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O BECKOHEYHBIX T'PVIIIIAX ®POBEHUYCA!

. B. JIeitkuna, B. 1. Ma3ypos, A. X. 2KypToB

K 65-aemuro Anamonus Ieopeuesuywa Kycpaesa

AnHoTtanus. B pabore ucciemyercs cTpoeHne IeproudecKoil IPYIIIbL, YAO0BIETBOPSIOMEN CIey FOIIM
yeaosusiv: (F) I'pynna G siBJsieTCsl IOy IPSIMBIM [IPOU3BEI€HNEM TIOArpy sl F' Ha moarpymmy H; (F)
H peiictByer cBobommo na F orHOCHTEIbHO compsxKenus B G, T. e. f" = f nna snementos f € F, h € H
TosbkO B ciaydaax f = 1 mwim h = 1. Unubivu cnoBamu, H pefictByer Ha F' Kak rpynmna peryJsisspHBIX
asromopdusmos. (F3) Ilopsaok Jo6oro simemenra g € G Buga g = fh, tne f € F, 1 # h € H, pasen
nopsiAKy h; MHBIMU CJI0BaMu, JI000H HeTpUBHAJIBHBIA dj1eMeHT U3 H waynupyer npu coupsikernu B G
pacmennsaomuii aBromopdusm noarpynnst F. (Fy) Hoarpynma H mopoxkaaeTcsa 3/1eMeHTaMu MOPIIKa 3.
B wacTHOCTH, TOKA3bIBAETCS, YTO pAHT J1I000T0 ryIaBHOTO (daxkTopa rpynnsl GG BHyTpm F' He mpeBocxonnut
ugersipex. Eciiu G — koneunas rpynna ®pobGenuyca, To ycnosue (F3) — craencrsue ycnosuit (F1) u (Fy).
Hna 6eckoneunsrx rpymm ¢ ycnosuamu (Fi) m (Fh) ycmoBue (F3) MOXKET He BBINOTHATHCHA, W TPYTIION
Dpobernyca MBI 0y1eM Ha3bIBATH IPYIIILY, JIsS KOTOPO BHITOIHEHB! Bee Tpu ycaosust (F1)—(F3). OcHoBHOM
pe3ybTaT CTaThl AaeT onmcanwme nepuommdeckux rpymn @poberunyca, obnamarommx cBoiicrBom (Fy).

Kiro4deBsle ciioBa: mepuoautieckas rpymma, rpymnmna Ppobenmyca, cBOO0IHOE IeiiCTBIE, PACIIETIIS IO
aBToMOpdu3Mm.

1. BeBenenne

B pabore ucciemyercst cTpoenue nepuOANIECKUX T'PYIII, YAOBAETBOPSIONIAX CJIeTYIOIUM
YCJIOBUSIM:

(F1) I'pynna G sipjisiercsi noIynpsiMbIM [Ipou3Be/ieHneM noarpynnsl F' Ha noarpynny H,
i(d

(Fy) H peiictByer cBobomHO Ha F orHOCHTenbHO compswxennsa B G, 1. e. f? = f nna
snementoB f € F', h € H Tonbko B cnyudasx f = 1 win h = 1. Unasivu cnosavu, H pmefictByer
Ha F' Kak rpynmna peryaspHbIX aBTOMOP(U3IMOB.

(F3) Iopsiok siio6oro sueventa g € G Buga g = fh,rne f € F, 1 # h € H, pasen nopsiji-
Ky h; uHBIMU cjI0BaMu, JIO00H HETPUBUAJBHBIN 3/1eMeHT u3 H MHIyIUPYeT MpU COMPSKEHUN
B (G paciiemnyisifonuit aBToMopdu3M moarpynsr F.

(Fy) HMonrpynma H mopoxK1aeTcs s71eMeHTaMu TOpsIIKa 3.

Eciu G — koneunas rpynma, 1o yciosue (F3) — caeacrsue yenosuii (Fy) n (Fy) u rpynna
G aBngercs rpynnoit @pobennyca. g 6eckoneunsix rpymni ¢ yeaopusvu (F) u (Fy) yemo-
Bue (F3) MOXKeT He BBINOJIHATHCs, u rpynnoii @pobennyca mMbl Gy/ieM Ha3bIBATH IPYIIILY, s
KOTOpOIi BBITIOTHEHB! BCe TpH yeaosus (Fh)—(F3).
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OCHOBHBIM PE3YJIHTATOM PAOOTHI SIBJISIETCS CJIEIYIONIAsT TeopeMa.

Teopema. Ilycts G — mepuoamueckass rpymmna, yaopaerBopsitomas ycaopasam (Fy)—(Fy).
Torna

1. Hoarpynna H koneuna, n 6o H ~ SLy(p), rpge p = 3 wiu p = 5, 6o H nukandeckast
mnopsiikKa 3.

2. Ecmm H = (h) — nukiandeckass rpynmna nopsiaka 3, 7o F' mmmipmorentna crymenn 2
(r. e [[f1, f2], f3] = 1 aus Bcex fi, fa, f3 € F) m moboii runasusiii ¢pakrop C rpynmsr G
BHyTpH F aBIsIeTcs s1eMenTapHOi abeseBoii IDYIITOi NMOpsKa p WIH p> /s HEKOTOPOTO
mpocToro p # 3.

3. Ecoim H ~ SLy(3), ro F abenesa u kaxnsiii rnauabii ¢pakrop C rpymnmbl G BHYT-
pu F sassiercs semenTapHoii abe/ieBoii rpyInoii nopsika p2 Jis HEKOTOPOIo IIPOCTOIO THC/IA
p > 3.

4. Ecom H ~ SL9(5), To F abeneBa u jr060ii riaBubli aktop rpynmnsl G BHyTpr F
SIBJISIETCST 9JIEMEHTAPHOH abeIeBOi P-rpyIiioi /isi HEKOTOPOIro MPOCTOro 9ucaa p > 5.

IIpn sTom, ecam p? —1 pemures na 5, To pasmeprocts C kax HGF(p)-monyrs paBra 1ByM,
B IPOTHBHOM cCJiydae pasmepHocTs C' paBHa 4.

OnpPeAEJEHUE 1. Ilycrs F, Fy, F» — HOpMa/bHBIE MOATPYIbl rpytisl G u Fy — co0-
crBernas noarpynna B Fj. @akrtoprpynna V. = F)/F, HasbiBaercs 24a6Muim Pakmopom
rpynnel G, ecsiu Jiobas HOpMasbHas moarpynna Fi rpymmel GG, comepxkarmasica B Fy u co-
nepxkarmmast Fh, copmagaer ¢ Fy nwim Fy. Ecan mipu stom Fy < F, To V HaszwbBaeTcsa 24a6HbIM
daxmopom epynnoe G enympu F.

OnPEAEJEHUE 2. [lycts rpynma H jgefictByer Ha rpymnmne F. 9To jelicTBUE HA3BIBAETCSI
c60600nbIM, ecm 06paz fP snementa f € F mon neiicteuem h € H coBmamaer ¢ f, TOJTBKO
ectu f =1 wm h = 1. JIpyrumu ciaosamu, H jgefictByer Ha F Kak TPyIma peryasapHbIX
aBTOMOPQU3MOB.

ONPEJEJEHUE 3. ABTOMOpdU3M @ KOHEYHOTO MOpSAKa n # 1 rpynmbl F Ha3bIBAeTCS

PACWENAANOUUM AEMOMOPPUMOM, eca f - f@ e fa%1

= 1 mist o6oro sementa f € F.

OnPEAEJEHUE 4. B nacrosiieit pabore ezpynnot @pobenuyca G HAZBIBAETCS TOJIYIPS-
Moe nipomseesnenre G = F' XN\ H serpuBmaibHbix rpynn F u H, s KOTOPBIX BBITTOJTHEHBI
CTeYIOIINE YCIOBUS:

(a) H neiicrByer cB0O0aHO Ha F;

(6) JII00011 OTJIMYHBIN OT eIUHUILI 3jeMeHT h € H KoHedHOro mopsiaka geiicTByer Ha F'
KaK PaCIIEIISIIONINni aBTOMOPMU3M.

I'pynna F' B 3TOM ciaydae HazbiBaeTcs Adpom, a H — donoanenuem rpymnmsr Ppobennyca G.

s xkomeunsix rpynn F' u H 910 onpejesnerne KBUBAJIEHTHO OOBITHOMY OIIPEIEICHUIO
rpymmel Dpobennyca; s 6ECKOHEIHBIX TPYIIN 9aCTO UCIOIB3YIOTCA IPYTUe OMPEIeIeHNUs, He
SKBUBAJIEHTHBIE STOMY.

2. IlpenBapuTtesibHBbIE PE3YJIbTATHI

Jlemma 1. Ilycrp koneunas rpynna H mgetictByer cBobogHO Ha abesreBoii rpymme F'. Torga:

(a) EcrecrBennoe mosynpsimoe npoussegenne G = F'\ H sapisiercss rpynmoii @pobenmyca
¢ stnpom F m gonosrernem H.

(6) Ecim rpynma F nepuogmaeckas, To J1060it rinasupi paxrtop V' rpynnst G BayTpn F
SIBJISIETCST 3JIEMEHTAPHON abesieBod p-rpymIof Jjis HEKOTOPOro IPOCTOr0 UHCJIA P, B3AHMHO
npocroro ¢ |H|, u H neiicrByer ¢Bo601HO 1 Henpupogumo Ha V. npu conpsikennn B G.

< (a): HyxHo Tosbko nposeputs ycosue (F3) uz onpegenenns rpynnsl @pobenunyca.
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Ilycts g = fh, tne f € F, 1 # h € H, u nopsanok h pasen n. Toraga
(fh)n:fhfhfhfh:fhfh_1h2fh_2hfh:ffhnilfh"72fh

h h ph™ ph1 h2
((fR)™) = frfr e ="
B cuiry kommyrtatuBHocTu F'. Tak xkak h geiictByer ma F 6e€3 HENMOABMKHBIX TOYEK, TO

(fh)" =1.
(6) Ilycre Fy/F; — rnasubiii dakrop G Buytpu F. Moxuo cumrars, uro F; = F u
F, # 1. U3 kommyrarunocrn F' u koneunocrn H Beitekaer, uro V = F/Fy — KoHeuHast

3/IeMeHTapHast abejieBa p-rpyImma Jijisi HEKOTOPOTo MPOCTOro uucaa p. Ecau vy, Ug, ..., Uy —
MUHUMAJIbHBIN HAGOP nopoxpatonmx rpymnsl V., Vo = {v1,...,v,} — MHOXKECTBO HEKOTOPBIX
TPOOBPA30B 3IEMEHTOB V1, ..., Up B F, 10 Vi = (ViI!) — komeurno mopoxtennas H-nnBa-

puanTHasi noarpynna B F' u rpynna Vi /ViNFy uzomopdua kak H-moyss rpymie V. ITosromy
MOXKHO CUUTATh, 9T0 F' KOHEYHO MOpoXkaeHa. Tak Kak rpymnmna F 1o yCJIOBUIO TEpUOINIecKas,
TO OHa KOHeuHa, u G — rpynma Ppobennyca. st 37010 Caydast CipaBe/InBOCTh 3aKIIOUEHUS
JIEMMBI XOPOIIO M3BeCTHA. [>

Jlemma 2. Ilycrs HeTpuBuaJjpHasT nepuogudeckas rpynna (G, MOpOoXKAeHHAs JIeMEHTAMHA
nopsiaka 3, gefictByer cBOOOJHO Ha HETpUBHAILHOI abesepoii rpymme. Torga G KoHEYHA U
m3mopcua mbo SLy(5), mmbo SLy(3), 160 MUKIHIECKOI Tpyne nopsaka 3.

< Jlemma siBIsieTCsl 9aCTHBIM Caydaem Teopembl 1 u3 [1]. >

Jlemma 3 |2|. HerpuBnasbnas rpynma X, JOIyCKAOIAas PACIIEILISIONH aBTOMOP(H3M
nopsiika 3, HUJIBIIOTEHTHA CTYII€HH, HE TIPEBOCXOJAIEH ducia 3, U MOPIJIOK KaXKJ0I0 HETPH-
BHAJBHOIO 9JIEMEHTA W3 TPEThEro UIEHa HUXKHEIrO IMEeHTPAJJILHOIO psiga rpymmbl X paBeH 3.

Jlemma 4. Ilycte G — rpynna @pobennyca, mopoxK AeHHAs dj1eMeHTaMu mopsiiaka 3. Torma
Jaubo gonoanerne @pobennyca H rpynnel G sSBASIETCS MUKJIAYECKON TDYHIOH HOpsaAKa 3 U
apu 3toMm sapo F rpynmer G HuabnorentHo crymenu 1 wam 2, jgaubo sapo H wmzomopgrO
SLo(3) mian SLa(5) u F — abesieBa rpymnma.

< Iycte F' — anpo Ppobennyca rpynmsl G, h — snaement mopsiaka 3 u3 H. Torga h
uHaynupyer B F npu conpsizkenuu B G pacmienisitornuit apromopduam. Io memme 3 F auib-
HOTEHTHA U 1epuoJ| Tperbero dinena Fs = [F, F, F| HuKHero meHTpasbHOro psijaa rpymnsl F
pasen 3. Tak kak h npu conpsikenun B G uHAynupyer B F3 peryispHbiii aBToMOpdu3M, TO
F3; = 1, 1. e. ctynens HuibnoTenTHOCTH F' HEe mpeBocxomuT aAByx. lloarpynma H neiicrByer
cBOOOIHO HA TeHTpe Z rpynnbl F, u 1o jemmve 2 H ymoBIE€TBOpSET 3aKJIIOUYEHUIO JIEMMBI.
Ecim H comepxxut snement t nopsaaka 2, To fft = 1 naa moboro snementa f € F, mostomy
ft = f~!, orkyaa BbITeKaeT KOMMYTATHBHOCTL F. [>

Jlemma 5. Ilyctp xomeunas rpynna H meticrByer ma momyme V wmax mosmem P, xapakre-
pucrHKa KoToporo He jgesut |H|. D1o neiicTBue sBaseTcss ¢cBOOOIHBIM TOIJIa U TOJBKO TOIJA,
KOT/Ia JIs JIF000it mukandeckoit moarpynmbl A < H mpocToro mopsiaka BepHO PaBEHCTBO

s=> x(a)=0,

a€A

e X — xapakrep npejicrapiaenns H na V.

< JlokazarejbCTBO TPUBHAJIBLHO, TOCKOJNBKY §/|H| paBHO pa3sMepHOCTH MTPOCTPAHCTBA
HEMOIBVKHBIX TOUYeK moarpymnnsl A B V. >

JIemma 6. IIycte H = SLy(3) (coorBercrBenno, H = SLy(5)) m P — mose, xapakTepn-
cruka koroporo He gesmnt |H|. Torpa cymecrByer equHCTBEHHBIH ¢ TOYHOCTBIO JI0 104001
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(n anrebpamnyeckoii conpsixkennocrn) (abcororHo) Henpupognmbiii H P-monyns V., Ha KoTO-
pom H neiicrByer cBoboguo. Ilpn srom dim (V') = 2 u 3uauenns xapakrepa V na snemenrax H
nexar B ose P (coorsercreenno, B mone P(N), e A — xopens nommaoma 12 + x — 1).

<1 JIokazaTesbCTBO BBITEKAET W3 JIEMMBI 6 U COOTBETCTBYIOIIWX BBIUYUCIEHUN TaOIUITHI
xapakrepos rpymi SLy(3) u SLe(5), nocrynubix B GAP [3] ¢ nomorpio komaH:

H:=SL(2,3); (coorBeTcTBernno, H:=SL(2,5);) C:=CharacterTable(C);
Display(C);

Ta6iuma 1
Xapaxkrepsr SLa(3)
la 2a 4a 3a 6a 3b 6b
X1 1 1 1 1 1 1 1
X2 1 1 1 e € g2 g2
X3 1 1 1 g2 g2 € €
x4 3 -1 .
X5 2 -2 -1 1 -1 1
X6 2 —2 —& & —€% g2
X7 2 -2 . o—e? g2 ¢ ¢
3/ech € — KOpeHb MOJUHOMA, 22+ +1.
Tabauna 2

Xapaxkrepsr SLa(5)

la 10a 10b 2a 5a 50 3a 6a 4da

x1 1 1 1 1 1 11 1
X2 2 c ¢ -2 —0o —0o* -1 1

x3 2 o o -2 —o* -0 -1 1

x4 3 oF c 3 o o -1
X5 3 o oF 3 o o* -1
x¢ 4 -1 -1 4 -1 -1 1 1

x7 4 1 1 -4 -1 -1 1 -1

Xs O 5 -1 -1 1
x9 6 -1 —-1 —6 1 1

31ech 0 U 0¥ — paznHuHBIe KOPHU HoauHOMA 22 + - — 1.

Jnst SLo(3) MCKOMBIM MOJLY/IEM SIBJISIETCS MOJLYJIb, COOTBETCTBYIOIINIT XapakTepy Xs5. 3Ha-
YeHHUs HTOTO XapakKTepa Jiexar B P.

Hnst SLa(5) MCKOMBIM MOJLYJIEM SIBJISIETCSI OJMH W3 MOJLyJIeil, COOTBETCTBYIOIINX XapaK-
TepaM Xo U X3 (OHH ajreGpamvecKu COMPSZKeHbl). 3HAYEHUS €ro XapakTepa JeyKaT B IMoJIe
P(e+¢&71), rae € — NPUMUTHBHBIN KOPEHb TIATOM CTEMEHN W3 eIMHUTIL], T. €. KOPEHb MOIMHO-
Ma

11 1\? 1
sttt o1 =22 <x2+x+1+—+—2>:x2 ((m—i——) —i—(x—f——)—l).
T x x

Mockosbky € +e~ 1 #0, o € + ! — xopens nomuoma 2+ — 1. >



84 JIerrxuna /1. B., Masypos B. /I., 2Kypros A. X.

Jlemma 7. Ilycte x — xapaxTep abCOJIIOTHO HENIPHUBOAUMOIO mpescraBeHuss X KOHEY-
HOH TpyHmsl HAJ MOJIEM MPOCTOH XapaktepucTuku p. Torma X SKBHBAJIEHTHO HEKOTOPOMY
npescrasienuro Haj noaem GF(p)(x).

< JlokazaresbcTBO BhITEKaeT u3 |4, crexctsue 9.23|. >

3. Jloka3aTesibCTBO T€OPEMBI

Ilycte G = F N\ H — rpymmna, yaoBJeTBOPSIONiasi ycjaoBusM Teopemsbl. [1o memme 4 mu6o
|H| = 3 u F — uuibnorentHas rpynna crynesn 1 wam 2, sn6o H ~ SLy(3) win H ~
SLs(5) u F abeneBa. B mo6om cayaae mo iemmve 1 H neiictByer ¢BoGOAHO HA JTIOOOM TTABHOM
dakrope V rpynnsl G BHYyTpHU F', 11 9T0T (DAKTOP SIBJISIETCS JIEMEHTAPHOM abeeBoil p-rpynmnoii
JJIsl HEKOTOPOI'0 TIPOCTOrO YHMC/Ia P, B3aUMHO nipocroro ¢ |H|.

Ecmm H = (h) — nuknndeckasi Tpymnmna mopgaka 3 u v € V, 1o vohh® = 1, oTkyma
oM e (v,v") m V — rpynma nopsika p mi p?. B 3ToM ciydae Teopema Jl0Ka3aHa.

IMycts H ~ SLy(3). Torma V — menpusogumbiii H-moaynb, Ha KoTopoMm H jeiicTByer
cBobono. Ilo stemmam 6 u 7 pazmepuocTs V paBHa 2, u B 9TOM CjIydae TeopeMa J0Ka3aHa.

ITycts H ~ SLy(5). ITo temmam 6 u 7 pasmepHocTs V' paBHA IBYM, €CJIH KOPHU TIOJIHHOMA
22 +x — 1 nexxar 8 GF(p), n paBHA YeTHIpeM B MPOTHBHOM CIydae. ECam € — TpUMATHBHLI
KOPEHb CTEIIeHN 5 U3 eIMHUIIE], TO, KAK TIOKA3aHO BBIIIE, £+£ 1 — KOpeHb moauHoMa 2242 — 1,
u osromy e+e- 1 € GF(p) Toraa m Toamko Tora, Koraa € € GF(p?), T. e. korga 5 — genwTes
yncna p? — 1. To JOKA3BIBAET TEOpEMY.
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ON INFINITE FROBENIUS GROUPS

Mazurov V. D.!, Zhurtov A. K.2, Lytkina D. V.34

! Sobolev Institute of Mathematics; ? Kabardino-Balkar State University;
3 Siberian State University of Telecommunications and Information Sciences;
4 Novosibirsk State University

Abstract. We study the structure of a periodic group G satisfying the following conditions: (F1) The
group G is a semidirect product of a subgroup F' by a subgroup H; (F») H acts freely on F with respect
to conjugation in G, i.e. for f € F, h € H the equality f* = f holds only for the cases f = 1 or h = 1.
In other words H acts on F as the group of regular automorphisms. (F3) The order of every element g € G
of the form g = fh with f € F and 1 # h € H is equal to the order of h; in other words, every non-trivial
element of H induces with respect to conjugation in G a splitting automorphism of the subgroup F'. (Fj)
The subgroup H is generated by elements of order 3. In particular, we show that the rank of every principal
factor of the group G within F is at most four. If G is a finite Frobenius group, then the conditions (F})
and (F) imply (F3). For infinite groups with (F1) and (F:) the condition (F3) may be false, and we say
that a group is Frobenius if all three conditions (F1)—(F3) are satisfied. The main result of the paper gives
a description of a periodic Frobenius groups with the property (Fj).

Key words: periodic group, Frobenius group, free action, splitting automorphism.
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