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r. M. XUmp08 

o PA3HOOBPA31111 fPA<I»A II ITPl1MEHEHl1l1 3TOfO ITOH.HTl1.H 
K ITPOBJIEME 1130MOP<I»1I3MA fPA<I»OB 

B HaCTO.HIIJ;eM CTaTbe o606IIJ;aIOTC.H HeKoTopble nOH.HTM.H, BBe,n;eHHble paHee B pa60Tax 

11, 2], M nOKa3bIBaeTC.H, 'ITO npM YCTaH(i)BJ1eHMM M30MOP¢M3Ma rpa¢OB 'fMCJ10 ¢OPMaJIbHbIX 

nepe60pOB BCer,n;a MO)KeT 6bITb YMeHblIIeHO OTHOCMTeJ1bHO 'fMCJ1a nOJ1Horo nepe6opa. ~aHHa.H 

pa60Ta OCHOBbIBaeTC.H Ha TOM, 'ITO rpa¢ 3a,n;aeTC.H CBOeM MaTpmI;eM CMe)KHOCTM. IIpM 3TOM 

paCCMaTpMBaIOTC.H TOJ1bKO Te CBOMCTBa rpa¢OB, KOTopble He 3aBMC.HT OT HyMepalI;MM BeplIIMH 

rpa¢a. 

KaK M3BeCTHO, MaTpMlI;a CMe)KHOCTM rpa¢a 3aBMCMT OT HyMepalI;MM BeplIIMH M npM M3­

MeHeHMM MX HyMepaI.I;MM nepexo,n;MT B nepeCTaHOBO'fHO no,n;o6HYIO (P-no,n;o6HYIO) MaTpMlI;y 

K MCXO,n;HOM. ~pyrMMM CJ10BaMM, eCJIM B MCXO,n;HOM HyMepalI;MM BepllIMH rpa¢ f 3a,n;aeTC.H 

MaTpMlI;eM CMe)KHOCTM A M eCJIM M3MeHeHMe HyMepalI;MM BeplIIMH 3a,n;aeTC.H MaTpMlI;eM nepec­

TaHOBKM P, TO TOT )Ke rpa¢ r B HOBOM HyMepalI;MM BeplIIMH 3a,n;aeTC.H MaTpMlI;eM B = P AP' 
(IIITpMX BBepxy 0603Ha'feHM.H MaTpMlI;hI 3,n;eCb M ,n;aJIee 03Ha'faeT TpaHcnoHMpoBaHMe). 

CBoMcTBa MaTpMlI; CMe)KHOCTM, KOTopble He MeH.HIOTC.H npM nepeCTaHOBO'fHOM npeo6pa­

30BaHMM (npe06pa30BaHMM P-no,n;o6M.H), 6y,n;eM, KaK 3TO M npMH.HTO, OTHOCMTb K CBOMCTBaM 

rpa¢a (CM., HarrpMMep, rrOH.HTMe crreKTpa rpa¢a). PaCCMOTpMM HeKOTopble CBOMCTBa MaT­

pMlI;, orrMCbIBaeMbIX CJIe,n;yIOIIJ;MMM orrpe,n;eJ1eHM.HMM. 

Onpe,n;eJIeHHe 1 [2, c. 737]. By,n;eM Ha3hIBaTh ,n;Be MaTpMlI;bI o,n;MHaKOBhIMM rro COCTaBY, 

eCJIM o,n;Ha rrOJ1Y'faeTC.H M3 ,n;pyroM rrepeMeHoM MeCTaMM CTpOK. 

Onpe,n;eJIeHHe 2. YTO'fHMM orrpe,n;eJIeHMe 1. By,n;eM rOBopMTb, 'ITO MaTpMlI;a F Pa3­

MepHOCTM [n x m] MMeeT o,n;MHaKOBhIM COCTaB C MaTpMlI;eM T TOM )Ke pa3MepHOCTM, eCJ1M 

cyru;eCTByeT TaKa.H MaTpMlI;a rrepeCTaHOBKM P pa3MepHOCTM [n x nl, 'ITO M P F = T. 
5ICHO, 'ITO eCJIM F MMeeT o,n;MHaKOBhIM COCTaB C MaTpMlI;eM T, TO M T MMeeT O,l1;MHaKOBhIM 

COCTaB C MaTpMlI;eM F, TaK KaK M3 PF = T CJIe,n;yeT, 'ITO PIT = F. IIo3TOMY 6y,n;eM 

MHor,n;a rOBopMTb rrpOCTO, 'ITO MaTpMlI;hI F M T O,l1;MHaKOBhI no COCTaBY, rro,n;pa3YMeBa.H, 'ITO 

OT O,n;HOM MaTpMlI;bI MO)KHO nepeMTM K ,n;pyroM C nOMOIIJ;hIO YMHO)KeHM.H O,n;HOM M3 HMX CJ1eBa 

Ha HeKOTOpyIO MaTpMlI;y rrepeCTaHOBKM. 

Onpe,n;eJIeHHe 3 [1, c. 9]. Pa3Hoo6pa3MeM MaTpMlI;hI 6y,n;eM Ha3hIBaTh 'fMCJIO Pa3JIM'fHhIX 

CTPOK MaTpMI.I;bI. CTPOKM MaTpMlI;bI Ha3bIBaIOTC.H Pa3JIM'fHhIMM (Pa3HbIMM), eCJ1M OHM OTJIM­

'faIOTC.H XOT.H 6hI O,n;HMM 3JIeMeHTOM, CTO.HII.I;MM Ha o,n;MHaKOBbIX MecTax B CTpOKax. 

ECJIM B MaTpMlI;e MMeIOTC.H o,n;MHaKoBhle CTPOKM, TO co6epeM MX B rpynrrbI. Tor,n;a Pa3­

Hoo6pa3Me MaTpMlI;hI B YKa3aHHoM BhIllie CMhICJ1e eCTh He 'ITO MHoe, KaK 'fMCJIO Pa3J1M'fHhIX 

rpyrrn o,n;MHaKOBhIX CTpOK MaTpMlI;hI. ECJIM MhI XOTMM Y'fMThIBaTb He TOJIhKO ero, HO M 'fMCJ10 

O,1l,MHaKOBhIX CTPOK B K~,n;OM rpyrrrre, TO 6y,n;eM BhIHY)K,n;eHbI JIM60 BBeCTM eIIJ;e O,n;HO orrpe,n;e­

JIeHMe, JIH60 pacllIMpMTb rrpe,n;hI,n;yru;ee. IIOCKOJ1hKY, rOBOp.H 0 KOHe'fHOM MaTpMlI;e, MhI Bcer,n;a 

rro,n;pa3YMeBaeM, 'ITO y Hee 3a,n;aHO o6ru;ee 'fMCJ10 CTPOK, TO, rOBOp.H 0 pa3HOo6pa3MM MaTpMlI;hI 

B YKa3aHHOM BhIllie CMhICJ1e, Bcer,n;a C'fllTaeM, 'ITO OHO CB.H3aHO C 3a,n;aHHhIM 'fMCJ10M CTpOK. 

IIoTOMY paCllmpMM ,n;aHHoe BhIllie rrOH.HTMe pa3Hoo6pa3M.H MaTpMlI;bI. 

Onpe,n;eJIeHHe 4. Pa3Hoo6pa3MeM MaTplllI;bI F 6y,n;eM Ha3bIBaTh 'fMCJIO Pa3JIM'fHhIX 

CTPOK B MaTpMlI;e F C Y'feTOM MX KpaTHocTM. TaK, eCJIM B MaTpMlI;e F pa3MepHocTM 
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[n x m] HMeeTC51 k rpynn O)l,HHaKOBbIX CTPOK C '-IHCJIOM CTPOK B rpynne nl,n2, .. ,nk CO­
k 

OTBeTCTBeHHO, r)l,e '-IHCJIa nl, n2 , .. , nk CB513aHbI yCJIOBHeM L: ni n, TO Ha60p '-IHCeJI 
i=l 

k 

p(F) = (k, nl, .. , nk; L: ni = n) Onpe)l,eJI51eT pa3Hoo6pa3He MaTpHU;bI F. LJacTo pa3H006­
i=l 

pa3He 6Y)l,eM OTO)K)l,eCTBJI51Tb C nepBbIM '-IHCJIOM B TaKOM Ha6ope, T. e. nHCaTb p(F) = k, 
nOJIarM, '-ITO 3TO He npHBe)l,eT K He)l,Opa3YMeHH51M. 

ECJIH )l,Be MaTpHU;bI O)l,HHaKOBbI no COCTaBY, TO OHH HMeIOT He TOJIbKO O)l,HHaKOBoe Pa3­

Hoo6pa3He, HO H COCT051T H3 O)l,HHX H T~X )Ke 3JIeMeHTOB. IIoTOMY, KOr)l,a rOBopHM 0 )l,Byx 

MaTpHU;ax O)l,HHaKOBoro COCTaBa, BBe)l,eHHOe onpe)l,eJIeHHe pa3HOo6pa3H51 CTaHOBHTC51 H3JIHlll­

HHM. Ho KaK TOJIbKO OrpaHH'-IHBaeMC51 O)l,Hoii MaTpHu;eii, TaK 3TO onpe)l,eJIeHHe npHo6peTaeT 

caMOCT05:lTeJIbHbIii CMbICJI. 

B )l,aJIbHeiillleM BBe)l,eHHOe onpe)l,eJIeHHe 6Y)l,eM B OCHOBHOM CB513bIBaTb C HeKOTopoii BCnO­

MOraTeJIbHOii MaTpHu;eii RA, KOTopa51 6Y)l,eT CTPOHTbC51 no MaTpHU;e CMe)KHOCTH A rpa<t>a r. 

HanOMHHM, '-ITO MaTpHu;eii CMe)KHOCTH rpa<t>a C n BeplllHHaMH Ha3bIBaeTC51 KBa)l,paTHM 

(O,1)-MaTpHu;a pa3MepHOCTH [n x n], y KOTOpoii Ha MeCTe (i, j) CTOHT e)l,HHHU;a, eCJIH HMeeTC51 

)l,yra, H)l.yIII,M H3 i - Ii BepIlIHHbI ,B j-IO, H HyJIb - B npOTHBHOM CJIy'-lae. ECJIH Hap5:l)l,y C )l,yroii, 

H)l.yIII,eii H3 i-Ii BepIlIHHbI B j-IO; HMeeTC51 )l,yra, H)l.yIII,M H3 j-ii BepIlIHHbI B i-IO, TO rOBop51T, 

'-ITO i-51 BepIlIHHa COe)l,HHeHa C j-H BeplllHHoH pe6poM. rpa<t> , y KOToporo BepIlIHHbI MoryT 

6bITb COe)l,HHeHbI TOJIbKO npOCTbIMH (HeKpaTHbIMH) pe6paMH H He HMeIOIlI,HH neTeJIb (.n.yr, 

H)l.yIlI,HX H3 BepIlIHHbI B ce651), Ha3bIBaeTC51 06bIKHOBeHHbIM. 

B03BpaIII,MCb K BcnOMOraTeJIbHOii MaTpHu;e RA, onpe)l,eJIHM nOH51TH51 H 0603Ha'-leHH51, 

HCnOJIb3yeMble )l,JI51 ee nOCTpoeHH51, a TaK)Ke BBe)l,eM 0603Ha'-leHH51: 

e - cToJI6eu; H3 e)l,HHHU;; 

SAi - cToJI6eu; CTPO'-lHbIX CyMM j-H CTeneHH MaTpHU;bI A, T. e. SAi = Aje; 
qAi - cToJI6eu; CTOJI6u;OBbIX CyMM j-H CTeneHH MaTpHU;bI A, T. e. qAi = A'je ; 
dAi - )l,HarOHaJIb j-H CTeneHH MaTpHU;bI A, BbITIHCaHHM B BH)l,e cToJI6u;a, j = 1,2, .. , n; 
K - MaTpHu;a nOJIHOrO n-BeplllHHHoro 06bIKHOBeHHoro rpa<t>a, T. e. MaTpHu;a, y KOTOpoii 

Bce He)l,HarOHaJIbHble 3JIeMeHTbI - e)l,HHHIJ;bI, a 3JIeMeHTbI rJIaBHOH )l,HarOHaJIH - HyJIH; 

eCJIH A - MaTpHU;a CMe)KHOCTH 06bIKHoBeHHoro rpa<t>a, TO .Ii - MaTpHu;a CMe)KHOCTH 

)l,onOJIHHTeJIbHOrO 06bIKHOBeHHoro rpa<t>a, T. e . .Ii = K - A; 
TIn - MHO)KeCTBO MaTpHU; nepeCTaHOBOK pa3MepHOCTH n; 
E - e)l,HHH'-IHM MaTpHU;a; 

>'(A) - '-IHCJIO <Dpo6eHHyca-IIepPoHa [3, c. 141] - MaKCHMaJIbHOe co6cTBeHHoe '-IHCJIO 

HeoTpHu;aTeJIbHOii MaTpHU;bI A; 
X - BeKTOp <Dpo6eHHyca-IIeppoHa - HeoTpHu;aTeJIbHblii co6cTBeHHbIH BeKTOp, OTBe'-laIO­

IlI,Hii co6cTBeHHoMY '-IHCJIY >'(A), T. e. X y)l,OBJIeTBOp51eT COOTHOIlIeHHIO AX = >'(A)X. 
3a.n.a)l,HM Tenepb MaTpHIJ;Y RA KaK MaTpHIJ;Y, nOCTpoeHHYIO H3 CTOJI6u;OB: 

(n - pa3MepHOCTb MaTpHIJ;bI A). 
Onpe,u;eJIeH:ue 5. Pa3Hoo6pa3HeM rpa<t>a 6Y)l,eM Ha3bIBaTb pa3Hoo6pa3He MaTpHU;bI [1] 

RA = (SA, qA, dA, SA2, qA2, d A 2, ... , SAn, qAn, dAn), nOCTpOeHI-lOii no MaTpHu;e CMe)KHOCTH A 
rpa<t>a r. 

BY)l,eM 0603Ha'-laTb pa3Hoo6pa3He rpa<t>a r '-Iepe3 p(r) HJIH p(RA). 
IIoK~eM, '-ITO 3TO onpe)l,eJIeHHe KoppeKTHO. ,IJ;eiicTBHTeJIbHO, eCJIH HyMepaU;H51 BepIlIHH 

B rpa<t>e H3MeHHJIaCb, TO H3MeHHJIaCb H MaTpHU;a CMe)KHOCTH rpa<t>a. IIycTb Tenepb TOT 
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)Ke rpa¢ 3a,n;aeTC51 MaTpl1IJ;eH CMe)KHOCTI1 B, npl1~eM B = PAP', P E IIn. PaCCMOTpl1M 

IJ;enO~KI1 CJIe,n;cTBI1H:, nOJIy~aeMbIX 113 YCJIOBI151 B = PAP', P E II n , c,n;eJIaB npe,n;Bapl1TeJIbHO 

O,n;HO O~eBI1,n;HOe 3aMe~aHl1e: (0,1)-MaTpl1IJ;a P 5lBJI51eTC51 MaTpl1IJ;eH: nepeCTaHOBKI1, T. e. 

P E II n , Tor,n;a 11 TOJIbKO Tor,n;a, Kor,n;a Pe = P'e = e. I-haK: 

B = PAP', P E II => Bje= PAjP'e => Bje = PAje => SB; = PsA;; 

B = PAP', P E II => B' = PA'P' => B'je = PA'j => qB; = PqA;; 

B = PAP', P E II => dB = PdA => dB; = PdA;. 

3 a M e ~ a H 11 e 1. BbITII1CaHHble IJ;enO~KI1 OXBaTbIBaIOT 60JIbllII1HCTBO Heo6xo,n;I1MbIX 


YCJIOBI1H: nepecTaHoBo~Horo no,n;o61151 (O,1)-M~TPI1IJ; 11, KaK CJIe,n;cTBl1e, Heo6xo,n;I1MbIX YCJ10BI1H: 

1130MoP¢113Ma rpa¢oB, 3a,n;aUHbIX MaTpl1IJ;aMI1 CMe)KHOCTI1 A 11 B [1]. 
TaK KaK RB = (SB,qB,dB,SB2,qB2,dB2, ... ,SBn,qBn,dBn), TO 113 3TI1X IJ;enO~eK TOT~aC 

)Ke CJIe,n;yeT, ~TO RB = (PSA,PqA,PdA,PSA2,PqA2,PdA2, ... ,PSAn,PqAn,PdAn), T. e. 

RB = P RA. TIoCJIe,n;uee paBeHCTBO 03Ha~aeT, ~TO MaTpl1IJ;bI RB 11 RA I1MeIOT O,n;I1HaKOBbIH: 

COCTaB 11, KaK CJIe,n;CTBl1e, I1X pa3H006pa3l151 paBUbI. CJIe,n;OBaTeJIbHO, He3aBl-ICI1MO OT TOrO, 

KaKOH MaTpl1IJ;eH: CMe)KHOCTI1 - A I1JII1 B - 3a,n;aeTC51 rpa¢, pa3uoo6pa3l1e nOCTpoeHHbIX no 

HI1M BcnOMoraTeJIbHbIX MaTpl1IJ; RB 11 RA OCTaeTC51 O,n;HI1M 11 TeM )Ke 11 xapaKTepl13yeT caM 

rpa¢. 9TO 11 o3Ha~aeT, ~TO BBe,n;eHHoe BbIllIe onpe,n;eJIeHl1e pa3HOo6pa3l151 rpa¢a KoppeKTHo. 

TI051CHI1M, no~eMy npl1 nOCTpOeHl111 MaTpl1IJ;bI R nO KBa,n;paTUOH: MaTpl1IJ;e A pa3MepHOCTI1 

[n x n] I1CnOJIb3yIOTC51 ee CTeneHI1 ,n;o n-H: BKJIIO~I1TeJIbUO. P-no,n;o6I1e - ~aCTHbIH: cJIy~aH: 
no,n;o61151 MaTpl1IJ;. IbBecTuo, ~TO xapaKTepl1CTI1~eCKl1e MHorOYJIeHbI no,n;o6HbIX MaTpl1IJ; paB­

Hb!. MuOrO~JIeHbI paBHbI, eCJII1 paBHbI I1X K03¢¢I1IJ;l1eHTbI. K03¢¢I1IJ;l1eHTbI xapaKTepl1C­

TI1~eCKOrO MHOrO~JIeHa MaTpl1IJ;bI MoryT 6bITb BbI~I1CJIeHbI yepe3 CJIe,n;bI CTeneHeH MaTpl1IJ;, 

C nepBOH: CTeneHI1 ,n;o n-H: BKJIIO~I1TeJIbHO. I1MeHHo nOTOMY ,n;JI51 onpe,n;eJIeHI151 pa3HOo6pa3l151 

rpa¢a BbI6paH ,n;aHHbIH: BI1,n; MaTpl1IJ;bI R. 
TIOH51THO, ~TO B ueKOTopbIX ~aCTHblX CJIy~a5iX pa3Hoo6pa3l1e rpa¢a MO)KHO onpe,n;eJII1Tb, 

He BbITII1CbIBa51 BCIO MaTpl1IJ;y R. 
,l1,eH:CTBI1TeJIbHO, eCJII1 MaTpl1IJ;a A = K I1JII1 A = 0, TO p(RA) = 1. ECJII1 p(SA) = n I1JII1 

p(qA) = n, TO p(RA) = n. 9TO Tpl1Bl1aJIbUble CJIy~aM. 

PaCCMOTpl1M HeTpl1Bl1aJIbHbIH: cJIyyaH:. IIpe,n;noJIo)KI1M, ~TO 113BeCTHa rpynna aBToMop­

¢113MOB rpa¢a r C MaTpl1IJ;eH: CMe)KHOCTI1 A. 0603Ha~I1M ee ~epe3 GA, T. e. nOJIO)KI1M 

GA = {P : P E II n , PAP' = A}. 0603ua~I1M ~epe3 GRA = {P : P E IIn , PRA = 
RA} rpynny aBToMoP¢113MOB MaTpl1IJ;hI RA (TaKI1M )Ke 06pa30M MO)KeT 6bITh onpe,n;eJIeHa 11 

rpynna aBToMoP¢113MOB ,n;JI51 JII06oro cToJI6IJ;a pa3MepHOCTI1 n). B OTJII1~l1e OT GA, rpynna 

GRA BbI~I1CJI51eTC51 (11 ,n;a)Ke BbITII1CbIBaeTC51) BeCbMa npOCTO. 

,l1,eH:CTBI1TeJIhHO, npe,n;nOJIO)KI1M, ~TO MaTpl1IJ;a A TaKOBa, ~TO R;. I1MeeT CneIJ;l1aJIbHbIH: 

BI1,n;, a I1MeHUO, Bce o,n;I1HaKOBble CTPOKI1 l1,n;yT no,n;p51,n;, T. e. co6paHbI B rpynnbI. IIycTh 

~I1CJIO 3TI1X rpynn paBHO k, T. e. p(R;,J = k, 11 pa3MepHOCTI1 I1X 0603Ha~I1M ~epe3 ni, 
k 
~ ni = n. Tor,n;a MaTpl1IJ;bI PEGRA I1MeIOT CJIe,n;yIOIu;I1H: KBa3I1,n;l1arOHaJIbHbIH: BI1,n;: 
i=l 

. ( ~l 
P= . ~ l' r,n;e Pi E IIn , i = 1,2, .. , k. 

o ° Pk 

'iI1CJIO TaKI1X MaTpl1IJ; N = nl !n2! ... nk! 11 paBHO nOp51,n;Ky rpynnhI GR A . 
ECJII1 RA I1MeeT np0I13BOJIbUbIH: BI1,n;, TO cyIu;ecTByeT MaTpl1IJ;a H E IIn TaKa5i, ~TO H RA 

6y,n;eT I1MeTb Y)Ke Tpe6yeMbIH: ynop51,n;OyeHHbIH: BI1,n; R;., npl1 3TOM A = H AH'. 
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3 a M e '-I a H II e 2. 11.3 onpe,ll,eJleHllR pa3H006pa3llR MaTpllu;bI CJle,ll,yeT, '-ITO OHO 

He MeHReTCR, eCJlM MbI YMHO)KMM ;:lJleMeHTbI JlIo60ro ee cToJl6u;a Ha '-IMCJlO, OTJlM'-IHOe OT 

HYJIR. 11. OHO MO)KeT Jlllilib CTaTb 60JlbIlle, eCJlll YBeJlM'-l.llM '-IllCJlO CTOJl6u;OB B MaTpMu;e nYTeM 

,ll,06aBJleHll51 HOBbIX. 

3 a M e '-I a H II e 3. MbI MO)KeM MeHRTb BI1,ll, BcnOMOraTeJlbHOH MaTpllU;bI RA, '-Iepe3 

KOTOPYlO onpe,ll,eJlRJIM pa3Ho06pa3Me rpa¢a, 3a,ll,aHHOrO MaTpMu;eH CMe)KHOCTll A, nYTeM 

,ll,06aBJleHMR HOBbIX CTOJl6u;OB Zk. IIPll 3TOM ,ll,06aBJlReMble CTOJl6u;bI Zk ,ll,OJl)KHbI Y,ll,OBJleT­

BOPRTb Tpe60BaHMlO: eCJlM MaTpMU;a CMe)KHOCTM rpa¢a A MeHReTCR no 3aKOHY PAP', r,ll,e 

P E IIn , TO BeKTopa Zk MeHRlOTCR no 3aKOHY PZk ,ll,JlR Tex )Ke caMbIX P. HanpllMep (CM. 

[1]), eCJlll X - BeKTop <Dp06eHllyca- IIeppoHa Hepa3JlO)KllMOH MaTpMU;bI CMe)KHOCTll A, TO 

P X - BeKTOp <Dp06eHMyca- IIeppOHa MaTpMu;bI CMe)KHOCTM PAP'. ,ll,06aBJleHMe cToJl6u;a X B 

MaTpMu,y RA ,ll,JlR Hepa3JlO)KMMOH MaTpllu,bI A MO)KeT JlMilib YBeJlM'-IMTb pa3Ho06pa3Me rpa¢a 

(CM. 3aMe'-IaHMe 2), '-ITO, KaK 6Y,ll,eT nOKa3aHO HM)Ke, BnOJlHe COOTBeTcTByeT u,eJlll Halliero 

llCCJle,ll,OBaHMR. 

"YTBep)K,n;eHHe 1. G RA :J GA· 
,ll, 0 K a 3 aTe Jl b C T B O. IIYCTb PEGA, T. e. PAP' = A. PaccMoTpMM u,enO'-IKI1 

CJle,ll,CTBMH ll3 noro paBeHCTBa: (PAP')j = Aj ~ PAjP' = Aj ~ PAje = Aje ~ PSAi = 
sAi, T. e. P E G SAi ' j = 1, ... ,n. 

AHaJIOrM'-IHO nOKa3bIBaeTCR, '-ITO P E GqAi . HeCJlO)KHO nOKa3aTb, '-ITO dpAiP' = PdAi, 
ll, CJle,ll,OBaTeJlbHO, ,ll,JlR P E GA 6Y,ll,eT dpAip' = PdAi = dAi llJlll P E GdAi' ,ll,aJIee ll3 

PAP' = A M AX = 'x(A)X BbITeKaeT, '-ITO PX = X, T. e. P E Gx. 
113 TOrO '-ITO P OCTaBJlReT Hell3MeHHbIM Ka)K,ll,bIH cToJl6eu, MaTpMLI,bI RA, BbITeKaeT, '-ITO 

P OCTaBJlReT HeM3MeHHbIM MaTpMU;y RA, T. e. PEGRA' TeM caMbIM, eCJlM PEGA, TO 

PEGRA' T. e. GRA :J GA· YTBep)K,ll,eHlle ,ll,OKa3aHO. 

113 ,ll,OKa3aHI-IOrO YTBep)K,ll,eHllR CJle,ll,yeT, '-ITO eCJlll nOpR,ll,OK KaKOH-HM6Y,ll,b rpynnbI GA 

RBJlReTCR KpaTHbIM n, an - npOCToe '-IMCJlO, TO p(RA) = 1 II nOpR,ll,OK rpynnbI GRA paseH 

nL IIOCJle,ll,Hee BbITeKaeT M3 Toro, '-ITO nOpR,ll,OK rpynnbI GRA' paBHbIH N = nl!n2!" 'nk!, 
,ll,OJl)KeH ,ll,eJlMTbCR Ha n, a 3TO B03MO)KHO TOJlbKO npM YKa3aHHbIX BbIllie YCJlOBllRX. 

PaCCMOTpllM B Ka'-IeCTBe npMMepa CJle.n;ylOlIJ;ylO MaTpllU;y: 

A=(!~l!D 

,ll,JlR Hee MaKCMMaJIbHbIH nOpR,ll,OK rpynnbI G A paseH 10. CJle,ll,OBaTeJlbHO, p(RA) = 

1, M nopR,ll,OK rpynnbI GRA paBeH 5! MJlM 120. CKa3aHHOe BbIllie OTHOCllTeJlbHO ,ll,aHHOH 

MaTpMU;bI A npOBepReTCR HenOCpe,ll,CTBeHHbIMM BbI'-IMCJleHllRMM. 

CJle.n;yeT OTMeTllTb, '-ITO BBe,ll,eHHOe B pa60Te [1] nOHRTMe pa3H006pa3MR MaTpMU;bI II 0606­

lLI,eHHOe 3,ll,eCb ,ll,0 nOHRTllR pa3Ho06pa3llR rpa¢a RBJlReTCR Ba)KHOH xapaKTepllcTllKOH rpa¢a. 

QHO n03BOJlReT ou,eHllTb KOJlll'-IeCTBO MaTpMu, nepeCTaHOBOK, nO,ll,Jle)KalLI,llX nepe60py npM 

¢OpMaJlbHOH npOBepKe ,ll,ByX rpa¢oB C MaTpMu,aMM CMe)KHOCTM A II B Ha M30MOP¢HOCTb. 

IIpoBepKa npM yCJlOBMM, '-ITO RA = RB, COCTOllT B TOM, 'iTO paCCMaTpMBaeTCR npOM3Be­

,ll,eHlle PAP' (P E G RA) M cpaBHllBaeTCR C MaTpllu;eH B. ECJlll ,ll,JlR HeKoTopoH MaTpllu,bI 

nepeCTaHOBKM P npOll3Be,ll,eHlle paBHO MaTpllu,e B, TO MaTpllU;bI A M B P-nO,ll,06HbI, a co­

OTBeTCTBYlOlLI,lle 11M rpa<pbI ll30MOp<pHbI. ECJlll)Ke ,ll,JlR Bcex MaTpllu, nepeCTaHOBOK P ll3 

KJlaCCa, onpe,ll,eJlReMOrO MaTpllu;eH RA , BbIllllCaHHOe BbIllie npOll3Be,ll,eHMe He pasHO MaTpMu;e 

B, TO rpa<pbI C MaTpMu,aMll CMe)KHOCTll A II B He ll30MOp<pHbI. 
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BBe,ll,eHHOe rrOH5ITl1e p3.3H006p3.3M5I rpa<pa rr03BOJI5IeT rOBOpl1Tb, ~TO 1130MOP<PHbIMl1 MO­

rYT 6bITb JIl1111b rpa<pbI, l1Me1Olll,l1e O,n,l1HaKOBOe p3.3Hoo6p3.3l1e, 11 eCJIl1 OHO 60JIblile e,n,l1Hl1IJ;bI, 

TO KOJIl1~eCTBO rrepe611paeMbIX MaTpMIJ; rrepeCTaHOBOK rrpl1 rrpOBepKe Ha 1130MOP<P113M n-Bep­

lllMHHbIX rpa<p0B MeHbllle, ~eM n! (rrOJIHbIll rrepe6op). 

OT,n,eJIbHOrO l1CCJIe,ll,OBaHl15l Tpe6yeT JIl1111b CJIy~all, KOr,n,a p3.3Hoo6p3.3l1e rpa<pa paBHO 

e,ll,l1Hl1IJ;e. ,11,ellCTBl1TeJIbHO JIl1 ,ll,JI5I YCTaHOBJIeHl151 1130MOP<PHOCTl1 ,ll,ByX n-Bepllll1HHbIX rpa<poB 

C p3.3Hoo6p3.3MeM, paBHbIM e,ll,l1Hl1~e, B 06lll,eM CJIy~ae Heo6xo,ll,l1M rrOJIHbIll; Orrl1CaHHbIll BbIllle, 

rrepe6op? 

I'by~eHl1e :3TOll rrp06JIeMbI Ha~HeM ~ paCCMOTpeHl1}f 06bIKHOBeHHbIX rpa<pOB C p3.3Hoo6pa­

311eM, paBHbIM e,ll,l1I-Il1IJ;e. MaTpl1IJ;bI CMe)KHOCTl1 TaKl1X rpa<poB - Cl1MMeTpl1~eCKl1e (0,1)-MaT­

pl1IJ;bI C HYJIeBOll rJIaBHOll ,ll,l1arOHaJIbIO. By,n,eM rrpe,n,rrOJIaraTb, ~TO paCCMaTpl1Ba1OTC}f TOJIbKO 

CB}f3Hble rpa<pbI, T. e. rpa<pbI, MaTpl1IJ;bI CMe)KHOCTl1 KOTOPbIX }fBJI5I1OTC}f Hep3.3JIO)Kl1MbIMl1 

MaTpMIJ;aMl1. BOJIee Toro, 6Y,ll,eM paCCMaTpl1BaTb TOJIbKO TaKl1e rpa<pbI, ,ll,OrrOJIHl1TeJIbHble K 

KOTOPbIM TaK)Ke 51BJI}f1OTC5I CB}f3HbIMl1, T. e. rpa<pbI, y KOTOPbIX He TOJIbKO l1X MaTpl1IJ;bI 

CMe)KHOCTl1 A Hep3.3JIO)Kl1MbI, HO Hep3.3JIO)Kl1MbI 11 MaTpl1IJ;bI A = K - A. cho He HapYlilaeT 

06lll,HOCTl1 l1CCJIe,ll,OBaHl1}f, TaK KaK 113 P ApI = B BCer,ll,a CJIe,LJ,yeT P ApI = jj, 11 Hao6opOT. 

IIoTOMY rrpoBepKy Ha 1130MOP<PHOCTb 3a,LJ,aHHbIX rpa<poB MO)KHO 3aMeHl1Tb 3a,ll,a~ell rrpOBepKl1 

Ha 1130MOP<PHOCTb ,ll,OrrOJIHMTeJIbHbIX rpa<poB. ECJIl1 y ,ll,OrrOJIHl1TeJIbHbIX rpa<pOB MaTpl1IJ;bI 

CMe)KHOCTl1 P3.3JIO)Kl1MbI, TO MbI Ha~l1HaeM paCCMaTpl1BaTb l1X 11 TeM caMbIM yXO,ll,l1M OT 

rrOJIHOrO rrepe60pa MaTpl1IJ; rrepeCTaHOBOK p3.3MepHOCTl1 n. 

I-iTaK, paCCMOTpl1M 06bIKHOBeHHbIM rpa<p C p3.3Hoo6p3.3l1eM, paBHbIM e,ll,l1Hl1IJ;e, y KOTO­

poro MaTpl1IJ;a CMe)KHOCTl1 A 11 MaTpl1IJ;a CMe)KHOCTl1 ,n,orrOJIHl1TeJIbHOrO rpa<pa A }fBJI}f1OTC}f 

Hep3.3JIO)Kl1MbIMl1. YCTaHOBl1M, KaKOll Bl1,ll, 6Y,ll,eT l1MeTb B ,ll,aHHOM CJIy~ae MaTpl1IJ;a RA. 
B Cl1JIY Cl1MMeTpl1l1 MaTpl1IJ;bI A, Bce SAi = qAi (j = 1,2, ... , n), rroToMY 

B Cl1JIY Toro '-ITO p3.3Hoo6p3.3l1e MaTpl1IJ;bI RA paBHO e,ll,l1Hl1IJ;e, Bce ee CTOJI6IJ;bI RA 6Y,ll,YT 

rrporrOpIJ;110HaJIbHbI CTOJI6IJ;y e, T. e. RA = (ae, Oe, {Je, ae, ... , ae). BbIlll1CaHHbIll Bl1,ll, MaT­

pl1IJ;bI RA MO)KeT 6bITb l1HTepeCeH p3.3Be JIl1111b l1HTeprrpeTaIJ;l1ell K03<P<P11IJ;l1eHTOB a, {J, ... , a. 
TaK, rrpl1 BbIlll1CbIBaHl1l1 ,ll,aHHOrO Bl1,ll,a MaTpl1IJ;bI y~TeHo, ~TO ,ll,JI}f MaTpl1IJ;bI CMe)KHOCTl1 

A 06bIKHoBeHHoro rpa<pa SA = dA 2, T. e. a paBHO ~l1CJIy pe6ep, BbIXO,n,51lll,l1X 113 Bep­

111l1HbI i, l1JIl1 '-Il1CJIY IJ;l1KJIOB ,ll,JIl1HbI 2, rrpoxo,ll,5llll,l1X ~epe3 i-10 Bepllll1Hy, l1JIl1 ~l1CJIy e,ll,l1HMIJ; 

B i-ll cTpoKe MaTpl1IJ;bI A...- He HapylilM 06lll,HOCTl1 paccY)K,lI,eHl1ll, MO)KeM C~l1TaTb, ~TO 

2 ~ a ~ [(n - 1)/2], 3,n,eCb ~epe3 [(n - 1)/2] o603Ha~eHa IJ;eJIa}f ~aCTb '-Il1CJIa (n - 1)/2. 

,11,ellCTBl1TeJIbHO, CJIy~all a = °o3Ha~aeT, ~TO MaTpl1IJ;a A = 0, 11 rrOTOMY l1CKJI1O~aeTC}f 
113 paCCMOTpeHl1}f KaK TPl1Bl1aJIbHbIll. B CJIy~ae a = 1 l1MeeM Ae = Ale = e, T. e. A - MaT­

pl1IJ;a rrepeCTaHOBKl1, rrpl1~eM Cl1MMeTpl1~eCKa5l. 1..lT06bI OHa 6bIJIa MaTpl1IJ;ell 06bIKHOBeHHoro 

. rpa<pa, OHa He ,ll,OJI)KHa l1MeTb e,ll,l1HHIJ; Ha ,l.J,MarOHaJIH, 11, CJIe,ll,OBaTeJIbHO, ee pa3MepHOCTb 

MO)KeT 6bITb TOJIbKO ~eTHoll. Cl1MMeTpM~HM MaTpl1IJ;a rrepeCTaHOBKl1 ~eTHOll pa3MepHOCTH 

60JIblile ,ll,ByX P3.3JIO)Kl1Ma, a CJIy~all P3.3JIO)KHMOll MaTpl1IJ;bI l1CKJI1O~eH HaMH 113 paCCMOTpe­

HH}f. B HTOre MbI H rrpHXO,ll,HM K orpaHH~eHl11O ~HCJIa CH113y: 2 ~ a. OrpaHl1~eHl1e a cBepxy 

06'b}fCH5IeTC}f TeM, ~TO OT paCCMOTpeHl151 MaTpl1IJ;bI A MbI BCer,ll,a MO)KeM rrepellTl1 K 113y~e­

Hl110 MaTpl1IJ;bI A. KpoMe YK3.3aHHbIX OrpaHl1~eHl1ll, l1MeeTC5I OrpaHl1~eHl1e, BbITeKa1Olll,ee 113 

Cl1MMeTpl1l1 (0,1)-MaTpl1IJ;. ,11,ellCTBl1TeJIbHO, ~l1CJIO pe6ep y 06bIKHOBeHHoro rpa<pa Bcer,n,a 

'-IeTHOe (B Cl1JIY Cl1MMeTpl1l1 MaTpl1IJ;bI, ~l1CJIO e,n,l1Hl1IJ; Ha,n, ,n,l1arOHaJIb1O paBHO ~l1CJIy e,ll,l1Hl1IJ; 

rro,n, ,ll,l1arOHaJIb1O). I1JIl1, rro-,ll,pyrOMY, cyMMa 3JIeMeHTOB MaTpl1IJ;bI CMe)KHOCTl1 06bIKHOBeH­

HorO rpa<pa - Bcer,n,a ~eTHoe ~l1CJIO. 8TO 03Ha~aeT, ~TO a 11 n He MoryT 6bITb o,n,HOBpeMeHHO 
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He'IeTHblMM 'IMCJIaMM, TaK KaK MX rrpOM3Be,ll,eHMe paBHO CYMMe 3JIeMeHTOB MaTpMlI,bl CMe)K­

HOCTI1 06blKHOBeHHoro rpa<pa. 

"YTBep.>K,11.eHHe 2. ECJII1 rrp0l13Be,ll,eHl1e o:n (2 ~ 0: ~ [en - 1)/2]) - 'IeTHOe 'IMCJIO, TO 

BCer,ll,a CYll~ecTByIOT CI1MMeTpl1'IHble (O,I)-MaTpl1l1,bl C HYJIeBOif ,ll,MarOHaJIbIO 11 pa3Hoo6pa­

311eM, paBHbIM e,ll,I1Hl1l1,e. 

,II; 0 K a 3 aTe JI b C T B O. I1YCTb 0: - 'IeTHOe 'II1CJIO. Tor,ll,a B Ka'IeCTBe MaTpl1l1, A 
q 

MO)KHO B3RTb, Harrpl1Mep, MaTpl1l1,bI BI1,ll,a A = 2.: (Pi + P'i), r,ll,e q = 0:/2, a 
i=l 

o o 
o o 

o o t )­
o 1 

lI,MKJIl1'IeCKaR MaTpl1l1,a n-ro rrOpR,ll,Ka. MaTpl1l1,a P - Hepa3JIO)KI1MaR, TOr,ll,a 11 MaTpl1l1,a A -
Hepa3JIO)KlfMaR. I1p0I13Be,ll,eHl1e JII060if CTerreHI1 MaTpl1l1,bI P I1JIM pI Ha cToJI6ell, e 6Y,ll,eT 

paBHO CTOJI611,y e, CJIe,ll,OBaTeJIbHO, rrp0l13Be,ll,eHl1e CTerreHI1 MaTpMlI,bI A Ha cToJI6ell, e 6Y,ll,eT 

CTOJI611,OM, rrporrOpll,l10HaJIbHbIM e. I1oKa)KeM, 'ITO 11 BeKTOp dAi B paCCMaTpl1BaeMOM CJIY'Iae 

6Y,ll,eT rrporrOpU,110HaJIeH CTOJI611,y e. ,II;eifCTBI1TeJIbHO, B CI1JIY rrepecTaHOBO'IUOCTI1 MaTpl1l1, 

p 11 pI (PpI = E), CTerreUb MaTpl1l1,bl Aj 6Y,ll,eT COCTORTb 113 CJIaraeMblX, RBJIRIOllI,l1XCR 

CTerreURMI1 MaTpMlI, P 11 pI C HeKOTOpblMI1 K03<P<P1111,I1eHTaMM. CTerreHI1 pm M plk 6Y,ll,YT 

I1MeTb e,ll,MUI1'IuyIO ,ll,l1arOUaJIb, eCJII1 m 11 k KpaTHbI n, 11 HYJIeBYIO ,ll,MarOHaJIb - B rrpOTMBHOM 

CJIy'Iae. B JII060M CJIY'Iae dAi 6Y,ll,eT rrpOrrOpll,l10HaJIeH CTOJI611,y e. TeM CaMbIM MbI rrOCTpOI1JII1 
q . . 

Uepa3JIO)KlfMble CMMMeTpl1'IUble (O,I)-MaTpl1l1,bI A = 2.: (P~ + P/~) C p(RA) = 111 'IeTUbIM 0:. 
i=l 

I1YCTb Terrepb 0: - Ue'IeTHOe 'II1CJIO, TOr,ll,a n - 06R3aTeJIbHO 'IeTHoe. B03bMeM B Ka'IeCTBe 
q 

A MaTpl1l1,y BI1,ll,a A = Q + 2.: (P2i + pI2i). 3,ll,eCb P - TO )Ke CaMOe, 'ITO 11 B rrpe,ll,bI,ll,ylll,eM 
i=l 

CJIY'Iae, q = (0: - 1) /2, Q - MaTpMlI,a rrepeCTaHOBKI1 - ,ll,l1arOHaJIbHaR MaTpl1l1,a C e,ll,I1HI1­

lI,aMM B,ll,OJIb rr060'IHOif ,ll,l1arOHaJIl1, T. e. ,ll,l1arouaJIl1, l1,ll,ylll,eif M3 JIeBOrO HI1)KUerO yrJIa 

B rrpaBblif Bepxul1ii. 5ICHO, 'ITO Q2 = E. B CI1JIY 'IeTHOCTI1 n, rr060'IHaR ,ll,l1arOHaJIb ue 

I1MeeT 06ll1,l1X 3JIeMeUTOB C rJIaBuoif ,ll,l1arOHaJlbIO, 11 MaTpl1l1,a A RBJIReTCR CI1MMeTpl1'IHOif 

(O,I)-MaTpl1l1,eii C uYJIeBoif rJIaBHOii ,ll,MarOHaJIbIO. 113 lI,l1KJIl1'IHOCTI1 P 11 n > 2 (CJIY'Iaif 

n = 2 He rrpe,ll,CTaBJIReT I1HTepeca) rrOJIY'IaeM, 'ITO p2 Hepa3JIO)KMMa. KaK 11 B rrpe,ll,bI,ll,ylll,eM 

CJIY'Iae, rrp0l13Be,ll,eUMe CTerreUI1 MaTpl1l1,bI A Ha cToJI6ell, e 6Y,ll,eT CTOJI611,OM, rrporropll,l10UaJIb­

UblM e. I10CKOJIbKY QpjQ = P'j, a y MaTpl1l1, QP2i, QPI2i, P 2iQ, Pl2iQ rJIaBHaR ,ll,l1arOHaJIb 

HYJIeBaR, TO CTOJI6lJ,bI dAi 6Y,ll,YT rrpOIlOpll,l10HaJIbHbI e. To eCTb 11 ,ll,JIR 3TOif MaTpl1l1,bI A 
I1MeeM p(RA) = 1. YTBep)K,ll,eHl1e ,ll,OKa3aUO rrOJIHOCTbIO. 

Ka3aJIOCb 6bl, rrOCTpoeUHbIe Tl1rrbI MaTpl1l1, CMe)KUOCTI1 rpa<poB C pa3Hoo6pa3I1eM, paB­

HbIM e,ll,I1UMlI,e, rrOKa3bIBaIOT, 'ITO ,ll,a)Ke ,ll,JIR 06bIKHOBeUUbIX rpa<poB rrpl1 YCTaHOBJIeHl111 I1X 

1130MOP<P113Ma He 1136e)KaTb rrOJIHOrO rrepe6opa. O,ll,HaKO 3TO ue TaK. 

BOCrrOJIb3yeMcR Ha6JIIO,ll,eHl1eM 113 [2], 3aKJIIO'IaIOllI,l1MCR B CJIe,ll,YIOllI,eM. ECJIM B ,ll,ByX 

P-rrO,ll,06HbIX (O,I)-MaTpMlI,ax C HYJIeBbIMI1 rJIaBUbIMI1 ,ll,l1arOHaJIRMl1rrOCTaBMM rro o,ll,Hoif e,ll,l1­

Ul1l1,e Ha COOTBeTCTBYIOllI,l1e MeCTa, TO 113MeUeUUbIe MaTpl1l1,bl OCTaHYTCR P-rrO,ll,06HbIMI1. If 
Hao6opOT, eCJIM B ,ll,ByX P-rrO,ll,06HbIX (O,I)-MaTpMlI,ax co CJIe,ll,OM, paBHbIM e,ll,I1Hl1l1,e, y,ll,aJII1M' 

e,ll,I1Ul1l1,bl C ,ll,MarOUaJIM, TO rrOJIY'IeHHbIe TaKI1M rrYTeM MaTpl1l1,bI OCTaHYTCR P-rrO,ll,06UbIMI1. 

I1pI1MeHI1M 3TO Ha6JIIO,ll,eHl1e K YCTaHOBJIeHI1IO rrepeCTaUOBO'IUOrO rrO,ll,06I1R ,ll,ByX MaTpl1l1, 

A 11 B C pa3Hoo6pa3l1eM MaTpl1l1, RA 11 RB, paBHblM e,ll,I1HMlI,e, 11 I1MeIOllI,l1X O,ll,I1UaKOBblif 



COCTaB. IIocTaBHM B MaTpHIJ;aX A H B no e,Ll,HHHIJ;e Ha MeCTa (i, i) H (j,j) COOTBeTCTBeHHO. 

0603Hay.HM nOJIyy.eHHble MaTpHIJ;bI y.epe3 A(i) H B(j) COOTBeTCTBeHHO. Tor,Ll,a P(RA(i») ~ 2 H 

p(RB(il) ~ 2. BY,Ll,eM ,Ll,JI5I onpe,Ll,eJIeHHOCTH Cy.HTaTb, Y.TO e,Ll,HHHIJ;a B MaTpHIJ;Y A nOCTaBJIeHa 

Ha MeCTO (1,1) H, KpOMe Toro, MaTpHIJ;a A(l) TaKoBa, Y.TO B RA(l) O,Ll,HHaKOBbIe CTPOKH 

co6paHbl B rpynnbI H CJIe,Ll,yroT ,Ll,pyr 3a ,Ll,pyroM. 

Hay.HeM Tenepb nepe60p (HanoMHro, Y.TO Hac HHTepecyeT np06JIeMa nOJIHOrO nepe6opa, 

TOy.Hee, KOr,Ll,a ero MO)KHO H36e)KaTb) CJIe,Ll,ylOIIJ;HM 06pa30M. 

BepeM MaTpHIJ;bI RA(l) H RB(il , j = 1,2, ... / n. ECJIH MaTpHIJ;bI RA(l) H RBU) ,Ll,JI5I BbI6­

paHHoro j Pa3JIHY.HbI no COCTaBY, TO A(1) H B(j) He nO,Ll,06HbI nepeCTaHOBOy.HO. If MbI nepe­

XO,Ll,HM K CJIe,Ll,yroIIJ;eMY j. ECJIH ,Ll,JI5I BbI6paHHoro j MaTpHIJ;bI R A(1) H RB(il O,Ll,HHaKOBbI no 

COCTaBY, TO HaM,Ll,eTC5I TaKa51 MaTpHIJ;a nepeCTaHOBKH H(j), Y.TO R A(1) = H(j) RB(il. 0603Ha­

Y.HM y.epe3 C(j) MaTpHIJ;y C(j) = H(j) B(j) H'(j) H Hay.HHaeM nepe60p MaTpHIJ; PEGRA(l) , 

T. e. Hay.HHaeM BbIY.HCJI5ITb MaTpH:U;bI LW= A (1) - PC(j) P' . ECJIH ,Ll,JI5I ,Ll,aHHOrO j H 

Bcex P E GRA(1) nOJIyy.HM, Y.TO L~) =f:. 0, TO A(1) H Cj, a CJIe,Ll,OBaTeJIbHO, A(1) H B(j) 
nepeCTaHOBOy.HO He nO,Ll,06HbI, H MbI nepeXO,Ll,HM K CJIe,Ll,yroIIJ;eMY j. ECJIH)Ke ,Ll,JI5I ,Ll,aH­

Horo j HaM,Ll,eTC5I TaKoe P E GRA(l) , Y.TO LW = 0, TO A(l) H B(j) nepeCTaHOBOy.HO no­

,Ll,06HbI H A (1) = P H(j) B(j) H'(j) P'. OTCIO,Ll,a nepeCTaHOBOy.HO nO,Ll,06HbI A H B, npHy.eM 

A = PH(j)BH'(j)P'. IIepe6Hpa51 TaKHM 06Pa30M j, MbI JIH60 Ha HeKoTopoM lllare nOJIy­

Y.HM, Y.TO A H B nepeCTaHOBOy.HO nO,Ll,06HbI, JIH60 ,Ll,JI5I Bcex j A (1) H B(j) nepeCTaHOBOy.HO 

He nO,Ll,06HbI, TOr,Ll,a A H B nepeCTaHOBOy.HO He no,n,06HbI. 

IIOH5ITHO, Y.TO npHMeH5ITb ,n,aHHylO npo:u;e,n,ypy nepe60pa CJIe,n,yeT JIHlllb Tor,n,a, Kor,n,a 

P(RA(1») > 2, B 3TOM CJIyy.ae o6IIJ;ee Y.HCJIO BapHaHTOB nepe60pa MeHbllle n!, T. e. nOJIHOrO 

nepe6opa. 

YTBep)I{,n;eHHe 3. Bcer,n,a npH YKa3aHHbIX BbIllle yCJIOBH5IX Ha MaTpHIJ;y A (1), 

p(RA(l») > 2. 
,II; 0 K a 3 aTe JI b C T B O. TaK KaK npe,n,nOJIaraJIOCb, Y.TO MaTpHIJ;a A (1) - Hepa3JIO)KHMa5I 

C O,n,HOM e,n,HHHIJ;eM Ha rJIaBHOM ,Ll,HarOHaJIH Ha MeCTe (1,1), TO npH ,n,OKa3aTeJIbCTBe YTBep)K­

,n,eHH5I 3 6y,n,eM nOJIb30BaTbC5I Oy.eBH,lJ,HbIM coo6p~eHHeM: pa3Hoo6pa3He MaTpHIJ;bI R A (1) (B 

CMbICJIe y.HCJIa Pa3JIHY.HbIX CTpOK) Bcer,n,a 60JIbllIe JIH60 paBHO pa3HOo6pa3Hro no,n,MaTpHIJ;bI 

MaTpHIJ;bl R A(1) , nocTpoeHHoM H3 npOH3BOJIbHOrO Ha60pa CTOJI6:U;OB MaTpHIJ;bI RA(l). 
BOCnOJIb3yeMc5I TaK)Ke pe3YJIbTaTOM pa60TbI [1], 3aKJIroy.aroIIJ;HMC5I B TOM, Y.TO eCJIH 

(0,1)-MaTpHIJ;a A(1) Hepa3JIO)KHMa, TO B HallIy MaTpHIJ;y R A (1) Bcer,n,a MO)KeT 6bITb BKJIIOy.eH 

B Kay.eCTBe o,n,Horo H3 CTOJI6IJ;OB BeKTOp <I>po6eHHyca-IIeppoHa - nOJIO)KHTeJIbHbIM co6CTBeH­

HbIM BeKTOp X MaTpHIJ;bI A (1), OTBey.aroIIJ;HM MaKCHMaJIbHOMY nOJIO)KHTeJIbHOMY co6CTBeH­

HOMY Y.HCJIY "\(A(1)). 
B03bMeM no,n,MaTpHIJ;Y (dA(1) , X) MaTpHIJ;bI RA(l) , 06pa30BaHHYro ,n,ByM5I BbIllHcaHHbIMH 

cToJI6IJ;aMH (HanOMHHM, Y.TO, B OTJIHy.He OT MaTpHIJ;bI A, B MaTpHIJ;e A(1) Ha MeCTe (1,1) 

CTOHT e,Ll,HHHIJ;a). 51cHo, Y.TO p((dA(1) , X)) ~ 2. IIoK~eM, Y.TO p((dA(l) , X)) =f:. 2. 
OT npoTHBHoro, nYCTb p((dA (1) , X)) = 2. Tor,Ll,a, B CHJIY Toro, Y.TO dA(l) COBna,n,aeT C 

nepBbIM CTOJI6IJ;OM e,n,HHHy.HOM MaTpHIJ;bI, CJIe,n,yeT, Y.TO y BeKTopa X Bce nOJIO)KHTeJIbHbIe 

3JIeMeHTbI, Hay.HHa5I co BToporo, COBna,n,aroT Me)K,n,y C060M. He HapYllIa5I 06IIJ;HOCTH pac­

cY)K,lJ,eHHM, MO)KHO Cy.HTaTb, Y.TO OHH paBHbI e,n,HHHIJ;e. TaK KaK p(RA) = 1, TO Ae = SA = 
ae. ,II;aJIee, A (1) e = SA(1), npHy.eM SA(l) OTJIHy.aeTC5I OT SA TOJIbKO nepBOM KOOp,Ll,HHaTHOM, 

KOTOPa51 B SA(l) paBHa a +1. If3 BH,n,a sA(1) TaK)Ke CJIe,n,yeT, Y.TO MaKCHMaJIbHOe co6CTBeHHoe 

Y.HCJIO MaTpHIJ;bI 3aKJIroy.eHO B npOMe)KYTKe a < "\(A(1) < a + 1 (CM. [3, c. 149]). IIpH 

YKa3aHHbIX OrpaHHy.eHH5IX Ha "\(A(1) H npe,n,nOJIO)KeHH5IX OTHOCHTeJIbHO Koop,n,HHaT BeKTopa 

X n nOKOMnOHeHTHblX paBeHCTB A(1)X = ..\(A(1)x He MO)KeT 6bITb BbIllOJIHeHO no KpaMHeM 
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Mepe B n - a - 1 CJIY'faRX. 8TO npOTJIBOpe'fMT npe,n;nOJIOMeHMIO, 'fTO p(dA (1) , X) = 2. 
CJIe,n;oBaTeJIbHO, p(dA(l) , X) > 2, oTKy,n;a CJIe,n;yeT YTBep)K,ll;eHMe 3. 

IT p M M e p. PaccMoTpMM MaTpMU;bI A M B ,n;eCRToro nopR,n;Ka C pa3Hoo6pa3MeM, paBHbIM 

e,n;MHMU;e. ITYCTb A = p2 + pl2 + Q M B = p4 + pl4 + Q, r,n;e p - U;MKJIM'feCKM MaT­

pMu;a nepeCTaHOBKM ,n;eCRToro nopR,n;Ka, a Q - ,ll;MarOHaJIbHaR MaTpMu;a ,n;eCRToro nopR,n;Ka C 

e,n;MHMU;aMM B,n;OJIb n060'fHOii ,n;MarOHaJIM (,n;MarOHaJIM, M,n;yIIJ;eii M3 npaBoro BepXHero yrJIa B 

JIeBblii HMMHMii). KaK 6bIJIO nOKa3aHO B 06IIJ;eM CJIY'fae, pa3Hoo6pa3Me MaTpMU; RA M RB 
paBHO e,n;MHMu;e, M Henocpe,n;cTBeHHoii rrpoBepKoii MOMHO y6e,n;MTbCR, '-ITO RA M RB MMeIOT 

o,n;MHaKOBblii COCTaB. 0603Ha'-IMM '-Iepe3 E(j)· MaTpMU;y, y KOTOpoii Ha MeCTe (j, j) CToIiT e,n;M­

HMu;a, a Bce OCTaJIbHble 3JIeMeHTbI paBHbI HYJIIO. ITOJIOMMM A (1) = p2 + pl2 + Q + E(l) 

M B(l) = p4 + pl4 + Q + E(l). BbIllMlIIeM MaTpMU;bI A(1), B(l), RA(1) M RB<l) B RBHOM 

BM,n;e, rrpM'-IeM B MaTpMU;ax R A (1) M R B (1) (6e3 rrOTepM HYMHOii MH<p0pMaU;MM) ,n;OCTaTO'-IHO 

BbIllMcaTb no 10 rrepBbIX CTOJI6U;OB: 

1 0 1 000 001 1 
000 1 0 0 001 1 
1 000 1 0 0 100 
o 1 000 1 1 000 
o 0 100 1 1 000 
000 1 100 1 0 0 
000 1 1 000 1 0 
o 0 100 100 0 1 
1 1 0 0 0 0 1 000 
1 1 0 0 0 0 0 100 

4 1 13 4 43 
3 0 9 3 29 
3 0 10 3 31 
3 0 9 3 27 
3 0 9 3 28 
3 0 9 3 27 
3 0 9 3 28 
3 0 9 3 29 
3 0 10 3 31 
3 0 10 3 31 

4 1 13 4 43 
3 0 9 3 27 
3 0 9 3 28 
3 0 9 3 29 
3 0 10 3 31 
3 0 9 3 29 
3 0 10 3 31 
3 0 9 3 27 
3 0 9 3 28 
3 0 10 3 31 

B(l) ­, ­

7 136 
0 89 
1 100 
0 84 
0 86 
0 84 
0 86 
0 89 
1 100 
1 101 

7 136 
0 84 
0 86 
0 89 
1 100 
0 89 
1 100 
0 84 
0 86 
1 101 

100 0 1 0 1 001 
0000010 1 1 0 
o 0 0 0 0 0 1 110 
000000110 1 
10000 100 1 0 
o 100 100 001 
101 1 000 000 
011 1 000 000 
o 1 1 0 1 0 0 000 
10010 1 0 000 

29 437 62 
19 285 6 
20 311 15 
19 259 2 
19 270 3 
19 259 2 
19 270 3 
19 285 6 
20 311 15 
20 314 17 

29 437 62 
19 259 2 
19 270 3 
19 285 6 
20 311 15 
19 285 6 
20 311 15 
19 259 2 
19 270 3 
20 314 17 

HeTpy,n;HO BM,n;eTb, '-ITO RA(1) M RB(1) MMeIOT o,n;MHaKOBoe pa3Hoo6pa3Me P(RA(1)) 
p(RB(l)) = (6,1,1,2,2,2,2) M O,LI;MHaKOBblii COCTaB. ,LI;eiicTBMTeJIbHO, RA(1) = W RB(1) , r,n;e 
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1 0 0 0 0 0 0 0 0 0 
0 0 0 1 0 0 0 0 0 0 
0 0 0 0 1 0 0 0 0 0 
0 0 0 0 0 0 0 1 0 0 

W= 
0 
0 

0 
1 

0 
0 

0 
0 

0 
0 

0 
0 

0 
0 

0 
0 

1 
0 

0 
0 

0 0 1 0 0 0 0 0 0 0 
0 0 0 '0 0 1 0 0 0 0 
0 0 0 0 0 0 1 0 0 0 
0 0 0 0 0 0 0 0 0 1 

Tenepb, ,n;JUI TOrO ~IT06bI npOBepMTb, M30MOP<PHbI JIM MaTpMll,bI A(1) M B(1), ,n;OCTaTO~HO 
nepe6paTb He 60JIee 2!2!2!2! = 16 BapMaHTOB npOM3Be,n;eHM51 MaTpMll, PWB(1)W'P', r,n;e 

P E GR (1) · 

B 06~eM CJIy~ae ,n;JI51 npOBepKM, M30MOP<PHbI JIM MaTpMll,bI A M B MJIM HeT, Heo6xo,n;MMO 

nepe6paTb He 60JIee 160 BapMaHToB, BMeCTO nOJIHOrO nepe60pa BapMaHTOB, ~MCJIO KOTOPbIX 

PaBHO 10! = 3628800. 
,L(JI51 BallIero npMMepa OTBeT nOJIy~aeTC51 Cpa3y - MaTpMll,bI A M B M30MOP<PHbI, no­

CKOJIbKY A(1) = TV B(1)W' M, CJIe,n;OBaTeJIbHO, A = W BW'. 
3 a M e ~ a H M e 4. B HallIeM npMMepe pa3Hoo6pa3Me MaTpMll,bI R A (1) COBna,n;aeT C 

pa3Hoo6pa3MeM JIlo6oro ee cToJI6ll,a, Ha~MHa51 C ,n;eB51TOro. 

YTBep)K,n;eHHe 4. ECJIM (O,l)-MaTpMll,a A, ,n;JI51 KOTOPOM BblIlOJIHeHO YCJIOBMe p(RA) = 1, 
Pa3JIO)KMMa, TO C nOMo~bro nepeCTaHOBKM P51,n;OB (nepeCTaHOBKM CTPOK M TaKOM )Ke nepe­

CTaHOBKM CTOJI611,OB) OHa MO)KeT 6bITb npMBe,n;eHa K KBa3M,n;MarOHaJIbHOMY BM,n;y. 

,L( 0 K a 3 aTe JI b C T B O. TIYCTb p(RA) = 1, Tor,n;a SA = Ae = ae M qA = A'e = ae 

:~M~:Pll~~ ~:p:::~~:,P::O:M:C::T~~(bl ;:cn~eT' q::c:~erYl~ ~:~ 

o 0 0 Ak 

MaTpMll,bI AI, A 2 , .•• , Ak - KBa,n;paTHble Hepa3JIO)KMMble MaTpMll,bI, 0 - HYJIeBble 6JIOKM COOT­

BeTCTBYrolll,MX pa3MepHOCTeM, * - 6JIOKM, KOTopble MorYT 6bITb HeHYJleBbIMM. 113 SA = Ae = 
ae BbITeKaeT, ~TO SAD = ADe = ae, M, TaKMM 06Pa30M, SAk = Ake = ae. }b Hepa3JIO­

)KMMOCTM MaTpMll,bI Ak CJle,n;yeT, ~TO A(Ak) - MaKCMMaJIbHOe co6cTBeHHoe ~MCJlO MaTpMll,bI 

Ak - 3aKJlro~eHo Me)K,Ll;Y MaKCMMaJIbHOM M MMHMMaJIbHOM CTpO~HbIMM cYMMaMM 3TOM MaT­

pMll,bI (Me)K,Ll;Y MaKCMMaJIbHbIM M MMHMMaJIbHbIM 3JIeMeHTaMM BeKTopa S Ak ). TIOCKOJlbKY Bce 

3JIeMeHTbI BeKTopa SA k paBHbI a, TO A(Ak) = a. 
113 Tex )Ke coo6p~eHMM nOJIy~aeM, ~TO A(Ak) = a 3aKJlro~eHo Me)K,n;y MaKCMMaJIbHOM M 

MMHMMaJIbHOM CTOJl6ll,OBbIMM CYMMaMM MaTpMll,bI A k • JIro6aR cToJl611,OBa51 CYMMa MaTpMll,bI 

Ak 5lBJI51eTC51 ~acTbro cooTBeTcTByro~eM CTOJl611,OBOM CYMMbI MaTpMll,bI AD, KOTopble Bce 

paBHbI a (qA D = A'oe = ae). CJle,n;oBaTeJlbHO, Bce cToJI6ll,OBble CYMMbI MaTpMll,bI Ak He 

MorYT 6bITb 60JlbllIe a, HO He MorYT 6bITb M MeHbllIe a. To eCTb Bce OHM paBHbI a. 9TO 

o3Ha~aeT, ~TO Bce 6JIOKM *, pacnOJlO)KeHHble Ha,n; MaTpMll,eM A k , HYJleBble. TIo aHaJIOrMM 

nOJly~aeM 3aTeM, ~TO Bce 6JlOKM * - HYJleBble, T. e. MaTpMll,a AD - KBa3M,n;MarOHaJIbHaR. 

YTBep)K,Ll;eHMe 4,n;oKa3aHo. 

3 a M e ~ a H M e 5. TIPM ,n;OKa3aTeJlbCTBe YTBep)K,n;eHM51 3 HMr,n;e He McnOJIb30BaJIaCb 

CMMMeTpM~HOCTb MaTpMll,bI A, npMMeH51JlMCb JIMllIb <paKT Hepa3JIO)KMMOCTM (B 3TOM CJIy~ae 
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nOJIO)l(MTeJIbHbIi1 BeKTOp X Onpe,ll,emleTCJI e,ll,MHCTBeHHbIM 06pa30M C TO"'IHOCTblO ,ll,O nOCTOJlH­

HOro nOJIO)l(MTeJIbHOrO MHO)l(MTeJIJI) M TO, "'ITO Y MaTpMll,bI A rJIaBHaJl ,ll,MarOHaJIb HYJIeBaJl. 

Kor,ll,a A = E + A (HanoMHMM, "'ITO M3 p(RA) = 1 CJIe,ll,yeT, "'ITO MaTpMll,a A MO)l(eT MMeTb 

TOJIbKO HyJIeBylO MJIM e,ll,MHM"<IHylO ,ll,MarOHaJIb), MbI BCer,ll,a OT paCCMOTpeHMJI MaTpMll,bI A 
MO)l(eM nepellTM K paCCMOTpeHMIO (O,l)-MaTpMll,bI A. 

,LI;ellcTBMTeJIbHO, M3 B = P AP' M A = E + A, B = E + jj BbITeKaeT, "<ITO jj = P AP' 
M 06paTHO. TI03TOMY pellleHMe 3a,n,a"<IM Ha nepeCTaHOBO"'IHOe nO,ll,06Me MaTpMll, A M B C e,ll,M­

HM"<IHbIMM rJIaBHbIMM ,ll,MarOHaJIJlMM MO)l(eM .3aMeHMTb aHaJIOrM"<IHOll 3 a,n,a"'I ell , HO Y)l(e ,ll,JIJI 

MaTpMll, AM jj C HYJIeBbIMM ,ll,MarOHaJIJlMM, ,ll,JIJI KOTOPbIX CMO)l(eM BOCnOJIb30BaTbCJI YTBep)l(­

,ll,eHMeM 3. 
¥iTaK, MO)l(HO YTBep)l(,ll,aTb, "'ITO B CJIY"<Iae, KOr,ll,a p(RA) = 1, MbI BCer,ll,a OT MaTpMll,bI 

A CMO)l(eM nepellTM K 3KBMBaJIeHTHOll B OTHOllleHMM P-nO,ll,06MJI MaTpMll,e, ,ll,JIJI KOTOPOll ee 

BcnOMOraTeJIbHaJl MaTpMll,a 6Y,ll,eT MMeTb pa3Hoo6pa3Me 60JIbllle ,ll,ByX. CJIe,ll,OBaTeJIbHO, npM 

YCTaHOBJIeHMM M30MOP<PM3Ma rpa<poB "<IMCJIO <P0PMaJIbHbIX nepe6opoB BCer,ll,a MO)l(eT 6bITb 

YMeHbllleHO OTHOCMTeJIbHO "<IMCJIa nOJIHOrO nepe6opa. 

Summary 

Khitrov G. M. Graph's diversity and its application to the graphs isomorphism problem. 

Graph's diversity definition and its application to the graphs isomorphism problem are exam­

ined. 
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