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Abstract. One of the properties of a periodic function on the real axis is that it is completely determined
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AnHortamua. OgHoO U3 CBOHCTB NMepUOAHYECKOH (DYHKLHHU Ha BeLIeCTBEHHOH OCH COCTOMUT B TOM, UTO OHA
TIOJTHOCTBIO OTIpeeNsieTCsl CBOMMH 3HAUeHHSIMH Ha Ieprofie. DTOT (PaKT AONMYyCKaeT Caeayolilee HeTPUBHANBHOE
o6o01eHre Ha MHOTOMepHBIH cayuail: ecan gyHkuus f € C°(R™) (n > 2) ¢ Hy/ZeBbIMH HHTerpajaMu Mo
BceM cepam (uau mapam) (PUKCUPOBAHHOTO pauyca r paBHA HYJO B HEKOTOPOM Liape paguyca r, TO f
siBJIseTcs: HyJeBod Ha R™. YcioBue 6eCKOHEUHOH IagKOCTH (PYHKUHHM f B 3TOM YTBEpKIEHHH 0CJabUTb
Hesb3sl. B naHHOU paboTe n3yudaercs nonoGHOe siBJIE€HHe AJIs PELIEHUH ypaBHEHUH CBEPTKH, CBS3aHHBIX
¢ omnepaTopoM o6o0uieHHoro caBura beccens. CHayasna paccMaTpuBaeTcs cjaydaid, KOTAa CBepPThIBATENEM
ypaBHEHHUS sIBJISETCS MHIHMKATOP OTPe3ka, CHMMETPUYHOrO OTHOCHUTEJbHO Hyssl. [lokaszaHo, uTo pelieHuUs
TaKOI'0 ypaBHEHUs ONpefiesIsieTCsl CBOMMU 3HAUEHUSIMU Ha yKa3aHHOM oTpeske. [lasnee mpuBonuTCs 06001ieH e
3TOTO CBOHCTBA JJIsl 001Iero ypaBHeHuUs1 cBepTkH Deccessi. [losyyeHHBle pe3ysibTaThl SIBJSIOTCS aHAJOTaMH
M3BECTHBIX TEOpPeM eMHCTBEHHOCTH /5 IePHOIHUECKHX B cpefiHeM (GyHKUME, npuHaniexamux ©. Hony,
10. U. Jlwobuuy u A. ®. JleoHTheBy.
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Introduction

The well-known uniqueness theorem of F. John (see [1, Chap. 6; 2]) states that if a function
f € C®[R"™) (n > 2) with zero integrals over all spheres (or balls) of fixed radius r is zero in
some ball of radius r, then f is zero in R™. The condition of infinite smoothness of the function f
in this statement cannot be relaxed (see [1, Chap. 6] for n = 2,3 and [3, Theorems 14.7 and 14.9]
for the general case).

The theorem of F. John has been further developed and refined in different directions. In
particular, spectral analogues of F. John’s theorem were established [3, Theorem 14.1], its
generalizations and refinements were studied for the twisted spherical means [4], for weighted
spherical means on a sphere [5], on symmetric spaces and the Heisenberg group [3, Chap. 15-17],
and for solutions of convolution equations [6, Theorem 1; 7,8; 9, Theorem 8; 10, Chap. 5; 11-13].

In addition to their independent interest, the results obtained turned out to be important due
to their applications in extreme problems of integral geometry, the theory of lacunary series, the
support problem, the theory of harmonic functions as well as in the study of various classes
of mean periodic functions and their generalizations (see [14]). Furthermore, it was found that
F. John’s theorem and its analogues have deep connections with microlocal analysis, which is
widely used in research on partial differential equations [15, 16].

Various issues of analysis and differential equations related to the generalized translation
operator were studied by J. Delsart, B. M. Levitan, K. Trimeche, 1. A. Kipriyanov, S. M. Sitnik,
S. S. Platonov, etc. (see [17-21] and the bibliography in these works). In [22], a study of the
injectivity of the spherical mean operator on the Chébli-Trimeche hypergroups was initiated and
a local two-radii theorem was proved. In this paper, we obtain an analogue of John’s uniqueness
theorem for mean periodic functions on the Bessel - Kingmann hypergroup, which is a model
representative of the above-mentioned class of hypergroups.

In addition to self-interest, the study of spherical means and their generalizations on
hypergroups is important due to the following circumstances. The fact is that various properties
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of mean periodic functions on multidimensional spaces allowed us to obtain earlier applications
to other issues of analysis only for a certain discrete set of parameters depending on the
dimension of the space, the multiplicity of root subspaces of the Lie algebra of the isometry
group, etc. Establishing the appropriate results on hypergroups will make it possible to remove
this restriction.

It should be noted that general information on the theory of hypergroups and hypercomplex
systems is contained in the review by G. L. Litvinov [23] and the monograph by Yu. M. Berezansky
and A. A. Kalyuzhny [24]. Our attention to the study of mean periodic functions on hypergroups
was attracted by A. A. Kalyuzhny during the reports of the second author at the seminar
of Yu. M. Berezansky and M. L. Gorbachuk (Institute of Mathematics, Kiev, 2009, 2010).
The authors thank A. A. Kalyuzhny and the seminar participants for their interest and useful
discussions.

1. Statement of the main result

Let H be an arbitrary set, and let ® be a linear space of complex-valued functions defined
on H. Suppose that each element x € H is associated with a linear operator R* in ®, and for
any fixed y € H the function ¢(x) = R*p(y) is contained in ® for all ¢ € . A set H is called a
hypergroup if the following conditions (see [23, Sect. 2; 24, Chap. 1, Sect. 2]) are satisfied:

1) for any elements x,y € H the relation

R*LY = LYR"
is valid, where
LVo(x) = R*o(y), ¢ € P
2) there exists an element e € H such that R® = I (I is the identity operator).
In this case, it is said that the operators R* form a family of generalized translation
operators.

The Bessel - Kingmann hypergroup corresponds to the case when H = Ry = [0,+0o0),
® = (C([0,+0)) and R* =TS, where o > —1/2,

Dla+1)
Val(a+ 3
It is convenient to assume that f is extended on R to an even function and

T2 f(y) =T f(yl), =yeR.

We denote by L;’;OC(IR) the space of even locally summable functions with respect to the

measure |z|?*Tldz on the interval Ip = (—R,R), 0 < R < +oo. In this paper, we study an
equation of the form

T> f(y) = /f (V22 + 42 — 2zy cos 0)(sin 0)°*dl, z,y > 0. (1)

T

/T;‘f(a:)x%‘“dx =0, yelp, (0<r<R), (2)
0

where f € L; 19¢(IR). The main result of this paper is the following uniqueness theorem for
solutions of equation (2).

Theorem 1. Let 0 < r < R < +o00. Suppose that a function f € L1 10C(IB) satisfies condition
(2) and f =0o0n I.. Then f =0 on Ig.

Thus, the solutions of equation (2) of class th loc(IR) are completely determined by their
values on the interval I,. Similar results in R™ and other multidimensional spaces (see [3,
Chaps. 14-17; 14, Part 2, Chaps. 1-3]) require additional conditions on the smoothness of the
function f in the neighborhood of its null set. Note also that the size of the null set 7, in Theorem
1 cannot be reduced in general (see [14, Part 2, Sect. 1.2, Theorem 1.2]).
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2. Auxiliary assertions

Throughout the following, we assume that « is a fixed number from the interval (—1/2, +0o0).
As usual, the symbols N and Z denote the sets of natural and non-negative integers respectively.

Let 0 <r < R< +oo, I, = [-n,r]. If f,g€ Lé7’;°C(IR) and suppg C I, (suppg is the support
of the function g), then the Bessel (Hankel) convolution

r

(f*9)) = / (T2 ) (@)g(x)a® dr, y € In_, 3)

0

1,loc

is defined, which belongs to the class Lu,a (Ir—y). In particular, if g = x, is the indicator of the

segment I, then
I8

(Fox)) = [(EgH@etids, ye Inr
0

Thus, to study equation (2) it is convenient to introduce the classes
Vi(Ir) ={f € Ly °(Ir) : f *xr =0 on In_,},

Vrm(IR) = V}(IR) N an(IR), m e Z+ U {OO},

where C{"(Ig) is the space of even m times continuously differentiable functions on I.

The convolution (3) naturally extends to even distributions f, g at least one of which has
a compact support. The main properties of this convolution are contained in [18, Chap. 6; 21,
Sect. 2; 22, Sect. 2]. For example, the operator f — f x g commutes with the Bessel differential
operator, i.e.

Lo(f*9) = (Laf) xg = [ x (Lag), (4)

where L, acts on a function h € Cf(IR) as follows:

208 Ly = -1 & (2t (ay) (5)

T - r2a+1 g

(Loh)(x) = h"(x) +

Let J, be the Bessel function of the first kind of order v,

o) =2T(a+ DIy(\z), xR, leC.

The function ¢, is an eigenfunction of operators (5) and (1):

Laox = =N@x,  Tiealy) = ea(z)ea(y) (6)
(see [18, Chap. 6; 21, Sect. 2; 22, Sect. 2]). Using the Poisson integral representation for .J,, it

is easy to obtain the relation

xT

ox(z) = /cos(Ay)K(m,y)dy, x>0, (7)
0
M(a+1) (a2 —y2)* 2

K(zx,y) = , 0y <z,
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and the following estimate

‘(;;)m%\(x) <

The spherical transform (the Bessel transform) of a compactly supported function f € L;’;OC(]R)
is defined by

\/&F(ai ( 2 1)) M‘m |x\|1m>\\ reR, M€ (C, m e Z+. (8)

:/f(m)<p>\(aj)x2a+1dx, AreC.

In this case, it follows from (3) and (6) that
pxxf=fNer, AeC. )

Moreover, for compactly supported functions f, g € L1 IOC(]R), we have an analogue of the Borel
formula

fxg(A) = F(Ng(A) (10)

(see [21, Sect. 2; 22, Sect. 2]).
Let C.(R) be the space of even m times continuously differentiable functions on R with
compact supports. For f € C, .(R), we set

r(f) =inf{r > 0:suppf C I, }.
Denote by [z] and {z} the integer and fractional parts of the number = € R respectively.

Lemma 1. Assume that f € C’ﬂ(R) for some m € Z, and let D = % be the differentiation
operator. Then

- NG I
o )+1]/ (D5} ) () (DHE VL) 1) ()220 de (11)
240
In particular,
Fool< e (12
X 77, A\ ) € ’
(L+[AD™

where the constant ¢ > 0 does not depend on .

Prooi. For m =0, relation (11) coincides with the definition of a spherical transform. Hence,
by integrating in parts using (5), (6) and induction, we obtain
f()\): j /m )(LéE f)( ye2otldy, i me 27,
/\ 21y

and

m—1
f\) = N /(,O’A(ac)(Lo[2 f)/(x)a:2a+1dx, it me2Zy+1.
0

These two equations are equivalent to the relation (11). The estimate (12) follows from (11)
and (8). O
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Lemma 2. Assume that f € C{.(R) for some integer m > 2c+ 2, and let

1
Vo= ——.
“ (2T (a+ 1)
Then
_ %/f 2NNz e R, (13)
0

where the integral in (13) converges uniformly on R.

Prooi. Under the condition f € C’gﬁ(R), the required formula is proved in [25, Theorem 2.3].
In the general case, we put

z)NZTLN, (14)

It can be seen from (12) and (8) that the integral in (14) converges uniformly on R and g € C}(R).
By virtue of (9), for any function h € CZ(R) we have

(g% h)(z /f az)AZetlan,
0

On the other hand, since fxh € Co(R), then

(f*h)(z) = fya/f;/h()\)go/\(x))gaﬂd)\ /f L (@)AZH
0 0

(see [25, Theorem 2.3] and (10)). From the last two relations and the arbitrariness of the function
h, we conclude that f =g. d

The following statement is the well-known Titchmarsh theorem of supports (see, for
example, [14, Part 1, Sect. 3.2]).

Lemma 3. Assume that f1, f» € L*(0,1), and let

t
/fl(:c)fQ(t —z)dr =0
0
for almost all t € (0,1). Then supp f1 C [a, 1] and supp fo C [b, 1] for some a,b € [0, 1] such that
a+b>1.

Lemma 4. Assume that Ir < R < (I+1)r for somel € N, and let m > 2a+2. If f € V"(IR)
and f =0 on I}, then f =0 on Ig.

Proof. For any ¢ € (0, R —Ir), we consider a function 7, € CE’O(R) such that n. =1 on Ig_.
and . = 0 on R\IR_%. We set

F— nef on Ig
0 on R\ Ig.
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Then F € C’g?c(R), and F = 0 on I},. In view of Lemmas 1 and 2,
sup ‘ﬁ()\)‘(l + A" < 400
AER

and
o

F(z) = va/ﬁ(A)wA(x)A2a+ldA, z €R. (15)
0
We define the function h € Cy(R) by relation

[ee]

h(z) = / F(MA2H cos(Az)dA. (16)
0

Using (15), (7) and Fubini’s theorem, we obtain

xT

F() = [ MK (e,p)dy, 23>0, a7
0
Since F' =0 on I, then
h=0 on I (18)

(see Lemma 3). Next, it follows from the definition of the function F' and the hypothesis that
Fxx,=0 on Ip_, ..

Taking (15), (9), and (7) into account, we can write the convolution F x x, as

(F*xr)(x) = Ya / (/ i,n()\)ﬁ()\))\%“'1 COS(Ay)dA) K(z,y)dy, x>0.

0 0

Therefore, Lemma 3 and the equality

T

w0 = [ @l
0

imply the relation

/ ( / FO)N oy (1) cos(Ay)dA) t* gt =0, yelp . .. (19)

0 0

The inner integral in (19) is transformed as follows (see (7) and (16)):

/ﬁ()\))\QO‘Hgo)\(t) cos(Ay)dA = /ﬁ(/\))\%”rl cos(\y) (/ cos(Az) K (t, z)dz) d\ =

0 0 0

/(/ F)N*T (cos(A(y + 2)) + cos(A(y — z)))dA) K(t,z)dz =
0

0

l\.')\r—l

l\')\»i

/ (y+2)+h(y — 2))K(t, 2)dz.
0

30 HayuHbiii otaen



G. V. Krasnoschekikh, Vit. V. Volchkov. A uniqueness theorem for mean periodic functions on the Bessel - King 4@

Now from (19) and (18) we have

ro,t
/(/h(y—i—z)K(t,z)dz)tQaHdt =0, 0<y<R-r—e=
0 ‘0
After changing the integration order, we arrive at the relation

y+r

/ h(w)Hu—y)du=0, (I-r<y<R—r—e¢,

Y

where
,

H() = /K(t,g)t2a+1dt, 0<¢&<r
3
Hence and from (18) we find

¢
/h(v—f—lr)H(r—t—i—v)dv:O, O<t<R-—-Ir—e.
0

This relation, Lemma 3 and equality (18) show that h =0 on (0, R — ¢). Therefore, F' =0 on
(0, R —¢€) (see (17)). To complete the proof, it remains to use the evenness of the function f and
the arbitrariness of € € (0, R — Ir). O

Corollary 1. Let 0 < r < R < +oo, and assume that f € VI"(IR) for some m > 2a + 2. If
f=0onlI, then f =0 on Ig.

Proof. For r < R < 2r, the statement is obtained from Lemma 4 for [ = 1. Suppose that it
is valid for R < kr with some k > 2, and let kr < R < (k+ 1)r. By the hypothesis, f € V(1)
and f =0 on I,. By the induction assumption, we conclude that f = 0 on I,. Then, owing to
Lemma 4, f =0 on Ig. O

3. Proof of Theorem 1

We put
fl = f7
|| . t
for1(z) =/t2a+1 (/ yQa“fq(y)dy) dt, ve€lp qeN.
0 0
It is clear that all functions f; are equal to zero on I,.. In addition,
f€ CP3(Ig) Tor  q>2, (20)
and
Lo(fgr1) = fg» q€N (21)

in the space of even distributions on Ig (see (5)). In particular,

f:Lg_l(fq)v qu

We claim that f, € V,(Ig) for any ¢ > 1. For ¢ = 1, this follows from the hypothesis of the
theorem and the definition of the function f;. Suppose that f; € V,.(Ir) for some k£ € N. Then
(see (4) and (21))

Lo(frs1*Xr) = (Lafes1) *Xr = fuxxr =0 on  Ig_,.
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Hence, it can be seen that
fre1*xr =const on Ip_,.

Since

(Fror 5 x0)(0) = / S ()2 dz = 0,
0

we have fy11*x, =0 on Ig_,. So, f; € V;.(Ir) and f, =0 on I, for any ¢ € N. Now, bearing

(20) in mind and using Corollary 1, we conclude that f, = 0 on Iy for ¢ > o + % Therefore,

f= Lg_l(fq) =0 on Ig. Thus, Theorem 1 is proved. O

Conclusion

The proof of Theorem 1 shows that the following more general result can be obtained by
completely similar reasoning.

Theorem 2. Let g be a nonzero function with a compact support of class L;’LOC(R), and

let R € (r(g), +o0]. Assume that f € L;’LOC(IR), frxg=0o0nIp . and f =0 on I.q). Then
f=0on Ig

Various analogs of Theorem 2 for the usual convolution on the real axis are due to
Yu. I. Lyubich [6, Theorem 1], A. F. Leontiev [10, Chap. 5], V. V. Volchkov [3, Chap. 13] and
D. A. Zaraisky [13].
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