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O TIOJIVKOJIBIIAX SC-®YHKIINN

E. M. Beumomos, E. H. JIybazura

B pabore uzywaercst nomykouasio SC(X,I) secex [0, 1]-3maunbx
dyHKIHU HA TOMOJIOTUYIECKOM TPOCTPAHCTBE X , ABJISIONINXCA TOYHbI-
MU BEPXHAMU TPAHSIMKI MHOKECTB HElTPEPBIBHBIX (DyHKIHiT. YCTaHOB-
JIeHa JIBOCTBEHHOCTH MEXK/ly KaTeropueil THXOHOBCKUX MPOCTPAHCTE
X ¢ HempepbIBHBIMU OTOODAaKEHUSIMH ¥ KaTEropueil IoJIyKOJer]
SC(X,I) ¢ nomabMu roMOMOPGhU3MAME B Ka4eCTBE MOP(OU3MOB.
Kmouesvie caosa: TOYKOJIBIIO, TOTOJOTHYIECKOE TPOCTPAHCTBO, UJle-
aJI, TOUYHAs BEPXHSASA IPaHb.

1. BBeaenue

Pasnoobpa3ubie ajrebpawmdecKue CUCTeMbl (DYHKIHI U HPOCTPAHCTBA
dbyuknuii 0odbpaszyor GyHIaMeHTaJIbLHOE HallpaBIeHHe B MaTeMaTHKe, CO-
CTaBJISIONIEE B YACTHOCTU OCHOBY (DYHKIMOHAILHOTO aHAIN3a, 00IIIe TOImo-
JIOTHH, TOHOJIOTHYECKOH aireOpnl. MHorne abCTpakTHbIE MAaTEMATHYECKHEe
00BEKTHl MOTYT OBITH peaJn30BaHbl KaK (PYHKIMOHAIbHBIE CTPYKTYPhI HA
TOMOJIOTHIECKUAX TTPOCTPAHCTBAX.

B XX Beke akTuBHO paspubajach Teopus kKojern C(X) HenpepbiBHBIX
JeiicTBuTeIbHO3HAYHBIX byHKIHMIA, craBiuias kiaccudeckoii [10]. B kowre
XX Beka cramu CHCTeMATHYECKH U3ydarbes mnoaykoabna CT(X) uemnpe-
PBIBHBIX HeOoTpunaresbHbix dbyHkumit (1], uro HAULIO cBOE OTpaskeHue B
monorpadun [6]. B mociexnee Bpems uccieayiorcs nosykoabna C(X,I)
HenpepbiBHbIX [0, 1]-3Ha4HBIX DYHKIMIA HA TOMOJOTHIECKUX TIPOCTPAHCTBAX
X [3,4,7].

BaskubiM paszjiesioMm COBpeMEHHON MATeMATHKU CJIYKAT BOIMPOCHI OIIpe-
JIeJIIEMOCTH TOMOIOTHUeCKUX npocTpancTs X koabiamu C(X), momyKob-
navu C(X) u C(X,I) u apyruMu anrebpandecKuMm CTpyKTypaMu (yHK-
I7it, a TakzKe 3a/1a9M JBOWCTBEHHOCTH MEKY TOIOJOTHICCKUMHU U (DYHK-
[HOHAJIBHO-aIreOpanIecKuMu o0beKTamMu [2].
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OrMmerum, 49t0 J11000€ XBIOUTOBCKOE IIPOCTPAHCTBO X OIpEIeIsdeTCs
kosbiiom C(X), moaykoasriom CT(X), pemrerkoit Bcex mogaireGp moJiy-
kostbiia C1 (X)) [5] u apyrumu anreGpavn HenpepbiBHBIX GyHKIM (cM. [2]).
Besikuit komnakr X onpejessercsa nosykosbuom C(X,I). B [3| nokasano,
9TO MPOM3BOJIbHBIN KoMIakT X omnpesensercs pemerkoii IdC(X,I) Beex
uieasio u perrerkoit ConC'(X,I) Bcex kourpysunuii nosykosbina C(X, ).
Besikoe 2Ke TUXOHOBCKOE IPOCTPAHCTBO X ONPEJIENISieTCsl TOIOJIOTHIeCKUMHE
kostbiiom C(X), nomykosbiavu CT(X) u C(X,I), nagenreHHbIMIA TOMOJIO-
rueif MoTOYedHOoi CXOAUMMOCTH. 3aMeTUM, YTO TUXOHOBCKHE MPOCTPAHCTBA
He OIPEEIIOTCs, BOOOIE TOBOPs, YHCTO airedbpanvdecKuMu CTPYKTYpPaMu
HeNpepbIBHBIX (DYHKIUN Ha HUX. V3ydaanmch TakykKe U COOTBETCTBYIOIIUE
JIBOMCTBEHHOCTHU.

B naunoii crarbe pacemarpubaercs moaykosnbio SC(X,I) Becex dyHk-
il Ha TOMOJIOTUYECKOM IPOCTPAHCTBE X €O 3HAYCHUSMU B YHCIOBOM €U~
HUYHOM OTpe3Ke I, ABJIAIONMXCA TOYHBIME BEPXHUMHU I'DAHAME MHOYKECTB
HelnpepbIBHBIX (byHKumii. Takue pyHKIUU MbI Ha3Ba M Sc-pyHKIuIMA. OHI
NPUMEHSIOTCS B ONUCAHUY 3aMKHYTBIX MJIAJI0B M 3aMKHYTHIX KOHIPYSHIMii
nostykodier] u perterok C'(X, I) ¢ Tonosorueii noroueunoit cxomumocrn [4,7).

[les1bio JAHHON CTATHhU SIBJIAETCS JIOKA3ATEIBLCTBO TEOPEMbBI JBONCTBEH-
woctu s nosrykoster; SC'(X, I) (teopema 1). 13 Hee BeITeKaet, 410 J1060€e
THUXOHOBCKOE MpocTpancTBo X ompesesiercst nosykoabiom SC(X, I) (Teo-
pema 2).

2. IlpenBapuresibHbIE TIOHATUSA

IoayKoavy,0M HA3BLIBAETCS HEILYCTOE MHOXKECTBO S ¢ GUHAPHBIME Ollepa-
IUSIMU CJIOYKEHUST + W YMHOXKEHUs -, /I KOTOPBIX < S, 4+ >— KOMMyTa-
TUBHAS MOJIYIPYIIA ¢ HeATpaJbHbIM d1eMenTom 0, < S, - > — mosyrpymma
¢ HeitrpasbubM dtementoM 1 u a(b + ¢) = ab + ac, (a + b)e = ac + b,
0-a=0=a-0 mra 006X a,b,c € S.

Nudopmanuio o HoryKobuax MoxKHO Haiitu B Monorpaduu Tonana [11],
peleTounble OoHATUs — B Kuure ['peruepa (8|, ocHOBBI 06IIeH ToOmOI0r 1IN
— B Tpyje JHreabkunra [9).

Hamomuum, 9t0 udearom KOMMYTATHBHOIO IOJIYKOJIbLA S HA3LIBACTCS
BCSKOE €ro HemycToe IMOJAMHOXKeCTBO .J, Takoe, 4TO s J00OBIX a,b € J,
s € S somosasercs: as € J, a+b € J. Unean J B .S HA3BIBaETCS Npocmbim,
€CJIM €ro JOIOJIHeHHEe /10 S HEIYyCTO W MYJIbTHILINKATHBHO 3aMKHYTO. VaeaJn
J moayKobIa S HAZLIBACTCS NOAYNPOCMYLM, ecau a’ € J Biaeder a € J nid
Joboro a € S.

[Tycrs X — mpou3BoJIbHOE TOHOJIOTHYECKoe TpocTpancTso, I = [0, 1] —
eJIMHUYHBIA 9UCI0BOIl OTPE30K, PACCMATPUBAEMbIH ¢ OOBIYHBIMU ONIEPAIHA-
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MU YMHOXKeHus -, max (V), min (A) u co crangaprHoii Tonosiorueii. HYepes
IY o6osmagaercs mosykoabio Beex ¢ynxumit X — I ¢ motoueuno ompe-
JIEJIEHHBIMU OIIePAIUSIME CJIOXKEHUsT V ¥ YMHOYKEHHUsI, a TaKKe B3STHs min
GbYHKIHI U TTOTOYEIHBIM OTHOIIIEHUEM TTOPSIKA:

(f v g)(x) = max(f(x)

flx
(f9)(z) = f(z
JUTST JTIOOBIX (pyHIIMIA

,9(2)), (f A g)(x) = min(f(x), g(x)),
)9(x), f < g flx) < g(x)
f,9 € C(X,I) u Bcex Touek x € X.

[Tycrs C(X,I) — mOJYKOJIBIO BCeX HENPePbIBHBIX (hYHKIHUIT, 33 [aHHBIX
Ha TOIOJIOTUYIECKOM IIPOCTPaHCTBE X 1 IPpUHUMAOIMUX 3HAYCHUDA B TOIIO-
JIOTHYIECKOM TOJIYKOJIbIEe I, OTHOCUTETbHO omneparuii V U yMHOKEHUS - HaI
DYHKIUSMU.

Jna memycroro momvuozxkectsa M C IX obosmaunm gepes ry; = supM
— TOYHYIO BePXHIOIO TpaHb MHO:KecTBa M B mosmoil pemerke IX.

Omnpenenenne 1. Oynxnuio ¢ € IY mazosem sc-dynryueti, ecam @ =
Ty JUTs ojixosero nemycroro noamuoxectsa M C C(X,1).

3aMeTuM, 4TO MOAMHOXKeCTBO M B omnpejeneHnnn Sc-PyHKIUT MOXKHO
CYATATh UAEAJOM, TOCKOJIBKY supM = supJ mi1d uaeana J, MOpOXKIEHHOTO
MHOXKecTBOM M.

MHuozxkectBo Beex sc-gynknuii Ha X oboznaunm depes SC(X, I). Umeror
mecro Braovenus: C(X,I) C SC(X,I) C I*. OTHOCHTENBHO MOTOYETHO-
ro nopgaka SC(X, I) asisgercs orpaHnIeHHON JUCTPUOY THBHOI pereTKoit
(upejoxkenne 1) — nogpemerkoit & IX.

Jlnst TuxoHOBCKOro mpocrpancTBa X, moaMmuoxkectsa A C X u Toukwm
x € X mnosaraem:

My ={f€SC(X,I)): f(A) ={0}}, M, = My,
N, = SC(X,D)\ (1 — M,).

[Tpu stom M4, N, — uneans uaemnorenTaoro nosykosbia SC (X, I).

Ornocuresbao oroyeunoro nopsaka SC (X, I) e sBisercs, Boobiie ro-
Bop#, nosmoii noapemerkoit B IX. Muoxectso SC(X,I) coaepKut ToUHyIO
BEpPXHIOI TpaHb B IY J1060T0 HEIYCTOrO MHOXKECTBA CBOMX 3JI€MEHTOB, HO
He 006513aH0 COEPKATDH UX TOUYHYIO HUXKHIOK IPaHb. JIerKo BHJIETh, YTO JIJIs
Hen30MpoBaHHol Touku © € X u muoxkecrsa 1 — M, C C(X,I) dyuxius
inf(1 — M,) =1—supM, =1 — ¢, He sBisiercst Sc-pyHKIHEI.
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3. CsoiicTBa sc-pyHKITUMIT

0, ecim y € A;

I, eemye X\ A
JITST TIPOU3BOJIBHOIO TTOJMHOYKECTBa, A TOMOJOTHYIECKOro IMpocTpaHcTBa X.
To ectb dyHKIUSA 4 = X(x\4) ABIgETCH XapaKTePUCTUICCKOH pyHKuueit
muokectBa X \ A C X. Eciin MHO)KecTBO A HE 3aMKHYTO B TOTIOJIOTHIECKOM
npoctpancTBe X, To PYHKIMS 4 He aBgIoTCs sc-byukiueit. [ns jirodoro
3aMKHYTOI'O IMOJMHOXKECTBA A THXOHOBCKOTO TTPOCTPAaHCTBA X (DYHKIUS 0 4
Oyaer sc-pyHKIHeid.

2. s npoussosbroit byaknuu f € C(X,I) Ha THXOHOBCKOM MPOCTpaH-
crBe X mojiydaeMm Sc-pyHKIHMIO (0, TPUHUMAIONIYIO B TOYKAX Ty, ..., T, €
X,n € N, snauenns p(z;) < f(z;), a B octampubix Toukax ¢(z) = f(z). B
JaCTHOCTH TaKoil Oyzer pyHKIus @, = Q) = supM, B pemerke X

3. na sc-dpyukmun ¢ byaknusa 1 — ¢ He obsg3aHa OBITH sc-DYyHKIHEN,
KaK 3TO TMOKa3bIBAIOT MpuMepsl 1 u 2.

4. Oyukmus upuxie na duciaoBoii npsamoit R #e Oyzer sc-dyHkImeii.

3ameuanme 1. TuxonoBocts T)-mpocrpancrBa X paBHOCUIbHA TOMY,
9TO 151 JTI0O0T0 3aMKHYTOrO moaMuoKecTBa A C X byHKIUA 4 ABISETCA
sc-pyuknueit. JIMCKpeTHOCTh MMPOU3BOJIBHOTO TOIMOJIOIHYECKOr0 MTPOCTPaH-
crea X sxsubanentna pasenctsy SC(X,I) = I*. A pasencrso SC(X,I) =
C(X,I) 5KBUBATIEHTHO TOMY, YTO B TOHOJIOTHYECKOM MPOCTpaHCTBE X BCe
3aMKHYThIe MHOYKECTBA, OTKPBITO-3aMKHYTHI; s 1)-1mipocTpancrBa X 3T0
03HAYAET ero JIMCKPETHOCTb.

[Mostykosbio C(X, I) MOKHO MOHUMATEH KAK HOJNPOCTPAHCTBO THXOHOB-
ckoit crenenn I | X| sksemmusipos equnuunoro orpeska I (¢ Tonosorueit
norouedHoil cxoaumoctn). OBO3HAYNM COOTBETCTBYIOIIEE TOMOJOMHYECKOE
nosykosbio uepes C, (X, I). Yepes J o603Hauaercs 3aMblKaHie MHOZKECTBA
J B Tononorundeckom npocrpancrse Cp(X, I).

Unean J monykoasna Cy(X,I) HassBaercs samrknymowm, ecin J = J.
Ormernm, 4to 1 npousBosibHol dbynkuuu ¢ € IX muoxkecrso J(p) =
{f € C(X,I) : f < ¢} 6yzner 3amknyreiMm uaeasom B C,(X,I). Moxno
II0KA3aTh, YTO UMM HCYEPIBIBAIOTCS Bee 3aMKHYyTHIe uiaeasl B Cp (X, I).

Jlastee ykaykeMm MCXO/IHbIE CBONCTBA SC-(pyHKIUUI HA TPOU3BOJIBHOM TO-
MTOJIOTUIECKOM TIPOCTPAHCTBE X .

Csoiicto 1. ITycmo p, 1) — npoussoavrve dynwyuu us IX, I, J —
nexomopoie udeanrv, noaykosvya C(X,I). Tozda:

1) ¢ <o <= J(p) C J(¥);
) JCI=r;<rp

3y JC I = ry<ry

4) 7100 < ¥

ITpumepst sc-pyukmuii. 1. [Tonoxum p4(y) =
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5) J(¢) = J(rsp));
6) J=J(ry);
7) J — samxnymod < J = J(ry).

JlokazaTeabCTBO. YTBepXKeHUs 1)-5) BBITEKAIOT U3 OIpeJe/eHuil.
YrBepxkaenne 6) caeayer us npeioxenns b [4]. fdcwo, uro 6) = 7). O

CsoiicTBo 2. Pynruyua ¢ € IX asaaemca sc-dynryueti mozda u moav-
K0 mozda, K020a © = T5(p). IIpu smom ¢(x) = maz{f(z) : ¢ > f € C(X,I)}
s moboti mouku x € X.

JlokazareabcTBO. /locTaToYHOCTH OYEBHUIHA IO ONpeaeaeHnio. Ecin
p € SC(X,I), To ¢ = r; ansa wekoroporo uneana J C C(X,I). IIpu srom
J C J(¢), 1o ectb 15 < 15(4) (cBOMCTBO 1, 2)). C ipyT0ii CTOPOHBI, © > T (4)
(cBoiicTBo 1, 4)). Buaunr, ¢ = r; = r;(,). Bropoe yacTb BbITEKaET U3 JIEMMBI
11 [4]. 0

CsoiictBo 3. ITycmv ¢,1) — npoussoavrvie dynruyuu us IX. Toeda
Tate) = Taw) € J(p) = J (),

HoxkazarenscrBo. Ecmn J(¢) = J(¢) = J, To oueBHAHO 1@y =
supJ = 7). Obparno no cpoiicrey 1, 5) mmeem J(¢) = J(ryy) =
J(raw)) = J (). O

CBoiicTtBo 4. /14 A100020 muzonosckozo npocmparcmsea I, J — npo-
useoavrwvie udeanrv, noaykosvya C(X,I). Tozda:

1) ry =1y;
2) ecau J C I, mory<ry.

Joka3arenbcTBo. 1) OueBujHO.

2) Tlo npeplaymemMy TyHKTY u cBoiictBy 1, 3) eciu J C I, To 1) = 17 <
rT="Tr. OJ

CsoiictBo 5. /Jlaa npouseosvhuz dynkyud f,g € C(X,I) umeem:
J(f)VI(g)=J(fVg)uJ(f)nJ(g)=J(fAg)

HoxkazareabcTBo. 3amernm, uro J(f) V J(g) = {k Ve : ke €
CX,I) k< fie<g}C{heCX,I):h< fVg}=J(pV). ObparHo,
Jutst ii00oit byukuuu h € J(pVi)) moaygaem h = hA(fVg) = (hAf)V(hAg),
rae h A f,h A g€ C(X,I). Ananoruano, J(f)NJ(g) ={h € C(X,I): h <
fih<gt={heCX,I):h< fAg}=J(pAY) O

CsoiictBo 6. Ecau u,v € SC(X,I), mo uv,u Av € SC(X,I).

HoxkazarenbcTBo. Ilo yTBepKIeHnio 2 umeeM: U = Tjy) U U = T ().
Torpa uv = supgx J () - supgx J(v) = supyx (J(u) - J(v)) € SC(X,I). Ana-
goruuano, u A v € SC(X,1I). O

CsoiicTBo 7. /laa nenycmozo nodmmoscecmesa 2 C SC(X,I) umeem:
1) supixQ € SC(X,I);

2) infgc(X’I)Q =TJx)» 20e X = ianX Q.
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HoxkazarenabcTBo. 1) leiicTBuresbHo,

SUPSY = SUP,cq® = SUP,enTi(p) =
= sup,eqsupJ (¢) = sup(U,eq /(¥)) € SC(X,I).

[TyukT 2) 04YeBHIEH. O

Ilpeanoxxenue 1. /Jlaa 206020 monosozuveckoz2o npocmpancmead X
mnoorcecmeo SC (X, I) asansemea noiykoivuom ommocumenvro onepayu
V u - nodpewemxoti 6 IX u noanoti pewemxoti ommocumenvno nomouewmo-
20 nopadka <.

JoxkazarenabcTBo. B cuy cpoiicts 6 u 7 crpykrypa SC(X,I) Gyzer
MMOJIYKOJIBIIOM, a TI0 CBOMCTBY 7 — TIOJIHOM PEITeTKO. 0]

3ameuanue 2. MoXHO BBeCTH MOHATHE 1C-DYHKIIHIL, TBOWCTBEHHOE TO-
HATHIO sc-pyHKIuU. /st 1106070 HEMYCTOTO MOJIMHOXKECTBa J MHOMKECTBA
C(X,1I) nazosem dyuxuun pujga ¢ = infJ B IY dic-pynryuamu. Ins nos-
MHOYXKeCTBa A THXOHOBCKOTO TPOCTPAHCTBA X WMeeT MEeCTO COOTHOIIEeHUE:
pa — ic-pyHKIUA < A — OTKPHITO.

4. Ilonykoabiia sc-pyHKImIi
Unemnorentamu B nosykobie SC(X,I) Haj THXOHOBCKHM ITPOCTPaH-
ctBoM X OyayT (DYHKIUU ¢ = (4 IO BCEBO3MOXKHBIM 3aMKHYTHIM MHOZKe-
crBam A C X. O603naunm gepe3 O(X) MHOKECTBO BCeX HIEMIOTEHTOB B
nostykoaibiie SC(X, I). Torma O(X) sBasiercst noxnosykosbiom B SC(X, I).
OrrocuresbHO moToyedHoro nopsizika O(X ) ecth pererka, nsoMopdHasi pe-
IIeTKe BCEX OTKPBITHIX MHOYKECTB TOMOJIOTHYECKOTO MPOCTPaHCTBa X .
IMpenyoxkenune 2. /i1 6CAK020 MUTOHOBCKO20 NPOCMPAHCMEa X U A10-
60t pynruuu ¢ € SC(X, 1) sxeusarenmmv, caedyousue ymeepircoenu:
1) ¢ = @A 0aa wekomopoz2o omrpLiMo-3amrHymMozo muoxcecmea A C X;
2) ¢ — donoanaemuvii udemnomenm 6 nosykosvye SC(X,I).
JlokazaTeJbCTBO OYEBHU/IHO. (]
JlomoiHsIeMble  HUIEMIIOTEHTH 00pa3yioT OysieBy ajreOpy B peIleTke
O(X), uzoMopdHYI0 pelIeTke BCeX OTKPHITO-3aMKHYTBIX MHOXKECTB B X.
Koaromamu perterku O(X) 6yayr B Tounoctn GyHkiun @, x € X. OyHk-
o ¢ € SC(X,I) nazosem yennoti, eciim muoxkectso {¢p € SC(X,I): ¢ <
1} sBasiercs nenpio B pererke SC(X, I). JIjist THXOHOBCKOTO MPOCTPAHCTBA,
X MuHUMAJBbHBIE HEeNHble (DYHKIUE COBHAIAIOT ¢ (DYHKIUAMA @ , T € X.
Jlemmva 1. /[aa 6cakozo muronosckoz2o npocmpancmea X 1 npocmozo
udeana J ¢ SC(X,1) dynruyua ry npunumaem snauenus moavko 0 u 1.
HokazarenbcTso. 3amerum, uro /r; € J. Torna aaa roukn x € X, B
koTopoii r;(x) # 1, To \/T;(x) < ry(x). Snaunr, r;(x) = 0. O
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Jlemmva 2. Jlaa 6cak020 muronosckozo npocmpancmea X U MAKCU-
manvnozo udeara J 6 SC(X,I) umeem: ry = 1.

okazareabcTBo. /leiicTBUTE/IbHO, €Cin JjIsd KaKOUW-TO TOUYKH T € X
ry(x) # 1, To J C N, 10 ectb umeas J He siBISETCS MaKCHMAJIbHBIM. [

Bamernum, uro wpeansl Ny, x € X, OyayT MakKCUMAJbHBIME HIeaJaMu
nosykosbua SC(X,I). st 060 TOYKH T THXOHOBCKOIO MPOCTPAHCTBA
X nosmyuaem riasusiit nuean M, = ¢, SC(X,I).

Ounpepenenne 2. Uean J nonykosbua SC(X, I), conepamuii BMecte
¢ JIIOOBIM CBOUM TTOAMHOYKECTBOM €r0 TOYHYIO BEPXHIOIO IPaHb 7’7, HA30BEM
NOAHBLM.

IIpenyoxkenne 3. /ia 6cax020 MUToH06CK020 npocmpancmea X nos-
noe npocmuie udeanv, 6 noaykosvye SC(X,I) cymv 6 mounocmu udeanvl
M, no ecem mouxam x € X.

HoxkazareabcTBo. Pacemorpum B nostykosbie SC (X, I) uneanst M, x €
X. Ha mobsix dyuxmumit u, v € SC(X,I)\ M, umeem (uv)(x) # 0, T0 ecTb
uv ¢ M,. Jus maoboro noamuoxkectBa A C M, nonydaem r4(z) = 0, T0
ecTh 174 € M,. 3HaunT, cOOCTBeHHBIH uaeag M, TPOCTONR U MOJTHBIA.

O6parno, mycrs J — nonustii mpocroit npeasn B SC(X, I). Tak kak ugear
J cobcrBennbiit u nosnblit, T0 7; # 1. Torna, oueBumHO, HaiigeTCa TOYKA
x € X, B koropoii 7;(x) = 0, To ects J C M,.

[Ipeamonoxkum fajee, 9To Haiijercs emie ogHa Todka y € X,y # x, B
koropoit 7;(y) = 0. B cuty tuxonoBocTH mpoctpancTBa X Jjist HEKOTOPBIX
Hernepecekaomuxcs okpectHocTer Uy u Uy TOYeK T U Y CyMEeCTBYIOT TaKue
byukmun fi, f; € C(X,1I), uro fi(z) =1, foly) = 1, fi = 0 na X \ Uy,
fo(y) =1, fo =0mna X\ Up. Torma f1f, =0, orkyzna f; € J wmu f; € J.
Ho fi ¢ M, O J un fy, ¢ M, DO J, uporusopetune. 3HAIHT, 7y = @, € J.
[Tosromy M, = ¢, SC(X,I) C J. O

CnencrBue. /[ 6CAK020 MULOHOGCK020 NPOCMPAHCMEa X NOAHDLE NO-
aynpocmuie udearvi 6 noayroavue SC(X,I) cymv 6 mounocmu M no écem
samrrymoim mrosicecmeam A C X.

Jloka3aTeabCTBO CJICAYeT U3 TOTO, YTO B KOMMYTATUBHOM IHOJIYKOJIbIE
HOJIYIIPOCTBIE MIEAJBl COBIAIAIOT ¢ HEPECeYeHUAMEI IPOCTHIX HJICAI0B, WX
COJIePKAIINX. O

5. Teopema ABOICTBEHHOCTH

Teopema 1. Kamezopus ecex nosykorey, SC(X,I) u ux nosnwx 20-
MOMOPPHUMO6 aHMUIKEUBAAEHMHA (080TCMEEHNA) KAME20PUL BCET MU-
TOHOBCKUT NPOCMPAHCME U UL HENPEPBIEHBIL 0MOOPAAHCEHUT.

Jlnst moka3aTenbCTBa TEOPEMbI PACCMOTPHM CHAdYaja HECKOJBKO TIPejI-
BapUTEIbHBIX YTBEPKICHHIA.
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Onpepenenne 3. l'omomopdbusm « : SC(X,I) — SC(Y,I) nonykoserr
HA30BEM NOAHbLLM, €CJIH OH COXpaHseT BCe TOYHBIE BEPXHHE I'PDAHU U BCe
dYHKIME-KOHCTAHTHI.

Jlemma 3. Ilpu noarom 2omomoppusme npaobpas npocmozo udeara —
npocmoti udean, nNoaHo20 udeara — NOAHLLL UOEAN.

JlokazaTeJbCTBO OYEBHU/IHO. 0]

Jl1s1 HenpepbIBHOIO OTOOpayKeHUsl THXOHOBCKUX IIPOCTPAHCTB ¢ @ Y —
X sagaanm orobpaxenne oy @ SC(X,I) — SC(Y,I) no npasuy:

ay(f)(y) = f(¥(y)) maa mobsx dysknun f € SC(X,I) u Toukn y € Y.

Jlemmva 4. /Jlas 4106020 HENPEPwBIEH020 0MOOPAHCEHUS TNUTOHOECKUL
npocmpancms ¢ 1 Y — X omobpastcenue oy AGAACNCA TNOAHDIM 20MO-
mopdussom, npuiem, oy (C(X,I)) C C(Y,I).

JoxkazarenabcTBo. [TockobKy st Jii00bix dyukimil u, v € SC(X,I) n
Toukn y € Y myeem ay(uvo)(y) = (uVo)(¥(y)) = u(d(y))Vo(d(y)) =

ay(u)(y)Vay(v)(y) = (op(u)Vay(v))(y) |, asanoruuno, ay(uv)(y) =
(ay(u)ay(v))(y), To oTobpazkeHme vy — IOIYKOJIBIEBOH IOMOMOPQU3M.

IIpu sTom ayy(c)(y) = c(¢(y)) = ¢ ans mobbix c € Ly € Y.

Bosbmem mpoussosbHOe Hemycroe noamuoxkectso A C SC(X,I). Torna
ra = supA B IV u o, 4y = supay(A) = sup{yo f : f € A} B I¥. [lna
mo6oit Toukn y € Y mmeem (supay(A))(y) = sup{f(¥(y)) : f € A}
(upA) (1)) = 74 (1)) = (). Bnass, ay(ra) = Ty (1 s

Ilpennoxxenmne 4. /lia a0bvx muronosckux npocmparcme X u Y
scaruti noanvis zomomoppusm o : SC(X,I) — SC(Y,I) umeem sud oo = au,
05 HEKOMOPO20 eOUHCMBEHH020 HENPEPLLEH020 omobpascenus @ Y — X.

JoxkazareabcTBo. Ilycts gan noanbiii romomopdusm « @ SC(X,I) —
SC(Y,I). dns npousBosbHOit Toukn y € Y mjeasn M, mpoCTOil W MOJIHBIIA.
Ero nmpoo6pas a~ ! (M,) 110 ievMme 3 TaKzKe ABJIFETCs TOJHBIM TTPOCTHIM HJIe-
asom B momykoibne SC(X,I). Tlo nupenioxenno 3 o' (M,) = M, nna
emHCTBeHHON Touku = € X, Koropyioo obo3naunm 1)(y). Tlosyuaem orob-
paxkenne 1) : Y — X. ITokaxkem, uTo 1)~! coxpanseT 3aMKHYTBIe MHOKe-
cra. [uag Beakoro 3aMmkayToro nogaMmuozxecrsa A C X dyukmua @4 Oy-
JeT uAeMIoTeHToM B nosykosbie O(X), nosromy a(ps) € O(Y), o ecrb
a(pa) = @p JUIst HEKOTOPOTO 3aMKHYTOr0 MHOXKectBa B C Y. g so6oit
Toukn y € Y nmeen: y € B < a(pa) € My < pa € a™ (M) = My, <
Y(y) € A & y € v 1(A), To ectb ¥~1(A) = B. Buauur, orobpakenue
HelpepbIBHO.

[MTokazkeM, 9T0 @ = . i1t moboit pukcuposannoit Touku y € Y pac-
cmotpum orobpazkenue p, @ SC(X,I) — I, aas xoroporo p,(f) = a(f)(y)
npu Beex f € SC(X,I). Orobpazxkenue p, — HOJYKOIbIEBOH SMUMOPQU3M,
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coxpanstonuii Koncrautsl. Bospmem dyuknuo f € SC(X,I). O6o3nauum
P(y) =z € X, f(x) = ¢ € [0,1]. Jocrarouno nokasars, 910 p,(f) = c.
Bamernm, 410 py(p,) = 0, mockoabky ;) € M,. s mpon3BOILHOrO
uncia g € (0,1)U(1, +00) nomyaaem: p,(f) = py(0e) Vo, (f) = py(paV f) <
Py(pz V) = py(¢z) Vpy(c?) = py(c?) = ¢? B canyqae ¢ € (0,1) up,(f) > 4
B cay4dae ¢ € (1,+00). Ilpu ¢ — 1 B mepBoM ciydae noiaydaeM p,(f) < ¢, a
BO BTOpOM citydae mosydaeM py(f) > c. Orkyna p,(f) = c. Snaunt, o = auy.
[

JlokazaTeJbCTBO T€OPEMBI BHITEKAET U3 JeMMbI 4 U IIpeToKeHus 4.

Teopema 2. Beakoe muzonosckoe npocmpancmeo X onpedeasemcs, 00-
HOBHAUHO ¢ MOYHOCTBI0 0 20Meomopdusma, nosykosvyom SC(X,T).

3ameuanme 3. B mpejiioxkenun 4 mojHbINA ToMoMOpdu3M @ 0ToOpa-
JKaeT TMONOIYKOIBI0 uaeMinoTeHToB O(X) B HOANOTYKOIBIIO UAEMIIOTEH-
toB O(Y), mpuaem «(0) = 0 u (1) = 1. CoorBercTByIOIIee OrpaHuICHIE
v : O(X) = O(Y) Toxke Gyaer nosubM roMomopdusmom. Kak jerko Bu-
JeTh, Ji1000ii totEbit romomopdusm v : O(X) — O(Y) anst Ti-npocrpancTs
X u Y mHaynupyercd OJHO3HAYHO ONpPeeJeHHBIM HEIPEPbIBHBIM OTOOpa-
kenneM 1 : Y — X, TO ecTb 7 = 7. DTO JaeT JBOHCTBEHHOCTH MEKLy
kareropueii Bcex Tj-npocTpancTs X ¢ HEIPEPBIBHBIME OTOOPAarKeHUSAMHU B
KayecTBe MOPMU3MOB U KarTeropueil BCEBO3MOMKHBIX TOMOJOIHi (perneTok
OTKPBITHIX MHOXKECTB) Ha MPOCTpaHCTBaX X € UX MOJHBIMUA TOMOMOPhU3-
mamu. [lomobHOTO poja obiiue JBORCTBEHHOCTH W paHee NMPUBJIEKAJ BHU-
MaH#e MaTeMaTHKOB (cM. [2], §§ 3, 4).

JIuTeparypa

1. Bapankuna B.U., Beuromos E.M., CemenoBa W. A. Iloay-
KOJIbIIA HEIPEPBIBHBIX HEOTPHUIATEIbHBIX (DYHKIIHIA: 1eJIUMOCTD, HIea-
JIBL, KOHTPY3HIUH /| DYHoaMEHMAAOHAA U NPUKAGOHAA MAMEMAMUKA.

1998. T. } N 2. C. 493-510.

2. BeuromoB E.M. Bomnpocsl omnpeaesiseMOCTH  TOIMOJOTHIECKUAX
IPOCTPAHCTB  aIreOpamvdecKUMU CHCTEMAMH HEIPepPbIBHBIX (DYHK-
wuit [/ Umozu nayku u mernuru. Aazebpa. Tonorozus. Teomempus.

T 28. M.: BUHUTH, 1990. C. 3-46.

3. Beuromos E. M., Jlyoaruua E.H. Onpenensemoctb KOMIAKTOB
pereTKaMy UJea 0B U KOHIPYIHIuI nosrykosen, HenpepbiBHbIX [0, 1]-
sHauHbIX byHKuuit Ha HUX //H36. eysos. Mamem., 2012. M 1.
C. 87-91.



82

10.

11.

Beuromos E. M., Jlybsirnna E. H.

. Beuromon E. M., JIyoaruuna E. H. Pemerku nenpepbBHbIX (DYHK-

Uil CO 3HAYEHUSIMU B eJIMHUIHOM OoTpeske //Becmuuk Coikmus. yr-
ma. Mamemamuka. Mexanura. Unpopmamura. Cep. 1. 2011. N 1/,
C. 3-20.

BeuromoB E.M., Cumopos B.B. Oupeaensemoctsh mOJIyKOJIeI]
HeNpepbIBHbIX (DYHKIMH pererkoii ux nogaaredp //Becmmuur Cok-

mwue. yn-ma. Mamemamura. Mexanuxa. Hnpopmamuxa. Cep. 1.
2010. Ve 11. C. 112-125.

. BeuromoB E. M., Cugopos B. B., Uynpakos /I. B. [losykoJbiia

HEMpPEePBIBHBIX HeOTpuare bubixX (byukiuit Kupos: HUsd-6o BamI' TV,
2011. 312 c.

. JIybaruna E.H. 3avmkayrble naeajbl U 3aMKHYTble KOHT'DYIHIIUH

nosykoster; C,(X,I) // Cospemenvie npobaemv, mamemamuru: me-
auco, Meotcdynapodnoti (43- Beepocutickoti) moaodescroti wkonvi-
kongepenyuu. Examepunbype: Hnemumym mamemamuky U MELaHU-

ku YpO PAH, 2012. C. 55—57.
I'peruep I'. O6mmas teopus pemerok  M.: Mup, 1982. 456 c.
OQureapkuur P. O6mas ronomorusa. M.: Mup, 1986. 752 c.

Gillman L., Jerison M. Rings of Continuous Functions. University
Series in Higher Mathematics, Graduate Texts in Math. Berlin:
Springer-Verlag, 43, 1976.

Golan J.S. Semirings and their applications. Kluwer Academic
Publishers, Dordaecht-Boston-London, 1999. 380 c.

Summary

Vechtomov E. M., Lubiagina E. N. Semirings of sc-functions

In this paper we consider the semiring SC(X,I) of [0, 1]-valued functions
on a topological space X, which are sharp upper bounds of sets of continuous
functions. We have established a duality between the category of Tychonoff
spaces X with continuous maps and the category of semirings SC(X,1I)
with complete homomorphisms as morphisms.
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