

5.  Заключение

Ñî âðåìåíè îïóáëèêîâàíèÿ Õàíñåíîì ñâîèõ ðåçóëüòàòîâ [Hansen (1982)], îáîáùåííûé ìå-
òîä ìîìåíòîâ ïîëó÷èë áîëüøîå ðàñïðîñòðàíåíèå, â îñíîâíîì â òåîðåòè÷åñêîé, íî òàêæå è â
ïðèêëàäíîé ýêîíîìåòðèêå. Ïî ñâîåìó õàðàêòåðó, ÎÌÌ, îñíîâàííûé íà àñèìïòîòè÷åñêèõ
ñâîéñòâàõ îöåíîê, ìîæåò áûòü ýôôåêòèâíî èñïîëüçîâàí ëèøü äëÿ áîëüøèõ âûáîðîê. Ïðåèìó-
ùåñòâîì ÎÌÌ ÿâëÿåòñÿ îòñóòñòâèå ïðèâÿçêè ê àïðèîðè çàäàííîìó (îáû÷íî íîðìàëüíîìó)
ðàñïðåäåëåíèþ îøèáîê. Òàêæå íàäî îòìåòèòü áîëüøîå ìåòîäîëîãè÷åñêîå çíà÷åíèå ìåòîäà.
Ïðàêòè÷åñêè âñå èçâåñòíûå îöåíêè (ìû ðàññìîòðåëè òîëüêî ÷àñòü èç íèõ) ìîãóò áûòü ïîëó÷å-
íû ïðè åãî ïðèìåíåíèè. Íàïîñëåäîê çàìåòèì, ÷òî ïðèìåíåíèå ÎÌÌ äëÿ íåëèíåéíîé ðåãðåñ-
ñèè îñíîâàíî íà ïðèíöèïàõ, èçëîæåííûõ âûøå. Äåòàëè ìîæíî íàéòè ó Ãðèíà [Greene (2003)].
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Georgy Gambarov

Structural Liquidity as the Indicator of Interest Rate Policy

The article reviews basic principles and directions of the interest rate policy of the Bank of Russia in the second half of

2006. It presents some developments in bank liquidity indicators and by using a simple statistical model provides an

explanation of introduction of new bank liquidity indicators in Russia.

Anna Chizhova

Econometric Estimation of Credit Rating Transition Matrices

The article presents an econometric approach to estimation of credit transition matrices by using a number of

explanatory variables such as geographic region, industry, business cycle, state, and borrower’s credit history. The hurdle

ordered probit model is in the core of the proposed method. The hurdle specification of a model allows to perform an

estimation procedure in two steps with default probabilities characterizing an objectively observed default event

estimated in the first step followed by estimation of transition probabilities describing transitions of borrowers’ credit

ratings subjectively assigned by credit managers. A data source is a unified database containing detailed information

about the borrowers in the credit portfolio of a large German banking alliance.

Sergey Titov

An Adaptive System of Decision Making for Financial Markets

In the article an adaptive model of decision-making for financial markets based on the method of weighted

indicators is considered. The model is built on signals from several standard mechanical trade systems (MTS) by

generalizing and redistributing between them weight coefficients that change according to the effectiveness of the MTS.

Calculations are performed by making use of price dynamic data from the international currency market FOREX.

Eugene Shchetinin, Kirill Nazarenko

On Mathematical Models of Extreme Values Probabilities Mixtures

A new mathematical model of extreme values probability mixture is proposed in the paper. Effective computational

algorithms for modeling probability mixture and value at risk (VaR) capital estimation are developed and rigorously

proved. Comparative analysis of VaR-estimation with threshold and mixture models based on the Dow Jones historical

data (01.01.1950 – 10.08.2005) has shown a high effectiveness of the last one for risk capital estimation of an issuing

company.

Vladimir Kolemajev

On Consequences of Investing into Production of the Additional Income Generated by World Prices

Growths on Raw Materials and Energy Resources

The work, based on a mathematical model, shows that investment of the additional income into production under

reasonable state control, accompanied by moderate inflationary pressure on the consumer market, effects optimal

economic growth. The inflationary pressure can to a considerable extent be eliminated by government measures.

Sergey Arzhenovskiy, Darya Artamonova

Econometric Estimation of the Wage Penalty for the Motherhood

In the paper we estimate the size of wage penalty for the motherhood by using the data of three rounds of the

Russian Longitudinal Monitoring Survey. We have found the wage differentials between mothers and non-mothers are

on the average about 8,1%. The differentials in socio-demographic, occupational and skill patterns of working women

with and without children are considered.

Karolina Ketova

A Mathematical Economic Model of the Manpower Resource Potential and Cost Characteristics of Demogra-

phic Losses

A mathematical economic model of measuring a worker’s potential and cost-of-living is proposed. Two aspects of

the problem of untimely loss of an average statistical demographic element are considered: loss of profit for the regional
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business system as a whole and the lost value for the family. An attempt is made to estimate the real age density

distribution of demographic elements to take a more precise account of the age factor and the demographic dynamics

as a solution to the problem. Calculations of cost characteristics of the demographic losses are carried out for the Udmurt

republic.

Ovsey Shkaratan, Gordey Yastrebov

Discovering Real (Homogenous) Social Groups in the Russian Society: Methods and Results

The article focuses on the problem of identifying real social groups in the contemporary Russian society. The data

from all-Russian monitoring surveys are used to compare two social structure models obtained by alternative methods.

One of the models is similar to that of the European sociological tradition based on a socio-professional classification. The

other one has been obtained by applying the cluster analysis after having ranked the stratification criteria derived from

the entropy analysis.

Lev Slutskin

The Generalized Method of Moments

We continue presenting recent achievements in econometrics not yet widely known to a Russian reader.

The generalized method of moments (GMM) was introduced to econometrical research by L. Hansen in his seminal

paper in 1982. The GMM is a result of unifying two main approaches to estimating model parameters — method of

moments (MM) and generalized least squares (GLS). In the paper it is shown how to use the GMM in the case of a linear

regression model.
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