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Abstract. One of the properties of a periodic function on the real axis is that it is completely determined
by its values on the period. This fact admits the following nontrivial multidimensional generalization: if a
function f ∈ C∞(Rn) (n > 2) with zero integrals over all spheres (or balls) of fixed radius r is zero in
some ball of radius r, then f is zero in Rn. The condition of infinite smoothness of the function f in this
statement cannot be relaxed. In this paper, we study a similar phenomenon for solutions of convolution
equations related to the generalized Bessel shift operator. First, we consider the case when the convolution
factor in the equation is an indicator of a segment symmetric with respect to zero. It is shown that
the solutions to such an equation are determined by their values on the specified segment. Further, a
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Аннотация. Одно из свойств периодической функции на вещественной оси состоит в том, что она
полностью определяется своими значениями на периоде. Этот факт допускает следующее нетривиальное
обобщение на многомерный случай: если функция f ∈ C∞(Rn) (n > 2) с нулевыми интегралами по
всем сферам (или шарам) фиксированного радиуса r равна нулю в некотором шаре радиуса r, то f
является нулевой на Rn. Условие бесконечной гладкости функции f в этом утверждении ослабить
нельзя. В данной работе изучается подобное явление для решений уравнений свертки, связанных
с оператором обобщенного сдвига Бесселя. Сначала рассматривается случай, когда свертывателем
уравнения является индикатор отрезка, симметричного относительно нуля. Показано, что решения
такого уравнения определяется своими значениями на указанном отрезке. Далее приводится обобщение
этого свойства для общего уравнения свертки Бесселя. Полученные результаты являются аналогами
известных теорем единственности для периодических в среднем функций, принадлежащих Ф. Йону,
Ю. И. Любичу и А. Ф. Леонтьеву.

Ключевые слова: обобщенный сдвиг, уравнения свертки, функции Бесселя, сферическое преобразо-
вание, теорема Титчмарша о свертке
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Introduction

The well-known uniqueness theorem of F. John (see [1, Chap. 6; 2]) states that if a function
f ∈ C∞(Rn) (n > 2) with zero integrals over all spheres (or balls) of fixed radius r is zero in
some ball of radius r, then f is zero in Rn. The condition of infinite smoothness of the function f
in this statement cannot be relaxed (see [1, Chap. 6] for n = 2, 3 and [3, Theorems 14.7 and 14.9]
for the general case).

The theorem of F. John has been further developed and refined in different directions. In
particular, spectral analogues of F. John’s theorem were established [3, Theorem 14.1], its
generalizations and refinements were studied for the twisted spherical means [4], for weighted
spherical means on a sphere [5], on symmetric spaces and the Heisenberg group [3, Chap. 15–17],
and for solutions of convolution equations [6, Theorem 1; 7,8; 9, Theorem 8; 10, Chap. 5; 11–13].

In addition to their independent interest, the results obtained turned out to be important due
to their applications in extreme problems of integral geometry, the theory of lacunary series, the
support problem, the theory of harmonic functions as well as in the study of various classes
of mean periodic functions and their generalizations (see [14]). Furthermore, it was found that
F. John’s theorem and its analogues have deep connections with microlocal analysis, which is
widely used in research on partial differential equations [15,16].

Various issues of analysis and differential equations related to the generalized translation
operator were studied by J. Delsart, B. M. Levitan, K. Trimèche, I. A. Kipriyanov, S. M. Sitnik,
S. S. Platonov, etc. (see [17–21] and the bibliography in these works). In [22], a study of the
injectivity of the spherical mean operator on the Chébli-Trimèche hypergroups was initiated and
a local two-radii theorem was proved. In this paper, we obtain an analogue of John’s uniqueness
theorem for mean periodic functions on the Bessel –Kingmann hypergroup, which is a model
representative of the above-mentioned class of hypergroups.

In addition to self-interest, the study of spherical means and their generalizations on
hypergroups is important due to the following circumstances. The fact is that various properties
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of mean periodic functions on multidimensional spaces allowed us to obtain earlier applications
to other issues of analysis only for a certain discrete set of parameters depending on the
dimension of the space, the multiplicity of root subspaces of the Lie algebra of the isometry
group, etc. Establishing the appropriate results on hypergroups will make it possible to remove
this restriction.

It should be noted that general information on the theory of hypergroups and hypercomplex
systems is contained in the review by G. L. Litvinov [23] and the monograph by Yu. M. Berezansky
and A. A. Kalyuzhny [24]. Our attention to the study of mean periodic functions on hypergroups
was attracted by A. A. Kalyuzhny during the reports of the second author at the seminar
of Yu. M. Berezansky and M. L. Gorbachuk (Institute of Mathematics, Kiev, 2009, 2010).
The authors thank A. A. Kalyuzhny and the seminar participants for their interest and useful
discussions.

1. Statement of the main result

Let H be an arbitrary set, and let Φ be a linear space of complex-valued functions defined
on H. Suppose that each element x ∈ H is associated with a linear operator Rx in Φ, and for
any fixed y ∈ H the function ψ(x) = Rxϕ(y) is contained in Φ for all ϕ ∈ Φ. A set H is called a
hypergroup if the following conditions (see [23, Sect. 2; 24, Chap. 1, Sect. 2]) are satisfied:

1) for any elements x, y ∈ H the relation

RxLy = LyRx

is valid, where
Lyϕ(x) = Rxϕ(y), ϕ ∈ Φ;

2) there exists an element e ∈ H such that Re = I (I is the identity operator).
In this case, it is said that the operators Rx form a family of generalized translation

operators.
The Bessel –Kingmann hypergroup corresponds to the case when H = R+ = [0,+∞),

Φ = C([0,+∞)) and Rx = Tα
x , where α > −1/2,

Tα
x f(y) =

Γ(α+ 1)√
πΓ(α+ 1

2)

π∫

0

f(
√
x2 + y2 − 2xy cos θ)(sin θ)2αdθ, x, y > 0. (1)

It is convenient to assume that f is extended on R to an even function and

Tα
x f(y) = Tα

|x|f(|y|), x, y ∈ R.

We denote by L1,loc
\,α (IR) the space of even locally summable functions with respect to the

measure |x|2α+1dx on the interval IR = (−R,R), 0 < R 6 +∞. In this paper, we study an
equation of the form

r∫

0

Tα
y f(x)x

2α+1dx = 0, y ∈ IR−r (0 < r < R), (2)

where f ∈ L1,loc
\,α (IR). The main result of this paper is the following uniqueness theorem for

solutions of equation (2).

Theorem 1. Let 0 < r < R 6 +∞. Suppose that a function f ∈ L1,loc
\,α (IR) satisfies condition

(2) and f = 0 on Ir. Then f = 0 on IR.

Thus, the solutions of equation (2) of class L1,loc
\,α (IR) are completely determined by their

values on the interval Ir. Similar results in Rn and other multidimensional spaces (see [3,
Chaps. 14–17; 14, Part 2, Chaps. 1–3]) require additional conditions on the smoothness of the
function f in the neighborhood of its null set. Note also that the size of the null set Ir in Theorem
1 cannot be reduced in general (see [14, Part 2, Sect. 1.2, Theorem 1.2]).
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2. Auxiliary assertions

Throughout the following, we assume that α is a fixed number from the interval (−1/2,+∞).
As usual, the symbols N and Z+ denote the sets of natural and non-negative integers respectively.

Let 0 < r < R 6 +∞, Ir = [−r, r]. If f, g ∈ L1,loc
\,α (IR) and supp g ⊂ Ir (supp g is the support

of the function g), then the Bessel (Hankel) convolution

(f ? g)(y) =

r∫

0

(Tα
y f)(x)g(x)x

2α+1dx, y ∈ IR−r (3)

is defined, which belongs to the class L1,loc
\,α (IR−r). In particular, if g = χr is the indicator of the

segment Ir, then

(f ? χr)(y) =

r∫

0

(Tα
y f)(x)x

2α+1dx, y ∈ IR−r.

Thus, to study equation (2) it is convenient to introduce the classes

Vr(IR) = {f ∈ L1,loc
\,α (IR) : f ? χr = 0 on IR−r},

V m
r (IR) = Vr(IR) ∩ Cm

\ (IR), m ∈ Z+ ∪ {∞},

where Cm
\ (IR) is the space of even m times continuously differentiable functions on IR.

The convolution (3) naturally extends to even distributions f , g at least one of which has
a compact support. The main properties of this convolution are contained in [18, Chap. 6; 21,
Sect. 2; 22, Sect. 2]. For example, the operator f → f ? g commutes with the Bessel differential
operator, i.e.

Lα(f ? g) = (Lαf) ? g = f ? (Lαg), (4)

where Lα acts on a function h ∈ C2
\ (IR) as follows:

(Lαh)(x) = h′′(x) +
2α+ 1

x
h′(x) =

1

x2α+1

d

dx

(
x2α+1h′(x)

)
. (5)

Let Jν be the Bessel function of the first kind of order ν,

Iν(z) =
Jν(z)

zν
, z ∈ C,

ϕλ(x) = 2αΓ(α+ 1)Iα(λx), x ∈ R, λ ∈ C.

The function ϕλ is an eigenfunction of operators (5) and (1):

Lαϕλ = −λ2ϕλ, Tα
x ϕλ(y) = ϕλ(x)ϕλ(y) (6)

(see [18, Chap. 6; 21, Sect. 2; 22, Sect. 2]). Using the Poisson integral representation for Jν , it
is easy to obtain the relation

ϕλ(x) =

x∫

0

cos(λy)K(x, y)dy, x > 0, (7)

K(x, y) =
2Γ(α+ 1)√
πΓ(α+ 1

2)

(x2 − y2)α−
1

2

x2α
, 0 6 y < x,
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and the following estimate

∣∣∣∣∣

(
d

dx

)m

ϕλ(x)

∣∣∣∣∣6
Γ(α+ 1)Γ(m+1

2 )√
πΓ(α+ m

2 + 1)
|λ|me|x|| Imλ|, x ∈ R, λ ∈ C, m ∈ Z+. (8)

The spherical transform (the Bessel transform) of a compactly supported function f ∈ L1,loc
\,α (R)

is defined by

f̃(λ) =

∞∫

0

f(x)ϕλ(x)x
2α+1dx, λ ∈ C.

In this case, it follows from (3) and (6) that

ϕλ ? f = f̃(λ)ϕλ, λ ∈ C. (9)

Moreover, for compactly supported functions f , g ∈ L1,loc
\,α (R), we have an analogue of the Borel

formula
f̃ ? g(λ) = f̃(λ)g̃(λ) (10)

(see [21, Sect. 2; 22, Sect. 2]).
Let Cm

\,c(R) be the space of even m times continuously differentiable functions on R with
compact supports. For f ∈ C\,c(R), we set

r(f) = inf{r > 0 : suppf ⊂ Ir}.

Denote by [x] and {x} the integer and fractional parts of the number x ∈ R respectively.

Lemma 1. Assume that f ∈ Cm
\,c(R) for some m ∈ Z+, and let D = d

dx be the differentiation

operator. Then

f̃(λ) =
(−1)[

m

2
]

λ2
[
m+1

2

]
∞∫

0

(
D2{m

2
}ϕλ

)
(x)
(
D2{m

2
}L

[m
2
]

α f
)
(x)x2α+1dx. (11)

In particular,

|f̃(λ)| 6 cer(f)| Imλ|

(1 + |λ|)m , λ ∈ C, (12)

where the constant c > 0 does not depend on λ.

Proof. For m = 0, relation (11) coincides with the definition of a spherical transform. Hence,
by integrating in parts using (5), (6) and induction, we obtain

f̃(λ) =
(−1)

m

2

λ2
[
m+1

2

]
∞∫

0

ϕλ(x)
(
L

m

2
α f
)
(x)x2α+1dx, if m ∈ 2Z+,

and

f̃(λ) =
(−1)[

m

2
]

λm+1

∞∫

0

ϕ′
λ(x)

(
L

m−1

2
α f

)′
(x)x2α+1dx, if m ∈ 2Z+ + 1.

These two equations are equivalent to the relation (11). The estimate (12) follows from (11)
and (8). �
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Lemma 2. Assume that f ∈ Cm
\,c(R) for some integer m > 2α+ 2, and let

γα =
1

(
2αΓ(α+ 1)

)2 .

Then

f(x) = γα

∞∫

0

f̃(λ)ϕλ(x)λ
2α+1dλ, x ∈ R, (13)

where the integral in (13) converges uniformly on R.

Proof. Under the condition f ∈ C∞
\,c(R), the required formula is proved in [25, Theorem 2.3].

In the general case, we put

g(x) = γα

∞∫

0

f̃(λ)ϕλ(x)λ
2α+1dλ. (14)

It can be seen from (12) and (8) that the integral in (14) converges uniformly on R and g ∈ C\(R).
By virtue of (9), for any function h ∈ C∞

\,c(R) we have

(g ? h)(x) = γα

∞∫

0

f̃(λ)h̃(λ)ϕλ(x)λ
2α+1dλ.

On the other hand, since f ? h ∈ C∞
\,c(R), then

(f ? h)(x) = γα

∞∫

0

f̃ ? h(λ)ϕλ(x)λ
2α+1dλ = γα

∞∫

0

f̃(λ)h̃(λ)ϕλ(x)λ
2α+1dλ

(see [25, Theorem 2.3] and (10)). From the last two relations and the arbitrariness of the function
h, we conclude that f = g. �

The following statement is the well-known Titchmarsh theorem of supports (see, for
example, [14, Part 1, Sect. 3.2]).

Lemma 3. Assume that f1, f2 ∈ L1(0, 1), and let

t∫

0

f1(x)f2(t− x)dx = 0

for almost all t ∈ (0, 1). Then supp f1 ⊂ [a, 1] and supp f2 ⊂ [b, 1] for some a, b ∈ [0, 1] such that

a+ b > 1.

Lemma 4. Assume that lr < R 6 (l+1)r for some l ∈ N, and let m > 2α+2. If f ∈ V m
r (IR)

and f = 0 on Ilr, then f = 0 on IR.

Proof. For any ε ∈ (0, R− lr), we consider a function ηε ∈ C∞
\ (R) such that ηε = 1 on IR−ε

and ηε = 0 on R ∖ IR− ε

2
. We set

F =

{
ηεf on IR

0 on R ∖ IR.
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Then F ∈ Cm
\,c(R), and F = 0 on Ilr. In view of Lemmas 1 and 2,

sup
λ∈R

∣∣F̃ (λ)
∣∣(1 + |λ|)m < +∞

and

F (x) = γα

∞∫

0

F̃ (λ)ϕλ(x)λ
2α+1dλ, x ∈ R. (15)

We define the function h ∈ C\(R) by relation

h(x) =

∞∫

0

F̃ (λ)λ2α+1 cos(λx)dλ. (16)

Using (15), (7) and Fubini’s theorem, we obtain

F (x) = γα

x∫

0

h(y)K(x, y)dy, x > 0. (17)

Since F = 0 on Ilr, then
h = 0 on Ilr (18)

(see Lemma 3). Next, it follows from the definition of the function F and the hypothesis that

F ? χr = 0 on IR−r−ε.

Taking (15), (9), and (7) into account, we can write the convolution F ? χr as

(F ? χr)(x) = γα

x∫

0

( ∞∫

0

χ̃r(λ)F̃ (λ)λ
2α+1 cos(λy)dλ

)
K(x, y)dy, x > 0.

Therefore, Lemma 3 and the equality

χ̃r(λ) =

r∫

0

ϕλ(x)x
2α+1dx

imply the relation

r∫

0

( ∞∫

0

F̃ (λ)λ2α+1ϕλ(t) cos(λy)dλ

)
t2α+1dt = 0, y ∈ IR−r−ε. (19)

The inner integral in (19) is transformed as follows (see (7) and (16)):

∞∫

0

F̃ (λ)λ2α+1ϕλ(t) cos(λy)dλ =

∞∫

0

F̃ (λ)λ2α+1 cos(λy)

( t∫

0

cos(λz)K(t, z)dz

)
dλ =

=
1

2

t∫

0

( ∞∫

0

F̃ (λ)λ2α+1
(
cos(λ(y + z)) + cos(λ(y − z))

)
dλ

)
K(t, z)dz =

=
1

2

t∫

0

(
h(y + z) + h(y − z)

)
K(t, z)dz.

30 Научный отдел



G. V. Krasnoschekikh, Vit. V. Volchkov. A uniqueness theorem for mean periodic functions on the Bessel – Kingmann hypergroup

Now from (19) and (18) we have

r∫

0

( t∫

0

h(y + z)K(t, z)dz

)
t2α+1dt = 0, 0 6 y < R− r − ε.

After changing the integration order, we arrive at the relation

y+r∫

y

h(u)H(u− y)du = 0, (l − 1)r < y < R− r − ε,

where

H(ξ) =

r∫

ξ

K(t, ξ)t2α+1dt, 0 < ξ < r.

Hence and from (18) we find

t∫

0

h(v + lr)H(r − t+ v)dv = 0, 0 < t < R− lr − ε.

This relation, Lemma 3 and equality (18) show that h = 0 on (0, R − ε). Therefore, F = 0 on
(0, R− ε) (see (17)). To complete the proof, it remains to use the evenness of the function f and
the arbitrariness of ε ∈ (0, R− lr). �

Corollary 1. Let 0 < r < R 6 +∞, and assume that f ∈ V m
r (IR) for some m > 2α+ 2. If

f = 0 on Ir, then f = 0 on IR.

Proof. For r < R 6 2r, the statement is obtained from Lemma 4 for l = 1. Suppose that it
is valid for R 6 kr with some k > 2, and let kr < R 6 (k + 1)r. By the hypothesis, f ∈ V m

r (Ikr)
and f = 0 on Ir. By the induction assumption, we conclude that f = 0 on Ikr. Then, owing to
Lemma 4, f = 0 on IR. �

3. Proof of Theorem 1

We put
f1 = f,

fq+1(x) =

|x|∫

0

1

t2α+1

( t∫

0

y2α+1fq(y)dy

)
dt, x ∈ IR, q ∈ N.

It is clear that all functions fq are equal to zero on Ir. In addition,

fq ∈ C2q−3(IR) for q > 2, (20)

and
Lα(fq+1) = fq, q ∈ N (21)

in the space of even distributions on IR (see (5)). In particular,

f = Lq−1
α (fq), q ∈ N.

We claim that fq ∈ Vr(IR) for any q > 1. For q = 1, this follows from the hypothesis of the
theorem and the definition of the function f1. Suppose that fk ∈ Vr(IR) for some k ∈ N. Then
(see (4) and (21))

Lα(fk+1 ? χr) = (Lαfk+1) ? χr = fk ? χr = 0 on IR−r.
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Hence, it can be seen that
fk+1 ? χr = const on IR−r.

Since

(fk+1 ? χr)(0) =

r∫

0

fk+1(x)x
2α+1dx = 0,

we have fk+1 ? χr = 0 on IR−r. So, fq ∈ Vr(IR) and fq = 0 on Ir for any q ∈ N. Now, bearing
(20) in mind and using Corollary 1, we conclude that fq = 0 on IR for q > α + 5

2 . Therefore,

f = Lq−1
α (fq) = 0 on IR. Thus, Theorem 1 is proved. �

Conclusion

The proof of Theorem 1 shows that the following more general result can be obtained by
completely similar reasoning.

Theorem 2. Let g be a nonzero function with a compact support of class L1,loc
\,α (R), and

let R ∈ (r(g),+∞]. Assume that f ∈ L1,loc
\,α (IR), f ? g = 0 on IR−r(g) and f = 0 on Ir(g). Then

f = 0 on IR.

Various analogs of Theorem 2 for the usual convolution on the real axis are due to
Yu. I. Lyubich [6, Theorem 1], A. F. Leontiev [10, Chap. 5], V. V. Volchkov [3, Chap. 13] and
D. A. Zaraisky [13].
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Mathematical Analysis and Applications, 2007, vol. 329, iss. 1, pp. 163–190. https://doi.org/10.
1016/j.jmaa.2006.06.061

23. Litvinov G. L. Hypergroups and hypergroup algebras. Journal of Soviet Mathematics, 1987, vol. 38,
pp. 1734–1761. https://doi.org/10.1007/BF01088201

24. Berezansky Yu. M., Kalyuzhnyi A. A. Harmonic analysis in hypercomplex systems. Dordrecht,
Springer, 1998. 486 p. https://doi.org/10.1007/978-94-017-1758-8

25. Koornwinder T. H. Jacobi functions and analysis on noncompact semisimple Lie groups. In:
Askey R. A., Koornwinder T. H., Schempp W. (eds.). Special Functions: Group Theoretical
Aspects and Applications. Dordrecht, D. Reidel Publishing Company, 1984, pp. 1–85. https:
//doi.org/10.1007/978-94-010-9787-1_1

Поступила в редакцию / Received 28.09.2023
Принята к публикации / Accepted 13.03.2024
Опубликована / Published 28.02.2025

Математика 33


	Вспомогательный факт
	Основной результат
	Сравнение оценок
	Об оценке снизу коэффициента роста
	Основные определения и вспомогательные результаты
	Хопфовость аддитивных групп Е-колец и артиновых колец
	Statement of the main result
	Auxiliary assertions
	Proof of Theorem 1
	Basic notions
	Preparatory phase
	Main results
	Постановка задачи и вспомогательные утверждения
	Метод решения задачи GP1 в круге Tr+="4266308 z:|z|<r "5267309 , 0<r<1 в случае, когда a(t), b(t), c(t) H(Lr)
	Движения парадоксального механизма
	Особые точки и количество вращений
	Работа сил инерции на диске
	Физическо-математическая постановка задачи
	Верификация методики расчета
	Результаты исследований
	Постановка задачи
	Схема расчленения нестационарного НДС оболочек вращения при ударных воздействиях изгибающего типа
	Область согласования изгибной составляющей теории Кирхгофа–Лява и высокочастотного коротковолнового приближения
	Область согласования высокочастотного коротковолнового приближения и антисимметричного гиперболического погранслоя
	Используемые математические модели
	Результаты вычислительных экспериментов
	Наборы данных
	Постановка задачи и методология исследования
	Вывод при наличии ограничения на перекрытие
	Процесс обучения модели
	Обсуждение результатов работы и область их применения
	Описание сети массового обслуживания
	Анализ сети массового обслуживания с групповым обслуживанием
	Метод формирования маршрутных матриц
	Численные примеры
	Полуаналитическая модель сейсмограммы геологического разреза
	Результаты и обсуждение

