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K reomeTpum 04HOCTOPOHHEH NOBEPXHOCTH

[TycTh BHOIB 3aMKHYTOW KPHBOH Ha TIOBEPXHOCTH OOHOCHUTCS
HOpMaJbHBII BekTop. Eciy npu Bo3BpallieHnH B UCXOAHYIO TOUKY
HalpaBlICHNE HOPMaJH COBIAJACT C MCXOAHBIM, HE3aBHCHMO OT
BBIOOpa KPHBOI, TO IOBEPXHOCTH Ha3bIBAETCSl ABYCTOPOHHEH.
B npotuBHOM cilygyae WMeeM OJHOCTOPOHHIOIO ITOBEPXHOCTb.
[pocreiimeld 0IHOCTOPOHHEW IOBEPXHOCTHIO SIBISETCS JIHCT
M¢ébunyca. K 0THOCTOpOHHIM MTOBEPXHOCTSIM OTHOCSTCS TaKkxke 0y-
ThUIKa KiteitHa n ckpeleHHbIi Kojmak. B eBKiIMIoBoM npocTpan-
cree E° paccMaTpuBaroTCsl 3TH TOBEPXHOCTH. B mporecce wuc-
CJICIOBAHUSI UCIIONB3YETCA CHCTEMa KOMIIBIOTEPHOH MaTeMaTHKH
Maple.

Knrouegvie cnosa: ckpeuieHHbIH Konmak, auctT MéEOuyca, OyThUIKa
Kneiina, nepuognueckne (yHKIUH, 2-JTMCTHOE HaKpbIBaroliee oToOpa-
JKEHUE.

[TycTb BHONB 3aMKHYTOH KPHBOW Ha MOBEPXHOCTH OOHOCHUTCS
HOPMAaJBbHBIN BeKTOp. Eciy mpu Bo3BpallieHNH B HCXOIHYIO TOUKY
HalnpapjieHHEe HOpMaJld COBMAJaeT C HCXOIHBIM, HE3aBUCHUMO OT
BBIOOpa KPHUBOW, TO TIOBEPXHOCTHh HA3BIBACTCA JBYCTOPOHHEW.
B npotuBHOM citydae nMeeM OJHOCTOPOHHIOI MTOBEPXHOCTD.

Brnepsble ypaBHEHHE OHOCTOPOHHEN ITOBEPXHOCTH, OTKPBITOU
M¢ébuycom, Ob110 osrydeno Mamke [1]. Ecnu rayccoBa kpuBu3Ha
nmucta MEOuyca paBHa HYJIO, TO OH Ha3bIBaeTCsA IUIOCKAM. buob-
nuorpadus paboT Ha 3Ty TeMy aaHa B padore [2]. B [3—6] u3y-
YaroTCsl OAHOCTOPOHHHUE NMTOBEPXHOCTH.
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3
B eBkiammoBoM mpocTpaHcTBe FE°  pacCMOTPUM  TIAAKYIO
3aMKHYTYIO HEIJIOCKYIO KpUBYIO ¥ 0e€3 caMoIepeceyeHus, 3a1aH-

HyI0 47T - meproauIecKoit BekTop-dpynkimeir o = p(u), Koropas
HE SIBISIETCA 27T -IEPUOAMUECKON U 27T -aHTHIIEPHOTHUECKOM.
Tak kak p(u) = p(u +47x), T0 BeKTOp-PyHKIHSA

S(u) = %@(u) + (). rae p,(u) = plu +27)

€CTh 27T -TIepHOINYECKas HE paBHAs HYJI0, a BEKTOP-(YHKIHUS
1
l(u) = E(p(u) — p,(u)) ectp 27 -aHTHIEpHOAMYECKAS HE PaB-

Hasl HYJIIO.
OmnpepeauM OBEPXHOCTs M ypaBHEHHEM

r(u,v) =s(u)+vi(u), (1)

u=—m,..,7, v=—l,..,1.

Teopema 1. ITosepxrnocmo M ecmv modens aucma Mébuyca,
onst komopozo kpueas p = p(u) ecms Kpail.

Hoxazamenvcmeo. PaccmoTpum noBepxHocth M kak ¢akrop-
MIPOCTPAHCTBO [7, c. 5]

SM™ = [, 7] x[-L1)/[(~7,—v) = (7, V)].
Taxk xak
r(=m,=v)=s(-m)=vi((-7), s(-x) = s(x),l(-7) =-1(x),

to umeem r(m,v) = r(—m,—v). CiaemoBaTensHo, MOBEPXHOCTH M

ecTb MoZeNb Jucta Mébuyca.
OmnpenenuM MoBepxXHOCTh P ypaBHEHHUEM

r(u,v) = (1+cos(v))s(u) + sin(v)/(u), )
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Teopema 2. Ilosepxnocmv P ecmv moodenv npoexmugehoi
RIIOCKOCTU.

Jlokaszamenvcmeo. PaccMOTpUM IPOEKTUBHYIO IUIOCKOCTh Kak
(haxTop-nipoctpancTBo [7, c. 75]

SP" = [-r, | x[-7, ) /[(-7,~v) = (7,V),(~u,—7) ~ (u, 7)] .
Tak kak
r(z,v) =(1+cos(v))s(x)+sin(v)I(r),
r(—m,—v) = ((1+cos(v))s(—x) +sin(—v)I(-rx),
s(=m) =s(n),l(-m) =-l(7),
r(—u,—m) = (1+cos(xr))s(—u) + sin(—x)l(-u) =0,

r(u, ) = (1+ cos(x))s(u) +sin(z)l(u) =0,

to umeeM r(7,v) = r(—z,—v),r(u,7) = r(—u,—r).
CrnemoBarenbHO, MOBEPXHOCTE P ecTh MOMe b MPOEKTUBHON
IIJTTOCKOCTH.
OnpenenuM nosepxHocTh K ypaBHEeHHEM

r(u,v) = (p +cos(v))s(u) +sin(v)/(u), p > 1, 3)
U=—TT,..., T} V=—TT,..., TT.

Teopema 3. Ilosepxrnocms K ecmo modenv 6ymoinku Knetina.
Jloxazamenvcmeso. Paccmorpum O0yThiiky Kieitna kak daxTop-
MIPOCTPAHCTBO [7, . 75]

SK"™ = [-r,z|x[-7m, ) /[(~70,~v) = (,v), (u,~7) = (u, 7)]
JlericTBUTENBHO,
r(—m,—v) = (p +cos(v))s(—u) + sin(-x)I(—v) = r(x,v),
r(u,=r) =(p—=Ds(u) =r(u,z).
JlokaneHO TpuBHanbHOE paccnoenue = (E, 7, B), tne B —

6aza, £ — ToTtampHOE TPOCTPaHCTBO, 7 : K — B — mpoekuus,
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o -1
Ha3bIBACTCA K -JIMCTHBIM HaKpBITUEM, €CJIU CIIOU 7T b, beB co-

crout u3 k touek. ToranbHOE MPOCTPAaHCTBO E Ha3bIBAETCS MPO-
CTPAHCTBOM HakKphITHs [8, c. 34].

Bcesikasi 0HOCTOPOHHSISI IOBEPXHOCTh UMEET B KAaueCTBE JIBY-
JINCTHOM HAKPBIBAIOIIEH HEKOTOPYIO JBYCTOPOHHIOIO ITOBEPX-
HOCTb.

PacemoTrpum et Mébuyca (1) u mumaHIp

r(u,v) =e(u) +vk,e(u) = (cos(u),sin(u),0). 4)
CooTBeTcTBUE MEXIYy TOYKaMmHu JrcTa MEOmyca W IUIMHIpA
YCTaHOBUM TI0 MPHHIIMITY paBeHCTBa KoopauHat (u,v) . Koopmu-
Hatel (U, V,),(U, +27,V,) ONPECISIOT OAHY TOYKY LIIHHAPA U

JIBe TOYKH JiucTa Mébuyca. [{umHap ABYIMCTHO HAKPBIBAET JIMCT
Mébmuyca.
AHaNornyHO paccyxjas, MoJy4IuM, 9to chepa

r(u,v) = cos(v)e(u) + sin(v)k, e(u) = (cos(u),sin(u),0) (5)
IBYJIUCTHO HAKPHIBAET MMPOSKTUBHYIO TIOCKOCTH (2), a TOp
r(u,v) =(p +1)cos(v)e(u) +sin(v)k, ©
e(u) = (cos(u),sin(u),0), p > 1

IBYJIMCTHO HakphiBaeT OyThUIKY Kieitna (3).
ITocTpouM 3TH MOBEPXHOCTH.
1. Jlucm Mébuyca. Tlonoxum

s(u) =3 cos(u),3sin(u),0),/(u) =

= (sin(u /2),0,cos(u/2)), p(u) =

= (3cos(u) + sin(u / 2),3sin(u), cos(u / 2)).

IMoctpoum nuct Mébuyca (puc. 1). PaccMorpum kpuByIo Ha
uwHape (4)
o:r=r(x/3,v), v=0,..,1

(monmoBuHKa o6pasyromied muwmHapa) (puc. 1). Eif cooTBeTCTBYET
oOpasyromas aucrta Mébuyca (1).
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OO6pasytormiedt IMHApPa
o ir= r(z/3,v), v=-1,..,1

COOTBETCTBYET 00pa3ytolas iucta Méouyca, B3sTasi IBaXIbl.

Puc. 1. Jluct Mébuyca v AITHHID

2. Cxpewennpii komnax u cghepa. Tlonoxum
s(u) = (cos(u),sin(u),0),l(u) =
=(sin(u /2),0,cos(u/2)), p(u) =
= (cos(u) + sin(u / 2), sin(u), cos(u / 2)).
[TocTporuM Mozens MPOEKTUBHON MIIOCKOCTH (2) (CKpeleHHbII

KOJIMaK C KpbIMKOH) (puc. 2). PaccMoTpuM KpHBYIO Ha CKpellleH-
HOM Kkommake o :r=r(z/3,v),v=0,..,7/2. Eii cooTBeTCTBYyET

IIBE KPUBBIE Cephl

o r=r(z/3,v),v=0,..,7/2,

o ir= r(z/3+27,—v),v=0,..,7/2.

Puc. 2. CkpelieHHbIN KOJIaK u cepa
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3. Bymuinxa Kneiina. Ilonoxum
s(u) = (3cos(u),3sin(u),0),l(u) =
= (sin(u / 2),0,cos(u/2)), p(u) =
=(3cos(u) + sin(u / 2),3sin(u),cos(u /2)).p = 8.

[Moctpoum OyTthuTKy KneitHa (puc. 3). PaccmoTpuM kpuByto Ha
oyreuike Kneiina o:r=r(x/3,v), v=0,..,7/2. Eii cooTBeTcT-

BYET ABE KPUBLIE TOPa
o ir=r(z/3,v),v=0,..,7/2,

o r=r(zx/3+2x,-v),v=0,...,7/2.

\
)

Puc. 3. Byrsuika Kneitaa u Top
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M. Cheshkova
To geometry of one-sided surface

Normal vector is defined along a closed curve on the surfaces. If you
return to the starting point and the normal direction coincides with the
original, regardless of the choice of the curve, then the surface is called
bilateral. Otherwise, we have the one-sided surface. The Mebius band is
one-sided surface. Cross-cap, Klein bottle are also one-sided surfaces.
The examples of these surfaces are constructed using the mathematical
paskage Maple.
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F'ONOHOMHbIE M NONYroNOHOMHbIE NOAMHOr006pa3us
rmagkux MHOroo6pasum

C nomomplo CTPYKTYpHBIX ypaBHeHHH JlanreBa nana mepap-
XM TIaJKUX MHOTO0Opa3uii, paccMaTpHBaeMbIX JIOKAJIBHO C TOY-
HOCTBIO 10 BTOpOro nopsaka. OnpeneneHsl HEroJI0HOMHOE, MOJTy-
TOJIOHOMHOE, TOJIOHOMHOE U TPUBHAIBbHOE IJIaJKHE MHOrooOpa-
3us. Jloka3aHo, 4TO MOJMHOT000pa3ue MOIyTOJIOHOMHOTO TaKO-
r0 MHOT000pa3usi SBJSIETCS TI0JIyTOJIOHOMHBIM TJIaIKKM MHOT000-
pasmeM, a MoJAMHOT000pas3re roJIOHOMHOTO TJIaJAKOT0 MHOT000pa-
315l TOJIOHOMHO.

Knwuesvie cnosa: rinankoe MHOFOO6pa3I/I€, MOJYTOJIOHOMHOE MHO-
r006pa3ne, TOJIOHOMHO€ MHOFOO6pa3I/Ie, HOI[MHOF006pa3I/Ie.
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