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Abstract. This article describes the direct problem of thermal conductivity in a
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BBenenue

OOpatHble 3alayd — 3TO 3aJa4l 0OCOOEHHOr0 BUA, KOTJa IO PsAy U3-
BECTHBIX WJIM HAOJIOAAEMBIX PE3YyJbTaTOB HEOOXOIMMO HAWTH MCTOYHUKHU B
BUJIE TApaMETPOB B H3BECTHBIX YPABHEHUSX, OMMCHIBAIOIIMX YIOMSHYTHIC
apiieHus. OHOM U3 MEPBBIX MPECTABICHHBIX 00pPAaTHBIX 3a]a4 SBJISLIOCH MC-
CJIeIOBaHUE CMEIICHUS TpaeKTOpUH Y paHa, Oyaronaps ueMy OblLT OOHApY>KEeH
Hentyn [1]. B Hacrosiee Bpems pemienne oOpaTHBIX 3a7ad aKTyalbHO IS
MHOKECTBA MPUKIAAHBIX U (QyHIAMEHTAIBHBIX 00JACTEl: ONTHKA, aKyCTHKa,
00paboTKa CUTHAJIOB, aCTPOHOMHSI, TEOJIOTHS, & TAK)KE TAKUX HOBBIX HAIPaB-
JIEHWH, KaK MallMHHOE OOy4YeHHe, KOMIIBIOTEPHOE 3peHue, 00paboTka ecrte-
CTBEHHOTO sI3bIKa M MHOXKECTBa Jpyrux chep [2—-7].

PaccmoTpuM peasibHble CUTyallMd, B KOTOPBIX HEOOXOJUMO pEIICHUE
oOpaTHOW 3allauMl TEIUIONMPOBOJHOCTH. Tak, HampuMmep, IMIUPOKO pacIpo-
CTpaHeHa 3ajaya ornpenaencHus KodhPuiimeHTa TerIonpPOBOIHOCTH B KU -
kocTH [8,9]. KpoMe TOro, akTyalbHO pelieHre oOpaTHBIX 3a7ay TEIJIONp O-
BOJIHOCTH U JIJI MOUCKA CKPBIThIX 00bekTOB [10]. HakoHer, nmpumeHsoTcs
3a/1a4 JAHHOTO THUIIA Ja)e JJIs pacuéra TerIOmpOBOASIIUX CBOUCTB 00b-
€KTOB, BBIXOJSIIUX B KocMoc. Tak, B padore [11] mpencraBien mMetoa pac-
yéTa BO3JIEMCTBUS BHEUIHUX TEMIIEpaTyp Ha KpbIIIKY Hpudopa «Jumuo»
MEXIUTaHETHOU cTaHunu «Mapc-96» Ha sTane ee BhIBEJCHHS Mociie cOpoca
roJIOBHOTO oOTekarens. HakoHer, B HacTosiee BpeMs CyIIeCTBYIOT pudo-
pPbI, B KOTOPBIX B KaUECTBE MEXKAJIEMEHTHBIX YIUIOTHUTENIECH UCIOJIb3YIOTCS
KOJIbIIeoOpa3Hbl 00BeKkTh. B pabote [12] paccmaTpuBaroTest npsmas U 00-
paTHas 3aJauyd TETJIONMPOBOJHOCTU Takux koiierl. Kpome toro, B pabote
[13] paccmarpuBaeTcsi oOpaTHasl 3ajadya HarpeBa KOJblla IPU BpAICHUHU.
Takum 0O6pazom, oOpaTHBIC 3aJ]a4d TEIJIOMNPOBOJHOCTU KOJIbI[a OKA3bIBAIOT-
Cs aKTYaJIbHBIMHM JIJIs1 UCCIICIOBAHUS.

1. llpsimasi 3aga4a TenJI0NPOBOJIHOCTH

1.1. YpaBHeHHe TeNJI0NPOBOAHOCTH

VYpaBHEHHE TEIUIONPOBOJHOCTH — 3TO AU(PepeHnanbHOe ypaBHEHUE
BTOPOT'O MOPSJKA, ONUCHIBAIOLIEE pacIpeleCeHue TeMIIEpaTypbl BO BPEMEHU
U IpocTpaHcTBe. B oqHOMepHOM ciydae [14]:

M _a %: f(x1), (1.1)

rae U = U(X, t) — ¢dyHKIHs, OMUCHIBAMONIAs pacnpeeiieHHe TEMIIepaTyphl, X
— koopaunara, t — Bpems, f(X, t) — dyHKIUsS pacnpeneeHust TEIUIOBBIX UC-
TOYHHUKOB.

AHaIUTHYECKOE PEIICHUE YPAaBHEHUS TEIUIONPOBOIHOCTH MOXXET OBITH
MOJIy4eHO ¢ oMolibio Metoga dypwe. Paznenstor 3agaun 6ECKOHEUHOT O, T10-
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TyOECKOHEYHOTO M KOHEUHOro cTepkHs. PaccmMarpuBaemasi aBTOpoM 3ajaua
OTHOCHTCS K CITy4at0 KOHEUHOTO CTEPKHS.

VYpaBHEeHUE TEIIOMPOBOIHOCTH ISl TETUIOU30JIMPOBAHHOTO OT BHEIIHEH
Cpellbl CTepXHS, HauaJbHbIE YCIOBHS U TpaHUYHbIE yciaoBHs no Jupuxie 3a-
JIA0TCS CIEAYIOIUM 00pa3oM:

N _ 020U gy,
ot OX?
u(x,t =0)=ep(x), (1.2)

u(x=0,t) = 4(t),
u(x=11) = 1,(t).

Pemienne naHHOM CHUCTEMBI HaWIEM C IOMOIIBIO IIOCIJIEIOBATEIIBHBIX
MPEANOJIOKEHUN U ynpolieHuii. B 1aHHOM citydae OyJaeT U3MEHAThCS 3Have-
HUE (QYHKIMM UCTOYHUKOB TOTJIOLIEHUS U BBIIEICHUS TEIIa, a TaKKe Kpae-
BbI€ yCJI0BUS. OHO IPUHUMAET CIIEAYIOIINNA BUA:

a(x,t) =2 X, (T, (t) =

=3 I;ex {ﬁna} (t—7) [ j f(&, r)sm( ]dg)dr sm(Tnxj (1.3)

1.2. [Ipsimas 3aga4a TeNJIONPOBOIHOCTH B KOJIbLIE

OnHUM K3 peaIbHBIX MPUMEHEHHH 3aJ]a4yu O pAcCIpPOCTPAaHEHUM TEIia B
TOHKOM OJHOPOJHOM CTEpP)KHE MOYKHO CUMTaTh 3aaady o kousbie [15]. Crep-
KEHb KOHEUHOMW IJIMHBI MOKHO COTHYThH TaK, YTOOBI OH MPUHSIT GOPMY KOJIb-
na. Ilycts Takoe Koibll0 MMeeT paguyc R, Toria MCXOJHas IJIMHA CTEP>KHS
OyJIeT cBsi3aHa C paJruycoM M3BECTHBIM BhIpaxeHueMm L = 2nR.

Takoe xombr0 UMeeT HOpMy 3aMKHYTOW KPHUBOW, MO3TOMY TPAaHUYIHBIC
yCJIOBHSI Ha KOHIIAX B JAHHOM 3a/ade BUIOM3MEHSIOTCS, MpuUHUMas (Gopmy
MEPUOTNYECKUX (HYHKITHIA:

u(x,t) =u(x+2zR-n,t), (1.4)

r7ie N MPUHAIICKUT MHOKECTBY IIEIIBIX YHCEI.

DT0 03HAYACT, YTO MPHUHIIMIT PEIICHHS 33J]a4H O KOJIbIE TAaKOB XKe, KaK U
NPUHIKI PEIICHUS 3aJa4d O CTEePIKHE — JIOMOJHHUTCIBHBIM OKa3bIBACTCS
TOJILKO YCJIOBHE COXPAHCHHS MEPUOJUYHOCTH PEHICHHS uepe3 Kaxapie 27R
3HAYCHHS KOOPIUHATHI.

[TocraBneHa cienyromias npsMasi 3ajada: HauTH pacrpesiesieHue TeMIie-
paTypsl B TOHKOM OJHOPOJHOM KOJIbIIE paanyca 2 ¢ TEIUIOU30JIMPOBAHHON
OOKOBOI TTOBEPXHOCTHIO, €CITM B HAYAJIBHBIH MOMECHT BPEMCHH TeMIIepaTypa
MEHSIETCS 110 3aKOHY (27 — X).
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IIpencraBuM Ui Havana oOlee peleHue, a IOTOM — IOJCTaBUM 3Ha-
YEHUs HAIlleW 3aa4y JJIs1 ONPEETICHNs HACTOSIIETO PELIEHUS.
3anuuieM CUCTEMY YPaBHEHUM, COOTBETCTBYIOIIMX JaHHOW 3a7aye:

u_ .0t
ot ox*
u(x=0,t)=u(x=L,t), (15)

0 0
—u(x=0,t)=—u(x=L,1t),
pr ( ) o ( )

u(x,t=0)=27-x.

JIns HaXOXJEHUs PElIeHUsl AOCTATOYHO YKa3aTh MapaMeTp & U Y4ecTb,

YTO paJinyC KOJblAa CBSI3aH C JJIMHOW OKPY>KHOCTH KOJIbIIA U3BECTHBIM OTHO-
K

menneM: L=27zR|  =4r. Kax panee ObU10 yKasaHoO, a*=—, e K — KO-
- cp

3¢ GUIHEHT TETUIONPOBOIHOCTH, C — yJIeTbHas TeIUIOEMKOCTh MaTepurana, u3

KOTOPOT'O BBIMIOJIHEH CTEPKEHB, p — IJIOTHOCTH CTEpKHs. JlJIsl 3HaUeHUN KO-

3 PUIMEHTOB peabHBIX MaTEepUalIOB MmapameTp a OyJeT JOCTaTOYHO Mall,

nosToMy yao0Hee nmpuHsaTh ero paBHbiM 0.25. Torna, codupast Bce BbIIEyKa-

3aHHBIC BBIPAKECHUS, MOJYyYaeM OKOHYATEIIbHOE PEIICHUE YPaBHEHUS TEIIO-

MTPOBOAHOCTH KOJIbLA!

u(x,t):Zizlgsin(ngexp(—%t]. (1.6)

B nauanpHblii MoMeHT BpeMenu U(X,t = 0) dbyHKIUS uMeeT B, Mpe-
CTaBJICHHBIW HA PUCYHKE 1:

u

_5

Puc. 1. I'paduk 3aBHCUMOCTH TeMIepaTypbl KOJblla OT KOOpAWHATH (1.6) B HavaIbHbIH
MomeHT BpeMeHu t = 0. [Tokazan npomexxyTok ot 0 10 87 AJi TOro, YTOOBI MOKA3aTh
COOJIIO/IEHHE YCIIOBHSI IEPUOAMYHOCTH (PYHKIMN
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Puc. 2. 3aBucuMOCTh TEMIIEpATyphI KOJIbIIA OT KOOPAUHATHI U BpeMenH (1.6)

2. O0paTHasi 3a1a4a yPAaBHEHH I TEILIONPOBOJHOCTH B KOJIbIIe

Koadpunmentnas obparnas 3agaya — OJIMH U3 MOABUIOB OOpaTHBIX 3a-
Jad, rjae, KpoMe HeoOXOAMMOCTH HallTH pelieHne AuddepeHuanbHOro ypas-
HEHUs, TAaK)Ke HY)KHO HalTH KO3 (PHUIIMEHT TaHHOTO ypaBHEHUS.

Kosddurmentnas obpatHas 3amaya MO CBOMM HAYaJIbHBIM YCIOBHSIM
nojo0Ha MpsSIMOM 3a/aue, HO Uil €€ perieHus HeOOXOUMO 3HATh JOTOHH-
TeJbHBIE HAauyaJbHBIC YCIOBHS. AJITOPUTM pEIICHUS PACCMOTPUM Ha OCHO-
Be [16]. CucreMa, KOTOPYI0 HEOOXOIUMO PEIIUTh, UMEET BH/I:

ou_ .. o
e g(t)ﬁ,
u(x=0,t) =u(x=L,t)=0, (2.1

u(x,t=0) =(x),
u(x =x,,t)=q(t),0<x, <L.

2.1. AnroputM peuienusi 00patHoi ko3¢ ¢uiueHTHOI 3a1a4u

1. Tlouck penieHust NpsMoit 3aa4u.

2. DkcriepuMeHTalIbHOE U3MepeHue GyHKuu ((t) B HEKOTOPOH TOUKe X
Ha KOJIbIIE HAa BCEM MHTEPBAJIE BPEMEHH.

3. OnpeneneHre HalWJIGHHOTO PEIICHUS B TOM K€ KOOpAUHATE X, I71€ Obl-
na u3mepeHa ¢pyHkus q(t).

4. CocraBnenue HenuueiHoro ypaBHenue AK(t) = q(t), rme A — cymma
MHOKHTEJEH 0e3 HEM3BECTHOTO MapaMeTpa.

5. Bb16op HE00X0IMMOT0 YUCIIa CllaraeMbIX.

6. Onpeenenne nckoMoro kodddurmenta K(t) = a°.

7. IIlpoBepka NOJIy4YEeHHBIX PE3yIbTATOB.
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2.2. Pemienne o0paTHoii k03¢ GuuMeHTHON 321241 1J151 YPABHEHUS
TEeNJI0NPOBOAHOCTH B KoJible Dypbe

B nocrasiienHoi 00paTHO# 3a/1aue HEOOXOAUMO ONpPeAeIUuTh Ko3ppuiu-
ent g(t) = a°. B mpsiMoif 3a/iade MBI €ro 3a[aBajli IIOCTOSHHBIM, IPHHIII JKe
pElIeHHs TaHHOM 3a/1aud OCHOBAH Ha TOM, YTO KOA((DUIIMEHT SBIISETCS 3aBU-
CSAIIMM OT BpeMEHH. 3ajady MOCTOSHHOTO KO3(PQUIIMEHTa MOKHO CUUTATh
YACTHBIM CITydaeM 3a/1auu ¢ KO3 OUIIMEHTOM, 3aBUCSIIIIM OT BPEMEHHU.

CornacHo anroputmy, HailaéMm pemieHue npsiMor 3aaaur. OHO HMeEeT
CICYIOIINN BUL;

ux)=>" o exp[-k?2 j; g(r)dr}sin(g xj. (2.2)

Bugno, uro B o0miemM Buje 3aaada OblI pelrajach JOCTATOYHO JIETKO —
napameTp a paBasuica 061 0.25. OgHako oOpaTHas 3a7a4da 3aKITI0YAETCS B TOM,
YTO U3BECTHHI UIMEHHO 3HaueHMs (DYHKIMU B 3aBUCUMOCTH OT BPEMEHH Ha He-
KOTOPOH 3aJlaHHOW KOOpAMHATE, TO €CTh M3BECTHA HEKOTOpas (YyHKLUHS OT

L
BpeMeHu. BeibepeM, Hanpumep, KOOPJAUHATY X = iRk

Torga Ha naHHOM KoopauHaTe GyHKUMS 171 N = 20 uMeeT BUA:

q(t) :_ie—s.szu +ie—4.52t _ie—s.szt +ie—z.em _ie—1.89t "
19 17 15 13 11
+ﬂe—1.27t A4 o + ﬂe—o.sgt _ﬂe—o.ut + 4p-001st (2.3)
9 7 5 3

MOHO TOCTPOHTH JaHHYIO (DYHKIIMIO Ha BPEMEHHOM MPOMEKYTKE OT 0
10 100 (puc. 3).

q(t)
3.0
2.5
2.0
1.5

t
20 40 60 80 100

Puc. 3. 3aBucumocts ¢ynkuun q(t) ot Bpemenu t
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OnpenenuM pellieHde B TOW K€ KOOpJIWHATE Xg, Il Oblla H3MEpeHa
bynxms q(t):

u(r '[)—Z:oo ﬂex —k—zr (r)dz |sin E;r (2.4)
V= Zaa) P T ) 27 ) '
CocraBUM HEITUHEHHOE ypaBHEHHE:

q(t) =u(z,1). (2.5)

Br16op uncna cnaraemsix psijia MpsIMOTO PEIICHUS B TOUKE X'

2. 2, 2. 2 2
ur t)| 4 . Sﬁiat N 4 . 28iat 4 e_zziat N 4 . 16&1at 4 . lZJ;tat N
Hlom=a 19 17 15 13 11
4 81a’t 49a*t 25a’t _9a%t _at
+§e 4 —?e 4 +ge 4 —Ee 4 4+4e 4. (26)

B nanHOM ciyyae BUAHO, UTO KaKJIOMY ClaraéMoMy B BbIpakeHHH (2.3)
MOXHO COINOCTaBUThH CjaraemMoe B BblpaxkeHuu (2.6), OTKyga mnapamerp
a = 0.25. B cayuae, ecnu BeipaxkeHue (2.6) IpeacTaBiIeHO B BUE JECATUUHBIX
YUCEN:

q(t) = -0.2e>%" +0.23e** —0.26e ** +0.3e >*" —0.36e **" +

+0.44e7" —0.57e " +0.8e %" —1.3e7%!* + 400, (2.7)

TO pelnieHue TakuM oOpa3oM HalTH He yaactcs. HeoOGxoaumo npuUMEHUTH
creruanbHble METObI.

Tax, HarpuMep, MOXHO BOCIOJIb30BaThCSl METOIOM Iepedopa: 3aMETHUM,
4TO KO3((PUIIMEHTHI B CTENEHSX BCErJla OTPULIATENbHBI U 110 MOAYJIIO HE Ipe-
BocxoZAT 10; cnenoBaresbHO, HapaMeTp a JOJDKEH pacIioyiaraTeCs B Mpeaenax
or 0 no 1. Eciin pemaTte METOAOM IPOrpaMMHOIO KOZAA, TO MO pe3yJibTaTaM
BBITNIOJIHEHUS TPOrPAMMBI TIOJIYYHM CIEAYIOIIYO 3aBUCUMOCTb, ITPEACTABIICH-
HYIO Ha PUCYHKE 4.

3aBUCMMOCTbL 3Ha4YeHNA pa3HocTK q(t)
1 YHKLUWN-peLLeHns NMpu pa3Hblx 3HAYEHUAX NapaMeTpa a

175 A

150 1

1254

100 4

75 A

50

3HaveHne pasHOCTW (hYHKLMIA

254

0.0 0.2 0.4 0.6 0.8 1.0
3HaueHue napameTpa a

Puc. 4. 3aBucuMocTb 3HaU€HUS OMIMOKY (Pa3HOCTH MEXy (PyHKIMEH B BBIOpaHHON TOUKE
1 QyHKIUEH-peIeHrneM) OT 3HaUeHHs apaMeTpa a
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N3 npencraBiaeHHOTO pUCYHKAa BUAHO, YTO ONTUMAJIbHOE 3HAUYEHUE Tla-
pamerpa a cocrapisieT (.25, 9yTo paBHO (HAKTUYECKOMY 3HAUYCHUIO JAHHOTO
napamerpa (omuodka MUHUMaIbHa, coctaBuia 2.02).

3akioueHune

B nacrosimieit crathe OblIa paccMOTpEHA TpsiMasi 3a7ada TEeTUIOMPOBO/I-
HOCTH M METOJ] €€ pelIeHus, a Takxke oOpaTtHas kod(duiimeHTHas 3aa4ya Temn-
JIOMPOBOTHOCTH, U3YUEH METOJI €€ PEIICHUS] U MPEACTaBICH alrOpUTM pellie-
HUS 337]a4¥ TAHHOTO TUIMA JJisl 3aMKHYTOTO KOJblla. B X0/ BBIMOJIHEHUS pa-
00TBl OOHAPYKEHO, YTO OOpaTHBIC 3aJa4M TEILIONPOBOJAHOCTH YaCTO BO3HHU-
KalOT B HACTOSIIEE BPEMs BO MHOXKECTBE 00JIacTeH: AMHAMUKA KUIKOCTEH,
TEIJIOBOM M3HOC MPOKJIAI0K M KPEIUICHHM, HarpeB TeIUIOM30JUPYIOIIUX T0-
BEPXHOCTEH U T. [I.
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Annomayus. Lenpio nanHO#M paboTHI ABISIETCS UCCIEI0BaHUE COXPAHEHHS CTPYKTYP
middepeHranbHbIX YpaBHEHUH Ha ipuMepe Mozaenu JIoTku-BoabTepphl U MasiTHUKA TIpU
UHTETPUPOBAHUU PA3IMYHBIMU METOJAMM, TaKMMH Kak:  SIBHBI MeTox OWiepa;
CUMIUIEKTHYECKUH MeToj Oinepa; meroy Pynre-Kyrra. 3agaum, xoTopble pemiaiuch B
xone wuccnenosanus: 1. [loctpoenne ™openeit Jlotku-BoneTeppel W MasTHUKA.
2. llpumeHeHne K MOZENSAM METOMOB WHTETrpUpoBaHus. 3. Buszyanuzamust perieHuit
mudepeHIMaIbHbIX ypaBHEHUH. 4. AHaNM3 MOJMY4YEHHBIX pEIIeHUH Ha COXpaHEHHe
CTPYKTYp U CpaBHEHHE MEKIy HUMHU. 5. [IporpaMMHas peanu3aiusi METOJIOB.

Kniouegvie cnosa: monens JIoTku-BonbTeppbl, MareMaTH4eCKUl MasiTHUK, METOJ
DOitnepa, metox Pynre-Kytra, a3oBblil mopTpeT, YNCIEHHBIN OTOK, COXPaHEHHE CTPYKTYP
mudQepeHInaIbHbIX YpaBHECHUH.
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