
��� 515.162.3+514.13�� ��������� �������������������∗)�. �. �®§«®¢áª ï� ¡®â  ¯®á¢ïé¥­  ¯®áâà®¥­¨î ­®¢ëå ¯à¨¬¥à®¢ § ¬ª­ãâëå ®à¨¥­-â¨àã¥¬ëå âà¥å¬¥à­ëå ¬­®£®®¡à §¨© ¨ ¨áá«¥¤®¢ ­¨î ¨å á¢®©áâ¢.�®§¬®�­®áâì ¯®áâà®¥­¨ï âà¥å¬¥à­ëå ¬­®£®®¡à §¨© ¨§ ¯« â®­®-¢ëå â¥« ¨áá«¥¤®¢ « áì ¬­®£¨¬¨  ¢â®à ¬¨. �â®£ íâ¨å ¨áá«¥¤®¢ ­¨©¯®¤¢¥¤¥­ ¢ [1℄, £¤¥ ¤ ­ ¯®«­ë© á¯¨á®ª áä¥à¨ç¥áª¨å: M1, . . . ,M8, ¥¢-ª«¨¤®¢ëå: M9, . . . ,M14, ¨ £¨¯¥à¡®«¨ç¥áª¨å: M15, . . . ,M28, ¬­®£®®¡à -§¨©, ª �¤®¥ ¨§ ª®â®àëå ¯®«ãç ¥âáï ¯®¯ à­ë¬ ®â®�¤¥áâ¢«¥­¨¥¬ £à ­¥©¯®¤å®¤ïé¥£® ¯à ¢¨«ì­®£® ¬­®£®£à ­­¨ª  ¨§ á®®â¢¥âáâ¢ãîé¥© £¥®¬¥â-à¨¨. � ¯à¨¬¥à, ¨§ ¯à ¢¨«ì­®£® £¨¯¥à¡®«¨ç¥áª®£® ¤®¤¥ª í¤à  á ¤¢ã-£à ­­ë¬¨ ã£« ¬¨ 2π/5 ¬®�­® ¯®áâà®¨âì ¢®á¥¬ì à §«¨ç­ëå ¬­®£®®¡-à §¨©, ®¤­® ¨§ ª®â®àëå, M15, ï¢«ï¥âáï ¬­®£®®¡à §¨¥¬ �¥¡¥à  | �¥©-ä¥àâ  [2℄. �§ ¯à ¢¨«ì­®£® £¨¯¥à¡®«¨ç¥áª®£® ¨ª®á í¤à  á ¤¢ã£à ­­ë¬¨ã£« ¬¨ 2π/3 ¬®�­® ¯®áâà®¨âì è¥áâì à §«¨ç­ëå ¬­®£®®¡à §¨©. � á¡ã¤¥â ¨­â¥à¥á®¢ âì ®¤­® ¨§ íâ¨å ¬­®£®®¡à §¨©, ®¡« ¤ îé¥¥ á¨¬¬¥â-à¨¥© âà¥âì¥£® ¯®àï¤ª , ª®â®à®¥ ®¡®§­ ç¥­® ¢ [1℄ ç¥à¥§ M25. � ¤ ­­®©à ¡®â¥ ¯® á®®¡à �¥­¨ï¬, ¥áâ¥áâ¢¥­­®áâì ª®â®àëå ¡ã¤¥â ¢¨¤­  ­¨�¥,¬ë ¡ã¤¥¬ ®¡®§­ ç âì íâ® ¬­®£®®¡à §¨¥ ç¥à¥§ M(3) ¨ ­ §ë¢ âì ¬­®£®-®¡à §¨¥¬ �¢¥à¨â .Ǒãáâì P (3) | ¯à ¢¨«ì­ë© £¨¯¥à¡®«¨ç¥áª¨© 2π/3-¨ª®á í¤à á ®¡®-§­ ç¥­¨ï¬¨ £à ­¥© ¨ ¢¥àè¨­, ª ª ­  à¨á. 1 (¯à¥¤¯®« £ ¥âáï, çâ® ¯à ¢ ï
∗) � ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à�ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­-â «ì­ëå ¨áá«¥¤®¢ ­¨© (ª®¤ ¯à®¥ªâ  09{01{0255) ¨ ¨­â¥£à æ¨®­­®£® £à ­â  ����� ¨ �à� ���.
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z36z16z26�¨á. 1. �â®�¤¥áâ¢«¥­¨¥ £à ­¥© ¬­®£®£à ­­¨ª  P (3).¨ «¥¢ ï áâ®à®­ë, ®¡®§­ ç¥­­ë¥ P1R1S1, ¤®«�­ë ¡ëâì ®â®�¤¥áâ¢«¥­ë).� áá¬®âà¨¬ ¯®¯ à­®¥ ®â®�¤¥áâ¢«¥­¨¥ ϕ(3) £à ­¥© P (3), ª®â®à®¥,®ç¥¢¨¤­®, ¬®�¥â ¡ëâì à¥ «¨§®¢ ­® ¨§®¬¥âà¨ï¬¨ £¨¯¥à¡®«¨ç¥áª®£® ¯à®-áâà ­áâ¢ :




ai : Ai → Ai [PiPi+1Qi → Pi+2Ri+2Qi+2℄,
bi : Bi → Bi [QiRi+1Pi+1 → Ri+2Si+2Si+1℄,
ci : Ci → Ci [Qi−1RiSi−1 → SiQiRi℄,
d : D→ D [P1P2P3 → S3S1S2℄, (1)£¤¥ i = 1, 2, 3 ¨ ¢á¥ ¨­¤¥ªáë ¡¥àãâáï ¯® ¬®¤ã«î 3. � ªâ®à-¯à®áâà ­áâ¢®

M(3) = P (3)/ϕ(3) ï¢«ï¥âáï ¯á¥¢¤®¬­®£®®¡à §¨¥¬. Ǒ®áª®«ìªã ¥£®í©«¥à®¢  å à ªâ¥à¨áâ¨ª  à ¢­  ­ã«î (σ0 = 1, σ1 = 10, σ2 = 10,
σ3 = 1, £¤¥ σi | ç¨á«® i-¬¥à­ëå ª«¥â®ª ¢ M(3)), ¯® â¥®à¥¬¥ �¥©ä¥à-â  | �à¥«ìä ««ï, M(3) | § ¬ª­ãâ®¥ 3-¬­®£®®¡à §¨¥. � ¬¥â¨¬, çâ®¢á¥ ¢¥àè¨­ë P (3) «¥� â ¢ ®¤­®¬ ª« áá¥ íª¢¨¢ «¥­â­®áâ¨ ®â­®á¨â¥«ì­®
ϕ(3).� ª ®â¬¥ç¥­® ¢ [3℄, ª®­áâàãªæ¨ï M(3) ¬®�¥â ¡ëâì ®¡®¡é¥­  ¤«ï¯à®¨§¢®«ì­®£® n > 2, çâ® ¯à¨¢¥¤¥â ª ¡¥áª®­¥ç­®© á¥à¨¨ ¬­®£®®¡à -§¨© MC(n). � á®� «¥­¨î, ¢ à ¡®â¥ [3℄ ®âáãâáâ¢ã¥â ï¢­ ï ª®­áâàãªæ¨ï¬­®£®®¡à §¨©MC(n). �¢â®àë ¯¨èãâ â®«ìª® ® â®¬, çâ® â ª¨¥ ¬­®£®®¡-à §¨ï áâà®ïâáï ý ­ «®£¨ç­®þ M(3) ¨ ¢ë¯¨áë¢ îâ äã­¤ ¬¥­â «ì­ë¥



�¡ ®¡®¡é¥­¨¨ ¬­®£®®¡à §¨ï �¢¥à¨â  71£àã¯¯ë:
π1(MC(n)) = 〈x1, . . . , xn; y1, . . . , yn; z1, . . . , zn;u | x1x2 . . . xn = 1,

xiyi = u, yizi = xi−1, zi−1zi = yi−1, i = 1, . . . , n〉. (2)�âà®ï ¬­®£®®¡à §¨ïM(n) ¯® ¯à ¢¨«ã (1) ª ª ®¡®¡é¥­¨¥M(3), ­¥âàã¤-­® ¢¨¤¥âì, çâ® ¯à¨ ­¥ç¥â­®¬ n ¯à¥¤áâ ¢«¥­¨¥ (2) ¤ ¥â π1(M(n)), ®¤­ ª®¯à¨ ç¥â­ëå n á¨âã æ¨ï ­¥áª®«ìª® ¨­ ï. � áá¬®âà¨¬ á¨¬¯«¨æ¨®­­ë©ª®¬¯«¥ªá P (2), ¯à¨¢¥¤¥­­ë© ­  à¨á. 2, £¤¥ ¯à¥¤¯®« £ ¥âáï, çâ® ¯à ¢ ï¨ «¥¢ ï áâ®à®­ë ¤®«�­ë ¡ëâì ®â®�¤¥áâ¢«¥­ë.
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D̄�¨á. 2. �â®�¤¥áâ¢«¥­¨¥ £à ­¥© ¬­®£®£à ­­¨ª  P (2).�®£¤ M(2) = P (2)/ϕ(2), £¤¥ ¯®¯ à­®¥ ®â®�¤¥áâ¢«¥­¨¥ £à ­¥© ϕ(2)§ ¤ ¥âáï ¯à ¢¨« ¬¨ (1). Ǒ®áª®«ìªã í©«¥à®¢  å à ªâ¥à¨áâ¨ª  ¯á¥¢¤®-¬­®£®®¡à §¨ï M(2) à ¢­  ­ã«î (σ0 = 2, σ1 = 8, σ2 = 7, σ3 = 1), ¯®â¥®à¥¬¥ �¥©ä¥àâ  | �à¥«ìä ««ï M(2) | § ¬ª­ãâ®¥ 3-¬­®£®®¡à §¨¥.�â¬¥â¨¬, çâ® ¢á¥ ¢¥àè¨­ë P (2) à á¯ ¤ îâáï ­  ¤¢  ª« áá  íª¢¨¢ -«¥­â­ëå ®â­®á¨â¥«ì­® ϕ(2). �á®¡¥­­®áâ¨ ¯®«ãç¥­¨ï ¯à¥¤áâ ¢«¥­¨ïäã­¤ ¬¥­â «ì­®© £àã¯¯ë âà¥å¬¥à­®£® ¬­®£®®¡à §¨ï ¢ á«ãç ¥ ¡®«¥¥ç¥¬ ®¤­®© 0-ª«¥âª¨ ¯®¤à®¡­® ®¯¨á ­ë ¢ [4, á. 276{279℄, ç¥¬ ¬ë ¨ ¯®«ì-§ã¥¬áï ­¨�¥.Ǒ®ª �¥¬, çâ® ¬­®£®®¡à §¨¥ M(2) ®â«¨ç­® ®â MC(2). Ǒ®áª®«ìªã¢áï ¨¬¥îé ïáï ¢ [3℄ â®ç­ ï ¨­ä®à¬ æ¨ï ® MC(2) íâ® ¥£® äã­¤ ¬¥­-â «ì­ ï £àã¯¯ , áà ¢­¨¬ ¥¥ á äã­¤ ¬¥­â «ì­®© £àã¯¯®© π1(M(2)).



72 �®§«®¢áª ï �. �.�â¢¥à�¤¥­¨¥ 1. �àã¯¯  π1(MC(2)) ï¢«ï¥âáï æ¨ª«¨ç¥áª®© £àã¯-¯®© ¯®àï¤ª  6,   π1(M(2)) ï¢«ï¥âáï æ¨ª«¨ç¥áª®© £àã¯¯®© ¯®àï¤ª  3.�®ª § â¥«ìáâ¢®. �®£« á­® (2) π1(MC(2)) ¨¬¥¥â ¯à¥¤áâ ¢«¥­¨¥
〈u, x1, x2, y1, y2, z1, z2 | x1x2 = 1, x1y1 = u, x2y2 = u,

y1z1 = x2, y2z2 = x1, z1z2 = y1, z2z1 = y2〉.Ǒ¥à¥å®¤ï ª ¯®à®�¤ îé¨¬ z1 ¨ z2, ¯®«ãç¨¬, çâ® ®­  ¬®�¥â ¡ëâì ¯à¥¤-áâ ¢«¥­  ¢ ¢¨¤¥ 〈z1, z2 | z2z1z2z1z2 = z1z2z1z2z1, z2z1z2z1z2z1 = 1〉, ®â-ªã¤  z2 = z1 ¨ π1(MC(2)) ∼= 〈z1|z61 = 1〉.Ǒ® ¯®áâà®¥­¨î M(2), π1(M(2)) ¨¬¥¥â ¯à¥¤áâ ¢«¥­¨¥
〈u, x1, x2, y1, y2, z1, z2 | x1x2 = 1, x1y1 = u, x2y2 = 1,

y1z1 = x2, y2z2 = x1, z1z2 = y1, z2z1 = y2〉.Ǒ¥à¥å®¤ï ª ¯®à®�¤ îé¨¬ z1 ¨ z2. ¯®«ãç¨¬ çâ® ®­  ¯à¥¤áâ ¢«ï¥âáïâ ª�¥ ¢ ¢¨¤¥ 〈z1, z2 | z1z2z1z2z1 = 1, z2z1z2z1z2z1 = 1〉, ®âªã¤  z2 = 1 ¨
π1(M(2)) ∼= 〈z1 | z31 = 1〉.�­®£®®¡à §¨ï MC(4) ¨ M(4) (à¨á 3) â ª�¥ à §«¨ç­ë. � á ¬®¬¤¥«¥, ¢ëç¨á«ïï á ¯®¬®éìî ª®¬¯ìîâ¥à­®© ¯à®£à ¬¬ë GAP [5℄  ¡¥«¥¢ë¨­¢ à¨ ­âë äã­¤ ¬¥­â «ì­ëå £àã¯¯ íâ¨å ¬­®£®®¡à §¨©, ¤«ï ¯¥à¢®©£àã¯¯ë ¯®«ãç ¥¬ [3, 3, 3, 4℄, ¢ â® ¢à¥¬ï ª ª ¤«ï ¢â®à®© | [2, 3, 3, 3℄.
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D�¨á. 3. �â®�¤¥áâ¢«¥­¨¥ £à ­¥© ¬­®£®£à ­­¨ª  P (4).



�¡ ®¡®¡é¥­¨¨ ¬­®£®®¡à §¨ï �¢¥à¨â  73�â¢¥à�¤¥­¨¥ 2. �á«¨ n = 2k > 2, â®
π1(M(n)) = 〈x1, . . . , xn; y1, . . . , yn; z1, . . . , zn; u | x1x2 . . . xn = 1,

yizi = xi−1, zi−1zi = yi−1, i = 1, . . . , n,
x2j−1y2j−1 = u, x2jy2j = 1, j = 1, . . . k〉.�®ª § â¥«ìáâ¢®. �¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ¨§ ®¯¨á ­¨ï M(n)ç¥à¥§ ®â®�¤¥áâ¢«¥­¨ï (1).�¥®à¥¬  1. �­®£®®¡à §¨¥M(2) ï¢«ï¥âáï «¨­§®¢ë¬ ¯à®áâà ­áâ¢®¬

L(3, 1).�®ª § â¥«ìáâ¢®. � ª ®â¬¥ç¥­® ¢ëè¥, ¢á¥ ¢¥àè¨­ë ª®¬¯«¥ª-á  P (2) à §¡¨¢ îâáï ­  ¤¢  ª« áá  íª¢¨¢ «¥­â­ëå ®â­®á¨â¥«ì­® ϕ(2).�®£« á­® [4℄ ¤«ï ¯®«ãç¥­¨ï ¯à¥¤áâ ¢«¥­¨ï äã­¤ ¬¥­â «ì­®© £àã¯¯ë
π1(M(2)) ­¥®¡å®¤¨¬® ¯®«®�¨âì, çâ® ¯ãâì, á®¥¤¨­ïîé¨© íâ¨ ¢¥àè¨­ëï¢«ï¥âáï âà¨¢¨ «ì­ë¬. Ǒ®«®�¨¬, çâ® âà¨¢¨ «ì­ë¬ ï¢«ï¥âáï ¯ãâì, á®-®â¢¥âáâ¢ãé¨© à¥¡à ¬ á ¬¥âª®© z2. �âï£¨¢ ­¨¥ íâ®£® ¯ãâ¨ á®®â¢¥âáâ¢ã-¥â áâï£¨¢ ­¨î âà¥å à¥¡¥à ­  P (2), çâ® ¯à¨¢¥¤¥â ª á¨¬¯«¨æ¨ «ì­®¬ãª®¬¯«¥ªáã ­  à¨á. 4, äã­¤ ¬¥­â «ì­®¬ã ¤«ï M(2).

�¨á. 4. �âï£¨¢ ­¨¥ à¥¡¥à �¨á. 5. �¨ £à ¬¬  �¥£®à ­  P (2) á ¬¥âª ¬¨ z2. ¬­®£®®¡à §¨ï M(2).�®®â¢¥âáâ¢ãîé ï íâ®¬ã á¨¬¯«¨æ¨ «ì­®¬ã ª®¬¯«¥ªáã ¤¨ £à ¬¬ �¥£®à  ¬­®£®®¡à §¨ï M(2) ¯à¨¢¥¤¥­  ­  à¨á. 5.
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�¨á. 6. �¨ £à ¬¬  �¥£®à «¨­§®¢®£® ¯à®áâà ­áâ¢  L(3, 1)� ¯®¬®éìî ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¯à¥-®¡à §®¢ ­¨© �¨­£¥à  íâ  ¤¨ £à ¬  �¥-£®à  ¯à¨¢®¤¨âáï ª ¢¨¤ã ãª § ­­®¬ã ­ à¨á. 6, çâ®, ª ª å®à®è® ¨§¢¥áâ­®, ï¢«ï-¥âáï ¤¨ £à ¬¬®© �¥£®à  «¨­§®¢®£® ¯à®-áâà ­áâ¢  L(3, 1). ����������1. Everitt B. 3-Manifolds from Platoni
 solids // Topology Appl. 2004. V. 138. P. 253{263.2. Seifert H., Weber C. Die beiden Dodekaedr�aume // Math. Z. 1933. Bd 37. S. 237{253.3. Cavi

hioli A., Spaggiari F., Telloni A. I. Topology of 
ompa
t spa
e forms fromPlatoni
 solids. II // Topology Appl. 2010. V. 157. P. 921{931.4. �¥©ä¥àâ �., �à¥«ìä ««ì �. �®¯®«®£¨ï. ��¥¢áª, 2001.5. GAP | Groups, Algorithms, Programming. A System for Computational Dis
reteAlgebra. At: http://www.gap-system.org.£. �®¢®á¨¡¨àáª 20 ­®ï¡àï 2010 £.


