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on limits of algeЬraiс subgroups

Е,B. Vinberg

\\rе shall сonsidеr сompleх algеЬraiс variеtiеs and groups. Both analytiс and Zariski
topology will Ье usеd. Unless statеd otherwisе, the analytiс topology is mеant.

Еo r  е l еmеnts  g ' , . . . , 9p  o f  an  a lgеЬгa i с  g roup  G ,we  dеno tе  Ьу  (g ' , . . . , 9p )  thе  Zaг i sk i
с l o su rе  o f  t hе  subgтoup  gеne ra tеd  Ьy  g \ , . . . , go . I |  ( g , ' ' , . , 9p )  =  G ,  wе  say  tha t  G  i s
Zаrisht gеnеrаtеd bу g, ' . . . ' 9p . Any algеbraiс group is Zaгiski gеnегatесl by finitеly many еlе_
mеnts. Irr partiсular) any сonnесtеd rеduсtivе group is Zariski gеnегatеd by two еlеmеnts

[Vi]. Сlosеnеss оf algеЬгaiс suЬgгoups сan Ье еvaluatеd Ьv thе сlosеnеss оf thеir Zariski
gеnегating sеts.

As usually, we denotе thе tangеnt Lie algеbras of Liе gТoups G, H, .. . Ьy thе сorrе.
sponding goth iс  lеt tеrs  g, t ' ) , ' . '

\ Ve  sе t  Gp  =  9  х  . . . х  G
P

Let II Ье an algеЬraiс suЬgгoup of an algеЬraiс gгoup G , and g1,g2.
that theге еxists a l imit

[  = l im Ad(s" ) t ]

in t}rе rеlеvant Grassmanian' and sеt

L  = | t m g n H g , '  =  { | i m g ^ h ^ g ^ l  :  h у , h 2 . €  11}

that | lm1,h,g;\ should ехist.)

с  G .  Supposе

(He rе  h t , h z , . .
oЬviorrsl1,, l

T}rеorеrn 1.

Thеorеm 2.

subgroup of H .

. are supposеd to Ье.сhosеn in suсh a WaY
is  а subgгoup oГ G .

L is  an а lgebrа ic  subgroup шith lаngent а lgeЬra I

I f  II  is  reduct iue,  lhen аnу reduсl iuе а lgеbra l ,с  subgroup s с .  i .s  соnjugalс tс l  о

Pagе and Riсhardson [PR] provеd thе following stability propeгt5l of sеlrrisimplе srrЬ-

algеЬras of Liе algеЬras:

Lеl s bе a semisimple subаlgebrа of а Lie аlgebта t1 , аnd |, a sutf ic iеnt lу smal l  dеfor lna|toп of h .

Then thеre er ists a subаlgebra 5, Сb, шhlсh zs isomorphic to s аnd сlosе lo s (аs а subspаce).

A simрlе pтoof of this lvas givеn Ь5l Nеrеt in [Nе, Lеmma in Sесt ion 1.4].

Sirrсе сlosе sеmisimplе subalgеЬгas of a Liе algеЬra aге сonjtrgаtс '  t l tс abovс staЬi l i ty
propегty impliеs thе fоlloц,ing thеorепl:

( * )  r ,ы  s  beа sеп t i s i т пp l е subа l gе I l r ao f а L i е а l gеb ru  g . Thеnаnу sub t t l g еbтаo f  g ,  с o т t l а t t t t t t g  а
sul ' lspuс:с of dlmenszon dtпs sut 'J ic iепl lу сIosе lo 5, сontаins а subаlgebrа conjugаte to s аnd closе to

N'Iaking usе of this thеoгеm' wе рrovе thе following vегsion of it foг algеЬraiс groups.
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Tlreorem З. Let ^9 be a
a Zariski gt:nerating set of

сonnесted semls lmp/e ыlbgroup of  an a lgеЬra iс  grоt lp C '  and, -  
1 ' , .  .  .v ,  Ф l ,  @ ' A с U L d l С  \ r o u p  ( f  ,  a n d  s  =  ( s 1 ,  .  .  . ,  s р )

S..Еoг anу neighbourhood U of е in G therе eх-lsts a nеighbourhooс1 Vof s in Gp suсIl tllat any

a subgroup gSg-1 with g

reduсtive suЬgroup H с G satisfуing the condit ion HP ОV * a , contal l lsг  т |с U

lt sееms t}rat thе assumption on геtluсtivity of 11 in Thеoгеms 2 and 3 is srrpегfluous, Ьut I сannotavoid it.

Рroposit iorr 1. Тierе. eхists a posit ivе nurrl l lеr с = cG { т suсi t}l i tt t l lе ехуlсlnеntial пlaуlping

е х p : g + @

This lvогk п,as supportеd Ь1- thс gгant 95-01.00783a
sеaгсh and thе grant RN{1.206 oГ thс Civil iаn Rеsеaгсh

1' A pгopсlгty of tlre ехponerrti:rl rrrаJrpirlg. Lеt

maps diffеomorphicallу the (open) set U(g,c) of elements of g ,
d i t ion |1m)| < с,  onto the (open) set  tJ(G,c)  of  e lements of
с o n d i t i o n  I a г g A |  < с .

of the Russian Еoundation of Fundarnеntirl Rrl_
and Dеvеlopmеnt Еoundation.

G С GL' . (C) Ье an a lgеЬгaiс l inеaг gгorrp.

whose eigenva1ues ) satisfу the con-
G , whose eigеnvalues ), satisfу the

[п,IN]. It foliows that for any positivе с { т
onto an opеn suЬsеt ot  U(G,с) .  \4.е aге to

G сont  a i l r ing

vес lo l s .  7 .  i s

Proof . . thе assеrt ion is  known foг GL"(С) '  wi th с _ т
the еxponent ia l  maрping maps d i f fеomorphiсa l ly  С/(g '  с)
ргovе that ,  foг sotne с ,

€ С { , ' 1 g l " ( С ) ' c )  &  е хр { € 6 '  i п r p l i с s  € с s (r)
Let (  -  

€ ,  *( , .  Ье thе addi t ivе Joгdan deсomposi t ion of  (  .  Thеn ехp( = ехp{,  .ехр( ' .  rs  thеr l ru l t ip l iсat i r 'е  Joгdan deсomрosi t ion of  ехpс I f  {  €  L i (g/ , ,  (С) ' , ) ,  then {,  , € n  с  {]1gl , (C), . )  ,  and i fехp €  с  G .  thеn ехР(, ,  eхP € .  С G .  So i t  suf f iссs to pror .e (1) fог sсп.t ts i r r rp lе and n i iрotеnt e lеmеnts '
IГ  {  i s  n i l1 ;o tеr r t  a r rd  ехр €  сG, t l r с l r  е , tр l €  с  с  fог  a r rу  l  с  С '  anс]  hсr rсс  {  €  g .

I ,e t  r lo rv  {  Ье  sе ln i s i t r rp lе .  IГ thе  е lепrеnt  схp(  bе longs  to  thс  сonnесtеd сompOnCnt  o f
t l r с  ur l i t '  th t . :п  i t ,  Ье longs  tо  a  п taх i t t ta l  toгus  T '  oГ  G.  I r r  a  Ьas i s  сor rs i s t ing  oГ  tvе ight
dсfinеd Ьy' сс1uaLioris oГ t lrс foгirr

- 1  ( z = 1 . n; i  €  Z)П^; , ,
J

d iаgona l  с : t t t г i сs  (с : ig t ln r .a luсs)  ) ,  ' s '  1 .hс

f ";i); =
J

oЬ l . io r rs l . r - ,  (  i s  d iagona l  in  thе  sanrе  bas i s .  l ,е t  )1 ,  .  .  . ,  ) '  Ье  i t s

f f { .^ ' ; " ' ,  =6D ;n ' : A ;  -  t  ( i=  l ,

l V l l ( ] n се

oГ 7 is  def inеd Ьy thе еquat ioIrs

еigсnr'aluсs. Thеn

. . , m ) ,

tangеnt  a lgeЬra  t

: f l  ( i = 1 ,  . , m )
{2 )

(:r )Г  n ; ; ) ,  =  0  ( m o d 2 т l / - 1 1 ,  ( i  =  1 , ' ' . , m )
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I Г € € U ( s l " tС ) ' с )  w i t h

maх; !i I n;i |'

then (3) impl ies (2),  i .е . ,  1 с s  .

If thе elеment eхp{ bеlongs to anothеr сonnесtеd сomponеnt of G , say, G1 , thеn

a maхimal toгiс subvaгiеty S of Gr (sее [Vi]), whiсh is sti l l diagonal in sornе basis arrd

еquations of thе foгm

z т
с ( (4)

T O

Ь l

i t

is

Ьеlongs

dеfinеd

in thе samе

П \ | , '  
=  u '  ( i  =  l ,  .  '  ' , m . ,  p i j

j

whеге д; 
's aге somе гoots of 1 , not all of them Ьeing еqual to 1

Ьas is .  I ,еt  )1 '  .  .  .  ,  ) '  Ье i ts  e igеnvaluеs.  T l rеn

с  Z) ,

obviouslу, ( is diagonal

П ( . ^ , ) P ' l  
-  g Z l P ' l \ l  =  р ,  ( j  =  l ,  . . . , m ) .

j

L e t  р 1  Ь е a p r i m i t i v е  g . t h r o o t o f  1 , w h е г e  g > 1 . I f  ( € U ( s l " ( C ) , с )  w i t h

r < '  -
q L i I p ь i I

thеn (5) сanrrot Ьe satisflеd, whiсh is a сorrtradiсtion.

Thus,  i f  с  sat is f iеs thе inеqual i t ies (4) oг (6) foг a l l  сonnесtеd сomponents of  G,  thе i rnpl iсat ion (1)

ho lds .  П

(5)

(6 )

2. A сriterion ftrг algeЬгaiсity of a сomplex Liе group. Lеt G Ье

Gо its сonnесtеd сoпrponеnt сontaining thе unit.

It is known that, Гoг an algеЬraiс group G ,

(A) i г  9 = 9. '9t l  i s  thе (mult ip l iсat ivе) Joгt lan dесomрosi t ion oГan e iement

( r  n

a сompleх I, ie gгoup, and

g С G ,  t i r е r r  . q .  С G , g , , €

Lеt  us  сa l l  а  sеп l i s imp lе  l inеaг  oдегatoг  сompасt ,  i f  i t s  е igеnva]uсs  arс  oГ  modrr l r r s  1 ,  and pоs i | , i t ' ' t : '  i Г

thеy aгe posit ivе. Arry sеrrr is iп.rp1е l inеаг opегatoг g car' Ьe uniquеly геpгеsеnted in t ltе ГorIrr

9 = 9с9p'

lvhеrе g" (геsp '  9o )  is  a сornpaсt (rеsp.  pos i t ivе) sсmis implе l inеaг operatoг and 9с9p = 9p9. .  I ,еt  r rs

сa l l  (7) LЬ 'е polаr  dесomposi t ion oГ g

It is easy to sеe that, for an algeЬгaiс group G ,

(B) i f  9 :9"9p is  thе polaг deсomposi t ion oГa sеmis implе е lеmеnt g сG ,  thеn g.  С (},g,  С Go .

It is also еasy to sее t}tat, it tp : G * 11 is a homoпloгphism oГ algеЬraiс l inсаr gгorrрs urnd g -- 9"9i'
i s  t}rе рolaг dесomposi t ion of  an с lсmсnt g с (} ,  t l rеn rp(g) __ p{s")p(s)  is  t l rе рolaг dссоmpсs i t ion oГ

the е lеmеnt p(g) с .I1 .  Thе analogous propегty of  thе Jordan dесorrrpos i t ion is  wel l_knolvn.

( i )

+ /.2
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Ргopоsition 2' А'сornpleх l irlеar Liс group (i is а/gсЬrаiс if aлd onlу if (А) and (B) hotd.

Pтoof.  LеL (A) and ( l3)  hold,  and lсt G Ье thс Zaг isk i  с losurе of  G

It  is  knorvn (sеt: ,  е.g. '  [Vo]) that thс grоup (Gо,Gо) is  a lgеЬra iс .  o l ;v ious ly.  i t  i s  noгпra l  in G а"nd

hсnс t э  i n  G .  Pass i ng  to  th t ' quo t i еn t  G /1Gg .G6)  wе  п l av  as sumе tha t  Gg  i s  a l>е l i an .

Lеt Gо bе thс Zariski сlosurе of Gо . \\'e hаr.е co =T x L, , whеге 7. is an algсЬгaiс toгus and L

an aЬеl iаn unipotcnt grouР. In v iеw of  (A) thе srrЬgтoup Go С Go is  thе d iгесt  p lodt lсt  of  i ts  pгojесt ions

to 7- and [,r . Sinсе any сonnесtеd Liе suЬgroup of L, is algсЬгaiс, rvе havс Go = 1-, y {i , в.hеrе 7.,

is  a сonnесtеd L iе strЬgгoup of  7 '  .

Lе| .1l (rс:sр. .1o 
) Ье thе геal Liе suЬgгorr1' of Т сonsisting oГ thе еlеrnсnts rr'hоsе еig.lttr.zrluеs aгt

oГ l t iоr] t t lLts  1 (геsp.  рos i1, i r ,с) .  
. I .ht l r r  ?-  = Т,  х.] .p аnс1,  foг t l rе tаrrgсtt t  а lgt . l , г : rs .  l r 'c  l tаr .с  t , .  = l1.  ,  sо

7 '  is  t l rе сomplс-х hul l  oГ t l rе сomрасt tоrus ? i  .  l t r  v iеrv of  (B) T,  is  t}rе сott tp lс .х i ru l l  oГ а сornрaсt ,

suЬtoгus т, с T" . Sinсе thе сomple-х hull of a сonipaсt toгus is an algеЬгaiс toгus, wе har.е Т', = T , so

G a = T х L | = G o .

Pass ing to thе quot iеnt GlGo, wC ma!.assumе that G9 = {.},  i .e .  G is  d isсrеtе.  I r r  thrs сasе i t

fo l lows fгom (A) and (B) that G is  per iod iс .  Bу a thеoгеm of I .Sсhur (sее,  e.g. ,  [СR]).  an.v pеr iod iс

suЬgrorrp of  GI, , , (C) is  сonjugate tо a st tЬgrotrp oГ U' . I f ,  in addi t ion,  i t  i s  d isсrеtе,  i t  i s  f iп i tе.  So

uttdеr our assurnрtion G is finitr: artd ircnсе algеЬгaiс. П

3. Pгoof of Tlrеtlr.сrrr 1. l i t l г  аn1.  17  €  [  t } rсг r :  сх i 'ч t  r i  t  ' l l , : ' '  .  . €  h  s r rсh  t} ra t

с х p l L L

Lеt с = r:tt Ье сltosеtr as ttt Pгopоsitiсln 1 ' l 'akе аn.r. lr €  U \I- ' с) , Lсt lt1' l.L2

r '  r  - l  I
i , i t l t ! J t , I i i l q n -  =  I r .

\\i: пlаv assl- lПlе thirt f i .  €  ( , .(Н, с) foг an1. rr . . l .hеn hn = ехР r/n and lrеIrсe

,  - l

l J n I l , , 9 , , .  
-  o х р  J \ d ( 9 t , ) l / l l

Гoг sonlе ц,' С U(h, с) . Irr viсrv of (9) rr'с пiust havе

l imAd(y , . ) r7 , ,  =  Ц  С  [ ,  ехp4  =  A

anсl l iеnсс

It [о]lо',гs t,lri l i

ThLrs,

lt foilorvs Ггom (8)

it is algеЬгaiс' wе ar(]

aпd (10) LhaL L

to сheсk t i rаt  (A)

\ i rn, ,1d(о")ц" = ц

l i l r rg. ,  ( t : .хр 0, ' )g.|  
* ехp r/

U ( I , , c )  С  е x p / .

is  a (сomplсх) L iе group

aтld ([3) hold for -L .

( 8 )

€  11 bе suс}r t l rat

(e)

(  i 0 )

/ . To pгovе th;rtwitЬ tangепt я l  r гcЬr - . r

42з
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Let h €  -L bе dеfinеd Ьy (9). Thеn

Тhe pгoperty (B) is  сhесkеd in the samе mannеr.  П

4. Soпrе invагiаrrt theoгy. Lеt us тeсall that,' for an aсtiоn oГ aп algсЬraiс grouр oIi an algсЬг;iiс

v;rг iс: tу '  any oгЬi t  is  Zаг isk i  opt . l t t  i t i  i ts  Zaг isk i  с losuге (sее.  с .g. .  [\/()]) .  I t  fo l lorvs that t1rе Zаr isk i  с lostrr t l

о[ ' i rп огЬi t  сo i l rс idеs rу i t l r  i ts  с lost tг t l  i t t  t l l r '  an l l - lv t iс  t .ороl t lg1. .  lп paгt iсrr laг .  аr l  oгЬi t  is  Zа l isk i  с losсd i f

and оnlу iГ  i t  i s  с losеd in thе anаlyt iс  toрolоgy.

Lеt now a геduсtivе algеЬгaiс gгoup G aсt on an affinе algеЬraiс variety Х . Thе algеЬra of poly.

nomials on Х is denotеd Ьy C[х] , and thе srrЬalgеЬгa of G -invaгiant polynornials Ьy C[x]c . тhе

саIcgor iса l  quot ient of  X with геspесt to thс aсt ion of  G,  i .e .  thе spесtrum of С[Х]G, is  dеnotеd

Ьу X/G, arrd thс faсtor izаt ion morphisтn х -  X l lG dеf ined Ьy thе emЬedding С[-Y]" С C[х] is

dеnotеd ЬУ oс.  A standaгd faсt  oГ invar iant thсory is  that  еaсh f ibег of  т6 сonta ins еxaсt ly  orrе Zа,r isk i

с lоsсd or .Ь i t .  (Гoг dеta i ls  sее,  е.g. ,  [VP].)

Considег thе aсtion of a геduсtivе gгoup G on Gp Ьy simultanеous сonjrrgations. Dеrrote Ь1' т6

t,l it: Гirсtorizat iorr moгрhisrn
'G t GP * GP llG.

so  h " ,  h "  С  L .  N lo геovе r ,

fог any t с. C , whenсe hu € Lo

Thс mairr  геsul t  oГ [V i]  is  that

Cp llG .

5. Pr .oof  of  Theorеrтr  2. '

mах im; r l  г сd r r с t i r . о  su l ' g гouР  Oг

It  is  krrown [Ri]  that  thе oгЬi t  of  a p . tuplе 8 = (g l  '

(s)  = (g '  ,  .  .  .  ,9p) Zaг isk i  gеnеratеd Ьy g is  теduсt i r 'е .

Гсlг аltу. тedLrсti l 'е srlЬgгoup H с G thе епrl.есl,. i ing

l i п r9 " ( l l , ) , 9 i ,  =  h , , hmgn (h , , ) u g i t  =  hu ,

| i m g , ( h ' ) t ' g _ I  = h t ' С L

HР ll II - GР /lG.

th is  пroгphisш is  l in i tе '  ln рaгt iсu lar ,  i t -s

. ' gP) С Gp is сlosed if and onl1. if the subgroup

;-
I ] Г  С  Gp  g i r . c s  г i s . '  l о  а  t n о г I ' h i s l r r

iп ragе т6( f1 , , )  i s  с iоs r l t ]

1.. i гst  геduсе the

G сontzriтting fI
рroof to thr: сasс rvhсn

,  а r l d  { .  t l r . ' u n i г c l о l r t

G is rс:dLLсtir'r-.. I-еt G b.. n

radiсa] ot Сi . \\:с }rаr'с

Lеt

l 'assing to a suЬsес1rrеnсе, 1vе II laу

i r r i i l  1 , h t l г t :Ьv  a I i п r i t

pгojесtionI,еt  i  Ье thе

424

G  =  L . ( i  ( a  s e n r i d i г с с t  p г o d r l с t 1

ln = Цntrn (,u,, С U, т" с G)

assuInс thаt ttrегe схists a liп.rit

l r  = l im A,t( f") t l

L l  =  l i I r r  т , ,  I l  o ; ,

o Г  L  t o  e . o Ь u i o u ' l t у , T С L у '
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aгe сonjugatе in ИS and
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rn  US ,  they

to G . Sinсе
thе moгe in

both S and S
G .  We  havе

aгe maхtmal гeduсtive suЬgгoups

so if the theoгеm holds for гeduсtive
is сonjugate to a suЬgгouP of ff in

Suppose now that G is  гeduсt ivе.
ехtst p-tuples h' с 11р suсh that

Applying тс gives

S с T с L t ,

;:"o.' 
S is сonjugate to a suЬgгoup of l l in G and, hеnсe, S

Lе t  s  =  ( " ' ,  . . , s , )  6 .$ r  Ьea  Zaг i s k i  genегa t tng  se t  o f  S .  Theге

s  =  l i m  g n h ^ Q i t .

т с ( s )  -  , l i п r  т6 ( I r " ) .
Sinсe т6,(ffp) is сlosed in Gp//G (see thе preсеding seсtion), wе get

тс ( s )  с  т c (HP) ,

i.е. thегe eхists a p_tuple h с Itp suсh that

т с ( s )  _  ? I .G (h ) .

The fiЬег of ;this oгЬit (l,i"*,"Ъ".:Ц"}::.:, ;.jT'}:.L:;:::,:" -li';*"Жi,,:,;.l;;:THT.Т
;T.:"jffil.:1, 

. H Zariskigeneгatеd Ь.y h is геduсtivе and, hеnсе, thе G_oгbit of h is сlosеd.

; ; i;; '-.*;.,::.fi :iж"j,';: : . :Т,. i.,ji; :l,н: ж * ;*'i',н, J i i., -].i,,";
6. ?аr isk i  с iense subgгoups.  T l rс  Го l loп. i r rg:rrr .х i i iaг . l . rеsul t  

is  nееdt:<. l  Гt , ' .  t , l re J lгoof 'oГ.Гhеoгеrr l  j ]

,",:",;::";']i,!,o';,",,!,": 
::::::,' ,,,:,,,,,,::u:nn;:, 

, of а сonnесled, ,sernisimple аlgebrаiс group (i

Proof. Let us fiгst pгove that Г
Гr С Г Ь" u.o,ntub-,;;";;.,.. it.:.,.сontains 

a сountabl-v genегated Zaгiski dеnsе suЬgrolrp. Lеt
Thеn the .onn".,"oo,, 

gеneratеd suЬgгoup r,vhosе Zarisk;.to,u." Гr = Gr ,,"';;;";;-imaldimеnsion.
foilows that G16 ,, 

.o-oon.nt Gю of Gt doеs not сhangе if adding to Г1 any еlemеnt of Г . It

*:.з;"* j * : til: T::T; : "ж ;;:::ж,*-'.:"J:l ; ; f L #;; : Ъ :::];
Lеt norv Г Ьe сountaЬly genегatеdl and let Гz C Г Ье a finitеI.v genегatеd suЬgгoup whose Zaгiski

с losuгe Гz = G, has the maхimal  с l imеnsion.  Аs aЬove, wе гeduсе the prоof to the сasе G29 = {.J  '
Ёi. l.r,"s 

that any finitеly gеneгatеd suЬgгoup of Г is finitе. In tlris сasе wе aге to pгor.е thаt

We may assumе G с G L'(C) . Aссoгdrng to a thеorеm of C.an intеgсг rrr (depеnding on n ) suсh thut uny finite suЬgroup 
", lТ]Ё,....;,li; l1TIl1" 

";I::::j":;:indех 
( И ' o|,equivalently, admits u ьo.o,i-,o.pьism with an aЬеlian kегnel to a group oГ
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Under ouг assumption wе have [. = UЕ' Г; , whеге

Г r С Г z С . . .

aгe finitе gгoups. Passing to a suЬsequenсe' wе may assume that еaсh Г; admits a homomoгphism P;

with an aЬelian kегnеl to onе and the samе gгoup A of oгdег ( m . Again passing to a suЬsequеnсе,

wе may assume that anу т €  Г has onе and thе samе image in A undег all 9;'s foг suffiсiеntly largе

i .  D е n o t е  t h i s i m a g е b y  я ( т )  . I n s u с h  a W a v w е o Ь t a i n  a h o m o m o г p h i s m  9 . Г  - +  Д ,  w h o s е  k е r n е l

ly' is oЬviously aЬеlian. Sinсе Г is Zariski densе in G . the Zaгiski сlosuге oГ N is an aЬеlian noгmal

subgгoup of  G .  Henсе ly '  i s  f in i tе,  whiсh is  imposs iЬ le,  uniеss G __ 
{") .  П

7. Proof of Thеort:m 3. Suppose thе сonсlusion of the theorem is falsе' Thеn foг somе neighЬour-

h o o d  U  o Г  е  i n  G  i h e r е е х i s t r е d u с t i v е s u Ь g r o u p s  H l ' ' H z , . . . С G  a n d  p - t u p l e s  h 1 , h 2 , . .  ( h "  с  H p " )

suсh that

Ьut for any n aпd g С U

s = l im hr,

H ^ 7 g S g - t

( 1 1 )

( 12 )

Wе aге going to show that one may zБsume all 11''s to Ьe сonjugate to one and thе same сonnесtеd

sеmisimplе suЬgгoup, and thеn to apply the thеorеm of Pagе and Riсhaгdson сitеd in thе intгoduсtion.

Any геduсt ivе gгo l rp H is  a pгoduсt of  i ts  сonnесtеd сomponent 116 and somе f i r r i tе gгoup (st:е,

е.g. '  [V i]) .  [n v iеw of  th is  thе Joгdan thеoгеm (sее thс pгесeding sесt ion) imрl i t ' s  t l r r :  eх istсnr:е oГ att

intеgег m (dеpending on G ) suсh that foг any геduсtivе suЬgгoup H С G thе group I{/l1o admits

a homomorphism with an abеIian kегnеl to a gгoup of oгdеr ( rn

Pаssing to a subsequеnсе) we may assumе that foг eaсh n thе gгoup HnlHno admits a homo.

moгp}rism with an abеlian kеrnеl to one and thе same group A oГ oгdег ( m . Dеnotе by фn the

сorтtpos i t ion of  th is  homomoгphism ant l  thе сanoniсa l  homomoгphism f f , ,  * IIn/H, 'o.  Again,  pass ing

to a subsequеnсе,  wе may assumе that ф"(h") is  one and thе same p_tuple (6 ' , .  . . ,6р) €  Ae .

L е t  Л  Ь е a Г r e е g г o u p o n  p  g е n e г a t o г s a n d  ф : F , - Ь  t h е h o m o m o г p h i s m t a k i n g t h е  ' - t h

gеneгatoг to 6; .Its keгnеl is a (noтmal) subgгoup of finitе indех in Д and hеnсе finitеly gеneгal,ed. Lеt

1 l)| l ' . . ,  tо,  bе somе gеnегators of  i t .  Thеsе aге somе words in p lеt tегs.

Thе subgгoup geneгatеd Ьy the е lemеnts t ,1(s) ' . ' . , ,q( ' )  €  S  has f in i tе indeх in the suЬgroup Г

generatеd Ьy 
"t , . . . ,  

s ,  and hеnсе is  Zaг isk i  dеnsе in .9 .  At  the samе t imе the suЬgгoup genегated Ьy

ш r ( h " ) ,  . . , , , u ( h " )  i s с o n t a i n е d i n t h е k e г n e l  o |  ф n . R е p l a с i n g  s  w i t h t h е  q _ t u p l е  ( . , ( ' ) , . . . , , o ( . ) )

and  h '  w i th  thе  q - tup l е  ( , , (h " ) , . . . , , c (h " ) )  ,  wе  геduсе  thе  p гoo f  t o  thе  сase  whеn  thе  g roup

HnlHno is aЬеlian foг any n .

Assuming this and сoming Ьaсk to the formег notation, сonsidег the сommutator suЬgгoup Г, of Г .

S i n с e  Г  i s Z a г i s k i d е n s е i n  S ,  Г , i s Z a г i s k i d e n s е i n  S , = S . B у P г o p o s i t i o n 3  Г , с o n t a i n s a f i n i t e i y

gеneгated subgroup Г1 , whiсh is sti l l Zaгiski dense in ^9 . Let F' Ьe a frее gгouP on p gеneratoгs and

1 l ) I l . . . , l l l o С F , s o m е w o г d s s u с h t h a t  t , . ( . ) ' . . . , , q ( ' )  g е n e r a t e  Г 1  . N o t е t h a t u n d е г o u г a s s u m p t i o n s

u r ( h , ) , . . . , . q ( h " )  С  H n o .  R е p l a с i n g  s  w i t h  t h е  p _ t u p l e  ( , . ( ' ) ' . . . , , o ( . ) )  a n d  h '  w i t h  t h e  p _

)rn lс  

( ' - . l ( t , ") ,  . . ,  rоn(h, ,))  '  we гedt lсе the pгooГ to thе сasе whеn the gгorrp /{ '  i s  сonnесted foг anу
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Rеpeating this'tгiсk' we гeduсе thе pгoof to thе сasе when 11' is сonnесted and sеmisimple foг anv

Sinсe thегe aге only finitеly many сonjugaсу сlasses oГ сonnесtеd semisimple
may assumе that еaсh suЬgгoup ff' is сonjugate to onе and the same сonnесtеd
H С G . Еuгthегmore' we may assumе that theгe еxists a l imit

and thегeЬy a l imii

in the sense of this papeг (sеe
algеЬra [ '

s u Ь g г o u p s i n  G , w е

sеmisimplе suЬgгoup

[ = l i m b "

L l ',;; i in

thе intгoduсtion). By Thеoгеm 1 i is an algeЬгaiс suЬgгoup with tangеnt

It  fo i lowsfгom (11) that L ]  S.  Hеnсе [  )  s ,  and, foгsuff iс ient ly  laгgе n ,  hn сontarns asubspaсe
of dimеnsion dim s aгЬitгaгiiу сlosе to s . By thе thеoгem (*) statеd in the intгoduсtion this impliеs
that, foг suffiсientlу laгge n , ! ' сontains a subalgеЬгa Ad(g)s (and, hеnсe, ff ' сontains the suЬgтoup
g  S  g - I  )  w i th  9  €  U ,  wh i сh  сon t гad i с t s  (12 ) .
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