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Àííîòàöèÿ

Â äàííîé ðàáîòå ïîëó÷åí íåêîòîðûé àíàëîã ôîðìóëû Ýéëåðà � Ìà-

êëîðåíà, êîòîðàÿ áîëåå óäîáíà â ïðèìåíåíèè.

Èñïîëüçóåìûå â ìàòåìàòèêå ôîðìóëû ñóììèðîâàíèÿ ñëóæàò ãëàâíûì îá-
ðàçîì äëÿ òîãî, ÷òîáû âûðàçèòü çíà÷åíèå ñóìì ôóíêöèè öåëîãî àðãóìåíòà
ïî íåêîòîðîìó ñïëîøíîìó ïðîìåæóòêó ñóììèðîâàíèÿ â âèäå ÿâíûõ ôîðìóë,
âêëþ÷àþùèõ â ñåáÿ ìíîãî÷ëåíû èëè äðóãèå ýëåìåíòàðíûå ôóíêöèè, çàâèñÿ-
ùèå îò ãðàíèö ïðîìåæóòêà ñóììèðîâàíèÿ, à òàê æå èíòåãðàëû ñ âåñàìè îò
ñàìîé ôóíêöèè è åå ïðîèçâîäíûõ. Äåëî â òîì, ÷òî àíàëèòè÷åñêèå ñâîéñòâà
ñóìì îáû÷íî ïîääàþòñÿ èññëåäîâàíèþ â çíà÷èòåëüíî ìåíüøåé ñòåïåíè, ÷åì
ñâîéñòâà êîíêðåòíûõ ôóíêöèé èëè èíòåãðàëîâ îò íèõ, â êîòîðîì â îòëè÷èè îò
ñóìì ïðèìåíèìû ñòàíäàðòíûå ñðåäñòâà ìàòåìàòè÷åñêîãî àíàëèçà.

Èíîãäà íåêîòîðûå èç òàêèõ ñóìì ïîääàþòñÿ ïðÿìîìó âû÷èñëåíèþ. Äëÿ ïðè-
ìåðà óêàæåì ñóììó àðèôìåòè÷åñêîé è ãåîìåòðè÷åñêîé ïðîãðåññèé.

Íåñêîëüêî ñëîæíåå ñèòóàöèÿ ñêëàäûâàåòñÿ â òîì ñëó÷àå, êîãäà íóæíî ñóì-
ìèðîâàòü çíà÷åíèå íåêîòîðîãî ìíîãî÷ëåíà. Çäåñü îêàçûâàåòñÿ ïîëåçíûì ïðåä-
ñòàâëåíèå ïðîèçâîëüíîãî ìíîãî÷ëåíà

P (x) = Pn (x) = a0 + a1x+ a2x
2 + . . .+ anx

n

â âèäå
Pn (x) = b0q0 (x) + b1q1 (x) + b2q2 (x) + . . .+ bnqn (x) ,

ãäå b0, . . . , bn íåêîòîðûå ïîñòîÿííûå, à ôóíêöèè q0 (x) , . . . , qn (x) � ¾òðåóãîëü-
íûå¿ìíîãî÷ëåíû, òî åñòü ìíîãî÷ëåíû âèäà

qk (x) =
x (x− 1) . . . (x− k + 1)

k!
.

Òàêîå ïðåäñòàâëåíèå, î÷åâèäíî, åäèíñòâåííî.
Çàìåòèì, ÷òî ïðè k > 0 âûïîëíÿåòñÿ ðàâåíñòâî

qk+1 (x)− qk+1 (x− 1) = qk (x− 1) .

Åñëè ïðîñóììèðîâàòü ýòî ðàâåíñòâî ïî x â ïðåäåëàõ îò 1 äî y , òî ïîëó÷èì
ôîðìóëó
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qk+1 (y)− qk+1 (y − 1) = qk (y − 1)

qk+1 (y − 1)− qk+1 (y − 2) = qk (y − 2)

...

qk+1 (1)− qk+1 (0) = qk (0) .

Òàêèì îáðàçîì, ó÷èòûâàÿ, ÷òî qk+1 (0) = 0, ïîëó÷èì

qk+1 (y) =

y−1∑
x=0

qk (x).

Ñëåäîâàòåëüíî

y−1∑
x=0

Pn (x) = b0q1 (y) + b1q2 (y) + . . .+ bnqn+1 (y) .

Äëÿ ïðîèçâîëüíûõ ãëàäêèõ ôóíêöèé f (x) ðàññ÷èòûâàòü íà íàëè÷èå ïîäîá-
íûõ óíèâåðñàëüíûõ ôîðìóë íå ïðèõîäèòñÿ. Îäíàêî â 30-õ ãîäàõ XVIII ñòîëåòèÿ
íåçàâèñèìî äðóã îò äðóãà Ë. Ýéëåð è Ê. Ìàêëîðåí ïðåäëîæèëè ôîðìóëó, ïîç-
âîëÿþùóþ äèñêðåòíûå ñóììû çíà÷åíèé âûðàçèòü ÷åðåç çíà÷åíèå èíòåãðàëîâ îò
ñàìîé ôóíêöèè è åå ïðîèçâîäíûõ íåêîòîðîãî ïîðÿäêà. Äàííàÿ ôîðìóëà íîñèò
íàçâàíèå ôîðìóëà Ýéëåðà � Ìàêëîðåíà.

Ñîâðåìåííûé âèä ýòîé ôîðìóëû âûãëÿäèò òàê

∑
a6k<b

f (k) =

∫ b

a

f (x)dx+
m∑
k=1

Bk

k!
f (k−1) (x)

∣∣b
a
+Rm,

ãäå

Rm = (−1)m+1

∫ b

a

Bm ({x})
m!

f (m) (x) dx.

Çäåñü a 6 b , m � íàòóðàëüíîå, Bk � ÷èñëà Áåðíóëëè, f (x) � äîñòàòî÷íî
ãëàäêàÿ ôóíêöèÿ, ÷òîáû èìåòü f

′(x), · · · , f (m) (x) , Bm (t) � ìíîãî÷ëåí Áåðíóë-
ëè, îïðåäåëÿåìûé ðåêóððåíòíûì ðàâåíñòâîì

B0 (x) = 1, B
′

n (x) = nBn−1 (x) ,

∫ 1

0

Bn (x) dx = 0, n ∈ N.

Âûâîä äàííîé ôîðìóëû ìîæíî ïîñìîòðåòü â èçâåñòíîì ó÷åáíèêå Ã. Ì. Ôèõ-
òåíãîëüöà [1].

Îñíîâíîé öåëüþ äàííîé ñòàòüè ÿâëÿåòñÿ âûâîä íåêîòîðîãî àíàëîãà ôîðìó-
ëû Ýéëåðà � Ìàêëîðåíà, êîòîðàÿ, íà íàø âçãëÿä áîëåå óäîáíà â ïðèìåíåíèè.
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Çàìåòèì åùå, ÷òî ïðåäëàãàåìûé îáû÷íî â ìàòåìàòè÷åñêîé ëèòåðàòóðå âûâîä
ôîðìóëû Ýéëåðà � Ìàêëîðåíà äîâîëüíî ãðîìîçäîê, â òî âðåìÿ êàê èñïîëüçó-
åìûå íàìè âûêëàäêè âïîëíå ïðîçðà÷íû.

Ñëåäóåò ñêàçàòü, ÷òî íà ïðàêòèêå îáû÷íî ïðèìåíÿþòñÿ óïðîùåííûå âà-
ðèàíòû ôîðìóëû Ýéëåðà � Ìàêëîðåíà, â ÷àñòíîñòè â [2] äîêàçàíà ôîðìóëà,
íàçûâàåìàÿ ôîðìóëîé ñóììèðîâàíèÿ Ýéëåðà, êîòîðàÿ èìååò âèä

∑
a<n6x

f (n)− ρ (x) f (x) =

∫ x

a

f (u)du−
∫ x

a

ρ (u) f ′ (u)du− ρ (a) f (a) ,

ãäå ρ (x) = 1
2
− {x} , f (x) èìååò íåïðåðûâíóþ ïðîèçâîäíóþ íà îòðåçêå [a, b] .

Ñ ïîìîùüþ èíòåãðèðîâàíèÿ ïî ÷àñòÿì, èç ïîñëåäíåé ôîðìóëû íåïîñðåä-
ñòâåííî âûòåêàåò íîâîå ñîîòíîøåíèå, êîòîðîå íàçûâàåòñÿ ôîðìóëîé Ñîíèíà
[3], êîòîðàÿ âûãëÿäèò òàê

∑
Q<x6R

f (x)− ρ (R) f (R) =

=

∫ R

Q

f (x) dx− ρ (Q) f (Q)− σ (R) f ′(R) + σ (Q) f ′(Q) +

∫ R

Q

σ (x) f ′′ (x) dx,

ãäå σ (x) =
x∫
0

ρ (t) dt = 1
2

(
{x} − {x}2

)
.

Åñëè â ïîñëåäíåì èíòåãðàëå â ïðàâîé ÷àñòè äàííîãî ðàâåíñòâà íåñêîëüêî
ðàç âûïîëíèòü èíòåãðèðîâàíèå ïî ÷àñòÿì, òî ïîëó÷èì äðóãîé âèä ôîðìóëû
ñóììèðîâàíèÿ.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ

σ0 (x) = σ (x) , σ1 (x) =

∫ x

0

σ0 (t) dt, . . . , σk+1 (x) =

∫ x

0

σk (t) dt,

òîãäà σ′
0 (x) = ρ (x) , σ′

ν (x) = σν−1 (x) (ν > 1) .

Èìååò ìåñòî ñëåäóþùàÿ ôîðìóëà.

Òåîðåìà 1. Ïóñòü ôóíêöèÿ f(x) èìååò íåïðåðûâíóþ ïðîèçâîäíóþ ïî-

ðÿäêà k (k > 2) íà [Q,R] . Òîãäà èìååò ìåñòî ðàâåíñòâî∑
Q<x6R

f (x)− ρ (R) f (R) =

=

∫ R

Q

f (x) dx− ρ (Q) f (Q)− σ (R) f ′(R) + σ (Q) f ′(Q) + . . .+
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+(−1)k−1
(
σk−1 (R) f

(k−1)
1 (R)− σk−2 (Q) f (k−1) (Q)

)
+(−1)k

∫ R

Q

σk−2 (t) f
(k)(t)dt=

=

∫ R

Q

f (x) dx− ρ (Q) f (Q) +
k−1∑
ν=1

(−1)ν
(
σν−1 (R) f (ν) (R)− σν−1 (Q) f (ν) (Q)

)
+

+(−1)k
∫ R

Q

σk−2 (t) f
(k)(t)dt.

Äîêàçàòåëüñòâî. Ïðàâàÿ è ëåâàÿ ÷àñòü äîêàçûâàåìîãî ðàâåíñòâà, ðàñ-
ñìàòðèâàþòñÿ êàê ôóíêöèè îò ïàðàìåòðà R , ÿâëÿþòñÿ íåïðåðûâíûìè. Åñëè
æå R íå öåëîå, òî îáå ýòè ôóíêöèè áóäóò ãëàäêèìè. Êðîìå òîãî ïðè R = Q
è ïðàâàÿ è ëåâàÿ ÷àñòü ðàâåíñòâà îáðàùàþòñÿ â íóëü. Ïîýòîìó, äëÿ äîêàçà-
òåëüñòâà åãî äîñòàòî÷íî óáåäèòüñÿ, ÷òî â êàæäîé íåöåëîé òî÷êå x ïðîèçâîäíàÿ
ëåâîé è ïðàâîé ÷àñòè ñîâïàäàåò.

Äåéñòâèòåëüíî, ïðîèçâîäíàÿ ëåâîé ÷àñòè ðàâíà

( ∑
Q<x6R

f (x)− ρ (R) f (R)

)′

R

= 0−ρ′ (R) f (R)−ρ (R) f ′ (R) = f (R)−ρ (R) f ′ (R) .

Äëÿ ïðîèçâîäíîé â ïðàâîé ÷àñòè ðàâåíñòâà èìååì(∫ R

Q

f (x) dx− ρ (Q) f (Q) +
k−1∑
ν=1

(−1)ν
(
σν−1 (R) f (ν) (R)− σν−1 (Q) f (ν) (Q)

)
+

+(−1)k
∫ R

Q

σk−2 (t) f
(k)(t)dt

)′

R

= f (R)+

+
k−1∑
ν=1

(−1)ν
(
σ′
ν−1 (R) f (ν) (R) + σν−1 (R) f (ν+1) (R)

)
+ (−1)kσk−2 (R) f (k)(R) =

= f (R)− ρ (R) f ′ (R) +
k−1∑
ν=2

(−1)νσν−2 (R) f (ν) (R)+

+
k−1∑
ν=1

(−1)νσν−1 (R) f (ν+1) (R) + (−1)kσk−2 (R) f (k)(R) = f (R)− ρ (R) f ′ (R)+

+
k∑

ν=2

(−1)νσν−2 (R) f (ν) (R)−
k∑

ν=2

(−1)νσν−2 (R) f (ν) (R) = f (R)− ρ (R) f ′ (R) .

Òàêèì îáðàçîì äëÿ ïðîèçâîäíûõ ëåâûõ è ïðàâûõ ÷àñòåé ðàâåíñòâà ïîëó÷åíî
îäíî è òîæå âûðàæåíèå. Ñëåäîâàòåëüíî òåîðåìà ïîëíîñòüþ äîêàçàíà.

Àíàëèç ôîðìóëû ñîñòàâëÿþùåé ñîäåðæàíèå äîêàçàííîé òåîðåìû ïîêàçûâà-
åò, ÷òî íåñìîòðÿ íà åå åñòåñòâåííûé âèä, îíà èìååò íåäîñòàòêè, ïðåïÿòñòâóþùèå
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åå ïðèìåíåíèþ. Ýòî ñâÿçàíî ñ òåì, ÷òî â íåé îòñóòñòâóåò ÿâíûé âèä âåëè÷èíû,
ïîëó÷àþùåéñÿ â ðåçóëüòàòå ìíîãîêðàòíîãî èíòåãðèðîâàíèÿ ôóíêöèè ρ (x) , òî
åñòü ôóíêöèè σk (x) . Êðîìå òîãî ôóíêöèÿ σk (x) ñ ðîñòîì x ðàñòåò ïî ïîðÿäêó
òàêæå, êàê xk , òàê êàê èíòåãðàë îò ôóíêöèè σ0 (x) ïî åäèíè÷íîìó ïðîìåæóòêó
ðàâåí êîíñòàíòå 1

12
.

Íà ñàìîì äåëå ïðè äîêàçàòåëüñòâå íàøåé ôîðìóëû ìû ïîëüçóåìñÿ òîëüêî
òåì ôàêòîì, ÷òî ôóíêöèÿ σk (x) ÿâëÿåòñÿ ïåðâîîáðàçíîé äëÿ σk−1 , õîòÿ â óñëî-
âèÿõ òåîðåìû ïðåäïîëàãàåòñÿ ÿâíîå çàäàíèå. Íî òàê êàê âñå ïåðâîîáðàçíûå îò
ôèêñèðîâàííîé ôóíêöèè îòëè÷àþòñÿ íà êîíñòàíòó, òî çà ñ÷åò åå âûáîðà ìîæíî
óñîâåðøåíñòâîâàòü ýòó ôîðìóëó. Ìû òàêæå îãðàíè÷èì ñåáÿ âûáîðîì ÷èñåë Q
è R , ñ÷èòàÿ èõ ïîëóöåëûìè.

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2. Ïóñòü Q è R� ïîëóöåëûå ÷èñëà, óäîâëåòâîðÿþùèå óñëîâèþ

Q < R . Íà ôóíêöèþ f (x) íàëîæèì óñëîâèÿ, ÷òî íà îòðåçêå [Q,R] åå k-

àÿ ïðîèçâîäíàÿ ñóùåñòâóåò è íåïðåðûâíà. Òîãäà ïðè ëþáîì íàòóðàëüíîì m
ñïðàâåäëèâà ñëåäóþùàÿ ôîðìóëà ñóììèðîâàíèÿ

∑
Q<x6R

f(n) =

∫ R

Q

f(x)dx+ f ′(x)
ζ (2)

π2

(
1− 1

2

)∣∣∣∣R
Q

+ . . .+

+ (−1)m−1 ζ (2m) f (2m−1) (x)

22m−1π2m

(
1− 1

22m

)∣∣∣∣R
Q

+ T2m,

ãäå

T2m = (−1)m−12

∫ R

Q

f (2m) (x)
∞∑
k=1

cos2πkx

(2πk)2m
dx.

Äîêàçàòåëüñòâî. Ïðèìåíèì ìåòîä ìàòåìàòè÷åñêîé èíäóêöèè. Ðàññìîò-
ðèì ñíà÷àëà áàçó èíäóêöèè, òî åñòü ñëó÷àé m = 1 . Òîãäà äîêàçûâàåìàÿ ôîð-
ìóëà ïðèîáðåòàåò âèä∑

Q<x6R

f (n) =

∫ R

Q

f (x) dx+ f ′ (x)
ζ (2)

π2

(
1− 1

2

)∣∣∣∣R
Q

+ T2,

ãäå

T2 = 2

∫ R

Q

f ′′ (x)
∞∑
k=1

cos2πkx

(2πk)2
dx.

Äëÿ äîêàçàòåëüñòâà ýòîãî ñîîòíîøåíèÿ âîñïîëüçóåìñÿ ôîðìóëîé Ñîíèíà. Â íà-
øåì ñëó÷àå îíà çàïèñûâàåòñÿ â ñëåäóþùåì âèäå

∑
Q<x6R

f (x) =

∫ R

Q

f (x) dx+ ρ (x) f (x)

∣∣∣∣R
Q

− σ (x) f ′ (x)

∣∣∣∣∣
R

Q

+

∫ R

Q

σ (x) f
′′
(x) dx.
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Çàìåòèì, ÷òî èìååò ìåñòî ðàçëîæåíèå

ρ (x) =
∞∑
k=1

sin 2πkx

πk
,

è ρ (Q) = ρ (R) = 0, òàê êàê Q, R ïðåäïîëàãàþòñÿ ïîëóöåëûìè. Êðîìå òîãî

σ(x) =

∫ x

0

ρ(y)dy =
∞∑
k=1

∫ x

0

sin 2πky

πk
dy = −

∞∑
k=1

cos 2πky

2π2k2

∣∣∣∣x
0

=

= −
∞∑
k=1

(
cos 2πkx

2π2k2
− 1

2π2k2

)
= −

∞∑
k=1

cos 2πkx

2π2k2
+

1

2π2

∞∑
k=1

1

k2
=

= −
∞∑
k=1

cos 2πkx

2π2k2
+

1

2π2 ζ(2).

Ïîäñòàâèì ïîëó÷åííîå çíà÷åíèå äëÿ σ (x) â ôîðìóëó Ñîíèíà. Ïîëó÷èì

∫ R

Q

σ (x) f ′′(x)dx =

∫ R

Q

(
−

∞∑
k=1

cos 2πkx

2π2k2
+

1

2π2 ζ (2)

)
f ′′(x)dx =

= 2

∫ R

Q

−
∞∑
k=1

cos 2πkx

(2πk)2
f ′′ (x) dx+

ζ (2)

2π2

∫ R

Q

f ′′ (x) dx =

= −2

∫ R

Q

∞∑
k=1

cos 2πkx

(2πk)2
f ′′ (x) dx+

ζ (2)

2π2

∫ R

Q

df ′ (x) =

= −2

∫ R

Q

∞∑
k=1

cos 2πkx

(2πk)2
f ′′ (x) dx+

ζ (2)

2π2
f ′ (x)

∣∣∣∣R
Q

.

Äàëåå, òàê êàê Q è R � ïîëóöåëûå, òî

σ (Q) = σ (R) = σ

(
1

2

)
= −

∞∑
k=1

cos πk

2π2k2
+

1

2π2 ζ (2) = −
∞∑
k=1

(−1)k

2π2k2
+

1

2π2 ζ (2) =

=
1

2π2 ζ (2) +
1

2π2

(
∞∑
k=1

1

k2
− 2

∞∑
k=1

1

(2k)2

)
=

1

2π2

(
ζ (2) + ζ (2)− 1

2
ζ (2)

)
=

=
3

4π2
ζ (2) =

1

8
.
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Òàêèì îáðàçîì ïðèõîäèì ê ðàâåíñòâó

∑
Q<x6R

f(x) =

∫ R

Q

f (x) dx+0+
3

4π2
ζ (2) f ′ (x)

∣∣∣∣R
Q

+2

∫ R

Q

∞∑
k=1

cos 2πkx

(2πk)2
f ′′ (x) dx =

=

∫ R

Q

f (x) dx+
1

4π2
ζ (2) f ′ (x)

∣∣∣∣R
Q

+ 2

∫ R

Q

ρ2 (x) f
′′ (x) dx.

Çäåñü èñïîëüçóåòñÿ ñëåäóþùåå îáîçíà÷åíèå

ρr(y) =


∞∑
k=1

cos 2πky

(2πk)r
, r − ÷åòíîå,

∞∑
k=1

sin 2πky

(2πk)r
, r − íå÷åòíîå.

Ïîëó÷åííîå ðàâåíñòâî äîêàçûâàåò óòâåðæäåíèå òåîðåìû äëÿ m = 1.
Ïðåäïîëîæèì, ÷òî r > 1 è óòâåðæäåíèå òåîðåìû âåðíî äëÿ âñåõ m 6 r.

Äîêàæåì ñïðàâåäëèâîñòü óòâåðæäåíèÿ òåîðåìû äëÿ m = r + 1.
Ñîãëàñíî ïðåäïîëîæåíèþ èíäóêöèè, ïðè m = r âûïîëíÿåòñÿ ðàâåíñòâî

(−1)m−1T2r = 2

∫ R

Q

f (2r) (x)
∞∑
k=1

cos 2πkx

(2πk)2r
dx =

= 2
∞∑
k=1

1

(2πk)2r+1

∫ R

Q

f (2r) (x) d (sin 2πkx).

Ó÷èòûâàÿ, ÷òî

U = f (2r), dV = d(sin2πkx)

dU = f (2r+1)dx, V = sin 2πkx.

Èìååì

2
∞∑
k=1

1

(2πk)2r+1

∫ R

Q

f (2r) (x) d (sin 2πkx) =

= 2
∞∑
k=1

1

(2πk)2r+1

(
f (2r) (x) sin 2πkx

∣∣R
Q
−
∫ R

Q

sin 2πkxf (2r+1) (x) dx

)
=

= −2
∞∑
k=1

1

(2πk)2r+1

∫ R

Q

sin 2πkxf (2r+1) (x) dx,
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ïîñêîëüêó ïðè ïîëóöåëûõ Q, R âíåèíòåãðàëüíûé ÷ëåí ïîñëåäíåãî ðàâåíñòâà
îáðàùàåòñÿ â íóëü. Ïîýòîìó ñíîâà èíòåãðèðóÿ ïî ÷àñòÿì, ïðèõîäèì ê ðàâåíñòâó

(−1)m−1T2r = −2
∞∑
k=1

1

(2πk)2r+1

∫ R

Q

sin 2πkxf (2r+1) (x) dx =

= 2
∞∑
k=1

1

(2πk)2r+2

∫ R

Q

f (2r+1) (x) d (cos 2πkx) =

= 2
∞∑
k=1

1

(2πk)2r+2

(
f (2r+1) (x) cos 2πkx

∣∣R
Q
−
∫ R

Q

cos 2πkxf (2r+2) (x) dx

)
=

= 2
∞∑
k=1

f (2r+1) (x) cos 2πkx

(2πk)2r+2

∣∣∣∣R
Q

− 2

∫ R

Q

∞∑
k=1

1

(2πk)2r+2 cos 2πkxf
(2r+2) (x) dx.

Êàê è âûøå, äàëåå ó÷èòûâàåì, ÷òî ïðè ïîëóöåëûõ x = Q è x = R âûïîëíÿåòñÿ
ðàâåíñòâî cos 2πkx = (−1)k. Ñëåäîâàòåëüíî

(−1)m−1T 2r = 2
∞∑
k=1

f (2r+1) (x) (−1)k

(2πk)2r+2

∣∣∣∣∣
R

Q

− 2

∫ R

Q

ρ2r+2 (x) f
(2r+2) (x) dx.

Îñòàëîñü âû÷èñëèòü âíåèíòåãðàëüíûé ÷ëåí ïîñëåäíåé ôîðìóëû. Êàê è ðàíåå
èìååì

∞∑
k=1

(−1)k

k2r+2
= − ζ (2r + 2)

(
1− 1

22r+1

)
.

Îòñþäà ïîëó÷àåì

(−1)m−1T 2r =

= − ζ (2r + 2)

(
1− 1

22r+1

)
f (2r+1) (x)

22r+1π2r+1

∣∣∣∣R
Q

− 2

∫ R

Q

ρ2r+2 (x) f
(2r+2) (x) dx.

Ïîäñòàâëÿÿ ïîñëåäíåå çíà÷åíèå äëÿ (−1)m−1T 2r â ïðåäïîëîæåíèå èíäóêöèè,
ïîëó÷èì óòâåðæäåíèå òåîðåìû äëÿ ñëó÷àÿ m = r+ 1 . Òåì ñàìûì ïî ïðèíöèïó
èíäóêöèè òåîðåìà 2 äîêàçàíà.

Êàê áûëî îòìå÷åíî ðàíåå, òåîðåìà 2, ñïðàâåäëèâîñòü êîòîðîé óñòàíîâëåíà
âûøå, ïðåäñòàâëÿåò ñîáîé âàðèàíò èçâåñòíîé ôîðìóëû ñóììèðîâàíèÿ Ýéëåðà-
Ìàêëîðåíà.

Îòëè÷èå íàøåé ôîðìóëû îò ïðèâåäåííîé âûøå òðàäèöèîííîé ñîñòîèò â òîì,
÷òî èíòåãðèðîâàíèå â åå ïðàâîé ÷àñòè ïðîèçâîäèòñÿ ïî ïðîìåæóòêó ñ ïîëóöå-
ëûìè êîíöàìè, îõâàòûâàþùåìó öåëûå òî÷êè ñóììèðîâàíèÿ. Äëèííà ýòîãî ïðî-
ìåæóòêà ðàâíà b − a + 1 . Îíà â òî÷íîñòè ñîâïàäàåò ñ êîëè÷åñòâîì ñëàãàåìûõ
â ñóììå. Â òîæå âðåìÿ â òðàäèöèîííîé ôîðìóëå ïðîìåæóòîê èíòåãðèðîâàíèÿ
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ðàâåí b − a è íà åäèíèöó ìåíüøå êîëè÷åñòâà ñëàãàåìûõ. Äëÿ óñòðàíåíèÿ ýòî-
ãî íåñîîòâåòñòâèÿ òàì â íåÿâíîì âèäå ñîäåðæàòüñÿ ÷ëåíû, çà ñ÷åò êîòîðûõ
çíà÷åíèå êîíå÷íûõ ñëàãàåìûõ ó÷èòûâàþòñÿ ñ êîýôôèöèåíòàìè 1

2
, òåì ñàìûì

ïðîèçâîäèòñÿ íåêîòîðàÿ ¾ðåãóëÿðèçàöèÿ¿. Â íàøåì ñëó÷àå íåîáõîäèìîñòü â ïî-
äîáíîé êîððåêòèðîâêå ñóììû îòñóòñòâóåò. Ýòî ïîçâîëÿåò â íåêîòîðûõ ñëó÷àÿõ
äîñòèãàòü áîëåå òî÷íûõ ðåçóëüòàòîâ ïðè åå ïðèìåíåíèè ñì.[4].

Ñëåäóåò îòìåòèòü, ÷òî ìíîãî÷ëåíû Áåðíóëëè, âîîáùå ãîâîðÿ çàäàþòñÿ â
íåÿâíîì âèäå, ÷òî çàòðóäíÿåò èñïîëüçîâàíèå ôîðìóëû. Êîýôôèöèåíòû, âõîäÿ-
ùèå â ïðàâóþ ÷àñòü, òðàäèöèîííîé ôîðìóëû, âûðàæàþòñÿ ÷åðåç ÷èñëà Áåð-
íóëëè, êîòîðûå, â ñâîþ î÷åðåäü, ìîãóò áûòü çàïèñàíû ÷åðåç çíà÷åíèÿ äçåòà-
ôóíêöèè Ðèìàíà â ÷åòíûõ òî÷êàõ. Ïðè ñðàâíåíèè ýòèõ êîýôôèöèåíòîâ ñ ñî-
îòâåòñòâóþùèìè êîýôôèöèåíòàìè íàøåé ôîðìóëû âèäíî, ÷òî â íàøåì ñëó÷àå
âñåãäà ïðèñóòñòâóåò ïîíèæàþùèé ìíîæèòåëü âèäà

(
1− 1

22k−1

)
, êîòîðûé ìåíüøå

åäèíèöû.
Â çàêëþ÷åíèè îòìåòèì, ÷òî ôîðìóëà ñóììèðîâàíèÿ Ýéëåðà-Ìàêëîðåíà âõî-

äèò â îñíîâíîé àïïàðàò ìàòåìàòè÷åñêîãî àíàëèçà. Îíà ïîñëóæèëà èñòî÷íèêîì
äëÿ âûâîäà äðóãèõ ôîðìóë ñóììèðîâàíèÿ, âêëþ÷àÿ èçâåñòíóþ ôîðìóëó ñóì-
ìèðîâàíèÿ Ïóàññîíà [Àðõèïîâ], êîòîðàÿ â ñâîþ î÷åðåäü ÿâëÿåòñÿ ìîùíûì àíà-
ëèòè÷åñêèì èíñòðóìåíòîì ìàòåìàòè÷åñêèõ èññëåäîâàíèé.
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